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Abstract

This paper compacts with an exact analysis of radiative effects on the magne-
tohydrodynamic (MHD) free convection flow of an electrically conducting in-
compressible viscous fluid over a vertical plate. The non-dimensional continui-
ty, momentum, and energy equations are solved using appropriate transforma-
tion. The dimensionless momentum and energy equations are solved numeri-
cally through an explicit finite difference method. The stability and conver-
gence analysis also discussed. Finally, outcomes of the parameters on velocity
and temperature profiles are displayed graphically and qualitatively.
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1. Introduction

Due to the plethora of applications in astronomical technology and processes
entangling high temperatures, the payoffs of thermal radiation on the free con-
vection flows have been drawing the consideration of enormous research inter-
est. Furthermore, free convection flow in the presence of a magnetic field is cru-
cial because of its significant impact on the boundary layer control and the ex-
ecution of many engineering devices consuming electrically conducting fluids
such as in MHD power generation, plasma studies, nuclear reactor using a liquid
metal coolant and geothermal energy extraction. That’s why it’s a burning topic

for many current researchers in the world.
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With the consideration of radiation impacts, the energy equation has to lead
to an exceptionally nonlinear partial differential equation. In 1960, Soundalgekar
et al. [1] scrutinized the radiation effects on free convection flow of gas past a
semi-infinite flat plate. In 1996, Hossain et al [2] investigated the radiation ef-
fect on mixed convection along with a vertical plate and uniform surface tem-
perature. In 1996, Das et al. [3] evaluated the radiation outcome of flow past an
impulsively started infinite isothermal vertical plate, using the Laplace transform
technique. In 1999, Hossain et al. [4] investigated the offshoot of radiation on
free convection from a porous vertical plate. In 1999, Raptis and Perdikis [5]
examined the upshot of thermal radiation and free convection flow past a mov-
ing plate. In 2001, Hossain and Pop [6] investigated the radiation effect on free
convection over a vertical flat plate embedded in a porous medium with high
porosity. In 2001, Chamkha [7] investigated the coupled heat and mass transfer
by natural convection of Newtonian fluids in the presence of magnetic field and
radiation effects. In 2001, Hossain et al [8] studied the impact of radiation on
free convection flow of fluid with variable viscosity from a porous vertical plate.
In 2003, Cookey et al. [9] well-acquainted the influence of viscous dissipation
and radiation on unsteady MHD free-convection flow past an infinite heated
vertical plate in a porous medium with time-dependent suction. In 2003,
Chamkha et al. [10] resolved the thermal radiation effects on MHD forced con-
vection flow adjacent to a non-isothermal wedge in the presence of a heat source
or sink. In 2004, Abd EL-Naby et a/. [11] calculated the finite difference solution
of radiation effects on MHD unsteady free-convection flow on a vertical porous
plate. In 2005, Makinde [12] studied the free-convection flow with thermal radi-
ation and mass transfer past a moving vertical porous plate. In 2005 and 2006,
Duwairi [13] and Damseh et al [14] examined the radiation and magnetic ef-
fects on the skin friction and heat transfer for forced convection conditions. In
2008, Aydin and Kaya [15] observed the payoffs of thermal radiation taking into
account the suction or injection on a steady MHD mixed convective flows of a
viscous incompressible fluid about a permeable vertical plate. In 2008, Cortell
[16] presented a numerical analysis for flow and heat transfer in a viscous fluid
over a sheet nonlinearly stretched with effects of thermal radiation. In 2009, De-
ka and Neog [17] [18] reviewed the combined payoffs of thermal radiation and
chemical reaction on free convection flow past a vertical plate in a porous me-
dium and with MHD. In 2010, Roy and Hossain [19] traced the natural convec-
tion boundary layer flow of a viscous incompressible fluid along a vertical plate
taking into account the conduction-radiation interaction and surface tempera-
ture oscillations. In 2011, Seth et al [20] investigated the impacts of radiation on
unsteady hydromagnetic natural convection transient flow near an impulsively
moving vertical flat plate with ramped wall temperature in a porous medium.
In 2012, Das [21] mastered the yielding of thermal radiation on a steady
two-dimensional boundary layer flow of an incompressible electrically con-
ducting fluid over a flat plate assuming the partial slip at the surface of the

boundary, temperature-dependent fluid viscosity, variable thermal conductivity,
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and non-uniform heat generation and absorption. In 2012, Khan et al [22]
quested the unsteady MHD free convection boundary-layer flow of a nano-fluid
along a stretching sheet with thermal radiation and viscous dissipation effects. In
2012, Rao et al [23] studied the radiation corporeity of unsteady free convection
heat and mass transfer in a walters-B viscoelastic flow past an impulsively started
vertical plate. In 2014, Roy et al [24] superintendence the unsteady MHD free
convection flow along with a vertical plate in the presence of radiative heat flux.
In 2014, Samad and Saha [25] examined the two-dimensional heat and mass
transfer free convection flow of an MHD Non-Newtonian power-law fluid along
with a stretching sheet in the presence of a magnetic field and assuming simpli-
fied thermal radiation. In 2014, Fetecau et al. [26] smeared the slip effects on the
unsteady radiative MHD free convection flow over a moving plate with mass
diffusion and heat source. In 2015, Nagamanemma et al [27] analyzed unsteady
MHD free convective heat and mass transfer flow near a moving vertical porous
plate with radiation and thermo diffusion effects. In 2015, Tomer and Kumar
[28] perused the radiation effects on heat and mass transfer in a steady MHD
flow over a porous vertical plate. In 2020, Tarammim et al. [29] studied two di-
mensional unsteady MHD free convection flow over a vertical plate.

The literature review discloses that many researchers work on steady heat
transfer due to a variety of physical parameters. Although some research works
are considered the unsteady problem used as simplified models, disregarding the
results of the appearance of the magnetic field or thermal radiation. Analyzing
this paper, we scrutinize the unsteady MHD free convection flow over a vertical
plate in the presence of thermal radiation. We solve the governing equations
with an explicit finite difference method. Then the upshot of the physical para-
meters such as the radiative parameter R, magnetic parameter A4 Prandtl num-
ber Pr, Grashof number Gr, and Ekert number Ecare presented here.

Mathematical Model and Governing Equations

Let us consider unsteady MHD free convection flow with electrically conducting
incompressible viscous fluid along a vertical plate in presence of radiation. The
Cartesian coordinate system, the X-axis is taken along the plate in the upward di-
rection and the Y-axis is normal to plate. 7, is the temperature of the plate and
T, outside of the plate separately. A uniform magnetic field B=(0,5,,0) is
enacted normal to the plate, and the magnetic field is anticipated to be negligible

while B, is constant, which demonstrates in Figure 1.

Y

Figure 1. Physical configuration and coordinates system.
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The equations for unsteady MHD heat transfer flow over a vertical plate in the
presence of radiation with boundary conditions are given below:
Continuity equation

ou Ov
-+ —

=0 1
ox Oy W
Momentum equation
2 B>
QOO p(roT,)- TPy, 2)
ot Oox oy P

Energy equation

or or or « O°T V[@u]z 1 o,
+ + = +

—tU—HV—=—— | — | ————" (3)
ot Ox oy pC, oy C,\oy pC, Oy

The relevant boundary condition for velocity and temperature are given by

u=U,,v=0,T=T, at y=0
u—>0,T—>T,6 asy > o

(4)

where f is the co-efficient of volumetric expansion, v is the kinematic vis-
cosity, gis the acceleration due to gravity, T'is the temperature of the fluid inside

the thermal boundary layer, T,

w

is the temperature of the plate, 7, is the tem-
perature in the free stream, o is the electric conductivity, B, is a constant
magnetic field, p is the fluid density, « is the kinematic viscosity, C, is the
specific heat with constant pressure, U, is a constant indicates the uniform ve-
locity of the fluid remaining symbols have their usual meaning.

4o" oT*
3k, Ay

Conferring to Rosseland approximation the radiative heat flux, ¢, =—

where &k, is the Rosseland mean absorption coefficient and o* is the Ste-
fan-Boltzman constant.

The Rosseland approximation is intended for an optically thick medium, so
the fluid does not absorb its particular emitted radiation, but it does absorb rad-
iation emitted by the boundaries without self-absorption, It seems reasonable to
assume that the temperature differences within the flow are expected to be small
and T* can be articulated as a linear function of the temperature. Thus 7

can be extended in Taylor series about 7 as:
T =T +473 (T ~T,)+ 6T (T~T,) +--,
Neglecting the higher order terms elsewhere the first degree in (7—7,) one
canbe found as T* ~ 3T} +4T’T.
6o s or
3k, ~0Y

g, =

By replacing the above expression into energy Equation (3) are as follows:

or  or of  x &T v(auj2+ 1 160" 8T

—tU—FV—=—— | — | t— .= (5)
ot Ox o pC, o C,\dy pC, 3k, oy
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2. Mathematical Formulation

Applying the ensuing usual transformations, the system of partial differential

equations with boundary conditions is changed into a dimensionless equation.

U, U, tU? —
o x =220 =0 ro1 +(1,-T)T
14 A%

u=UU,v=VU,,Y =

Applying the above transformation in Equations (1), (2), (3), and with cor-
responding boundary conditions (4), after simplification we acquire the follow-
ing non-linear differential equations in terms of dimensionless variables such as:

Continuity equation

oUu ov
2w ar 0 (6)
oxX oY
Momentum equation
2
a_U+Ua—U+Va—U=—a({+Gr7_"—MU (7)
on oX oY oY
Energy equation
T T 7 27 2 2=
Ty LT () 2T (8)
on oX oY ProY oY oY
with boundary conditions
U=LV=0,T=LatY=0 o
U=0,T=0,asY >
where,
BZ
Magnetic parameter, M = v 20
pU;
T -T
Grashof number, Gr = LV;“))
UO
Prandtl number, Pr = r
a
U2
Eckert number, Ec=—2—
Cp (T:v - Too )
*p3
Radiative parameter, R = 160 1, )
3pC K,

3. Numerical Solution

A set of nonlinear partial differential dimensionless governing equations has
been brought out numerically with the related boundary conditions along with
an explicit finite difference method, which is tentatively stable. The portion of
the flow is divided into a grid or mesh of lines parallel to X- and Y-axes, where
X-axis indicates the plate in upward direction and Y-axis is normal to the plate.
(=100), ie., X differs from 0 to 100 and

suppose Y __ (=25)astakento Y — oo, it means that Yvaries from 0 to 25.

max

We measure the height of plate X __

X
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Let, m=250 and n =250 grid spacing in X and Y directions correspon-
dingly and as follows Ax=0.4(0<x<100) and AY =0.1(0<Y <25) with
the minor time period A7n =0.005. Let U 'T' indicate the values of U,T at
the terminal of a time-step separately.

Applying an explicit finite difference method into the partial Equations (6)-(8)

with boundary conditions (9) we get,

U,.-U., V.-V,
(6)=> L Mo (10)

U; j+1 _2Ui '+Ui -1 7
=/ L4 GrT,, - MU,
(A7) | ’

u . -U._. u, . -U..
"o ij i-l,j i j+1 iJ
:>U[,j—Ul.,j+A77[—U[,j -V,

(11)

- = = 2
+L 7;,141 _27;,_,' + 7;,_/71 n Ec(Ui’jH ;Ui,j] (12)

The boundary conditions with the finite difference methods are as follows:

Uy =1 V=0, Tj =1 (13)

Ui, =0, ZnL =0,

where

L—>

where, 7and jindicate the grid points with X and Y coordinates correspondingly

and the subscripts n represents a value of time. 7 is the temperature.

4. Stability and Convergence Analysis

Analysis will keep on inadequate without the stability and convergence analysis.
It’s always supportive of tangible computations. Furthermore, it establishes nu-
merical solutions (finite difference scheme) that are reliable and consistent.

Owing to the persistent of mesh sizes, the stability criteria of the problem is
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formulated as:
The Fourier expansion due to U,#,¢ at time arbitrary say =0 is e“*

and ¢”7 apart from a constant, where i=~/—1.

Then
U:¥Y R
U ) (14)
T:0(n)e™e””
Subsequently the time period, Equation (14) will convert
U:¥'(n)e™er?
() 15

T: 6'(77)6'5;6"5;
Applying Equations (14) and (15) into Equations (11) and (12), the following
equations we found by simplification.

¢y +U\P(1—e*"5“)+V\I'(e"EAY—1)
A7 AX AY
_ 2¥(AY cos f-1)

(ary

+Gro' - MY

SN +ﬂU\P(1—eﬂW)+MVT(e"EAY -1)
AX AY

An
(AY)

=2

W (AY cos B—1)+GrAnd' - MY

2

+ 2A772 (AY cos B—1)—MAn ¢+ GrAnd'
(AY)

Y'(n)=AY(n)+B6'(n) (16)

where

An Laxy An iBAY 2An
A=1-—U(1- -——VF -1 AY —1)—-MA
. ( e ) N (e )+ (AY)Z (cos S ) n

B =GrAn

and
—‘9'('7;‘9(’7)+U9(77)1_A;M +V6(n) ﬂi;_l
1 20(n)(ospAr-1) Ur (™ -1)] - 20(n)(cospar-1)
P (ary (ar)’ (ar)’

=6'(n)= 6’(77){1_%(](1_6iaM)_%V(ewAy _1)

S 2A772 (cos pAY 1)+ R—Z(COS ﬂAf_l)
Pr(AY) (AY)

e W (n)(e™ -1)

(AYy
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=6'(n)=GO+HY (17)
where,
G = _ﬂU(l_e*lEAX)_MV(ei/?AY _1)
AX AY

+L2A7](cos,82AY—l) LR 2(cosﬁA§—l)
P an) (a7)

and H = EcUi(eiEAY —1).
(avy

Equations (16), (17) can be written as:

V' =AY +B(GO+HY)=(A+H)¥Y+BGO

=>Y'=4¥Y+B6 (18)
where, 4 =A+H
B =BG
and
0'=Go+HY (19)

Equations (18) and (19) can be expressed in matrix form.

o) o))

ie.n'=Tn

4, B 4
where, T = and 7= .
H G 7

As eigenvalues of the augmentation matrix 7'is crucial for attaining the stabil-

ity condition, as a result, let

B =0, H—0.

. 4 0
U,
Thus, the Eigen values of 7"are
A=4, 4=G.

Here, values of 4,4, must not surpass in modulus.

Hence, matrix 7'is as follows:

Therefore, the stability conditions are:

l4|<1, |G|<1.

uAn An

,bzﬂV c= 5
AX AY (Ay)

Let, a=

Hence, A4 =1—a(1—e‘i”7AX)—b(eiﬁAY —1)+2c(cosﬁAY—1)—MA77

H= EcUc(C'ﬁ” —1).
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The co-efficient of a,b,c are real and non-negative. Therefore, the maxi-
mum modulus of 4,G arise when @AX =mn and SAY =nn where m and
n are integer and therefore 4,,G are real. The values of |A1|,|G| are greatest
when m and n are odd integers, then

A =A+H =1-2a-2b—4c—-2cEc.

To satisty |A1| < 1,|G| <1 the most negative permissible values are,

4 =-1, G=-1.

Therefore, the stability conditions of the problem are assumed below.
1-2a—-2b—4c—-2cEc< -1
2(a+b+20+cEc) <2
a+b+2c+cEc<1
Uln +|V|AT7 + 2A772 + AU2 Ec<1
ax oy T (ary (ar)

Analogously,

UAp [V|an 1 2ap
AX AY  Pr (Ay)z

and convergence criteria of the method is Pr>1.

5. Results and Discussion

For rummaging the problem, the outcome of numerical values of dimensionless
velocity and temperature profiles within the boundary conditions have been
enumerated due to several values of radiation parameter R, magnetic parameter
M, Prandtl number Pr, Grashof number Gr, Eckert number Ec respectively.
Furthermore, computed results of velocity and temperature profiles are por-

trayed and physical explanation explained here.

5.1. Effect of Radiative Parameter (R)

Figure 2(a-i) indicates that the velocity profile declines for ascending values of
R. Whereas the boundary layer thickness falls down owing to rising values of &,
Le., decelerate the flow and reduce fluid velocity.

Figure 2(a-ii) demonstrates that the temperature profile increases due to ris-
ing values of R In consequence, the increasing values of R conduct to an in-
crease in the boundary layer thickness. As a result the heat transfer rate reduces

the present thermal buoyancy force.

5.2. Effect of Magnetic Parameter (M)

Figure 2(b-i) and Figure 2(b-ii) elucidates the variation of velocity and tem-
perature profile of the flow field owing to several values of magnetic parameter
M whereas the other parameters are constant. Figure 2(b-i) demonstrates that
for increasing values of magnetic parameters A4, the velocity of the flow field

lessens. Because when we apply a transverse magnetic field to electrically leading
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Figure 2. (a) Effect of Radiative parameter (R) on velocity and temperature profile taking Gr =
2.5, Pr=1.0, M= 5.5, Ec=0.1; (b) Effect of magnetic parameter (14) on velocity and tempera-
ture profile taking Gr= 2.5, R= 1.0, Pr= 1.0, Ec = 0.1; (c) Effect of Prandtl number (2r) on ve-
locity and temperature profile taking Gr= 2.5, R= 1.0, M = 5.5, Ec= 0.1; (d) Effect of Grashof
number (Gr) on velocity and temperature profile taking R = 1.0, Pr=1.0, M= 5.5, Ec= 0.1; (e)
Effect of Eckert number (Ec) on velocity and temperature profile taking Gr= 2.5, R= 1.0, Pr=
1.0, M=5.5.

fluids, it escalates a body force prominent as Lorentz force. Furthermore, it re-
duces the swiftness of the movement of the fluid in the boundary layer. Figure
2(b-ii) exhibits that the temperature profiles are decreasing as a result of the as-
cending effect of M. As the temperature gradient is lessened for reducing the
amount of heat convection in the flow which implies that larger values of mag-
netic field parameters produce lower heat transfer.

5.3. Effect of Prandtl Number (Pr)

Figure 2(c-i) illuminates the velocity profiles that are lessening for increasing
values of Pr. Because, a higher Prandtl number creates high viscosity, conse-
quently the velocity profiles are moving slowly. Figure 2(c-ii) displays the tem-
perature profile which rises with the increasing of Pr. Owing to the matter, the
thriving values of Prare proportional to reduce thermal conductivity, that's why

temperature profiles increases.

5.4. Effect of Grashof Number (Gr)

Figure 2(d-i) exhibits that the velocity profile decreases for rising values of Gr.
Figure 2(d-ii) elucidates that the temperature profile decrease due to thriving
values of Gr. It reveals that the growing of Gr decreases the rate of flow of tem-

perature within the boundary layer.

5.5. Effect of Eckert Number (Ec)

Figure 2(e-i) demonstrates that the velocity profile declines because of the in-
creasing values of Ec. As a result, heat transfer of the flow reduced the driving
force to the kinetic energy. Since scouring heating and heat energy are stored in

liquid, therefore the temperature profile increases for increasing values of Eg
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which are illustrated in Figure 2(e-ii).

6. Conclusions

The governing equations for unsteady MHD free convection flow over a vertical

plate have been analyzed in the entity of a magnetic field with thermal radiation.

Elaborate numerical computations have been brought to pass to scrutinize the

outcome of the radiative parameter R, magnetic parameter A, Prandtl number

Pr, Grashof number Gr, and Eckert number Ec on velocity and temperature pro-

files. After analysis, the following conclusions are drawn:

* The offshoots of R, M, Pr, Gr, and Ec on velocity have shown opposite results
Le. if the values of R, M, Pr, Gr, and Ec increase, the velocity profiles de-
crease.

* The thermal boundary layer has decreased on account of the various values

of R, M'and Gr, whereas an opposite scenario has in Pr; Ec.
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