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Abstract 
Piezo-electric nano-positioning stages are being widely used in applications 
in which precision and accuracy in the order of nano, and high scanning 
speeds are paramount. This paper presents a Finite Element Analysis (FEA) 
of the parallel piezo-flexural nano-positioning (PPNP) stages to investigate 
motion interference between their different axes. Cross-coupling is one of the 
significant contributors to undesirable runouts in the precision positioning of 
PPNP actuators. Using ABAQUS/CAE 2018 software, a 3D model of a PPNP 
stage was developed. The model consists of a central elastic body connected 
to a fixed frame through four flexural hinges. A cylindrical stack of multiple 
piezoelectric disks is placed between the moving central body and the fixed 
frame. Extensive simulations were carried out for three different friction coef-
ficients in the piezoelectric disks’ contact surfaces, different frame materials, 
and different geometrical configurations of the stage and the hinges. As a re-
sult, it was observed that the primary root cause of the mechanical cross- 
coupling effect could be realized in the combination of the slip and rotation 
of the piezoelectric disks due to their frictional behavior with the stage mov-
ing in the tangential direction, concurrent with changes in the geometry of 
the stage. 
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1. Introduction 

Parallel piezo-flexural nano-positioning (PPNP) stages are used in a variety of 
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advanced technologies such as precision metrology, scanning probe microscopy 
[1]-[7], energy harvesting [8] [9] [10] [11], medical robotics [12] [13], biome-
chanics research apparatus [14]-[20], orthodontics [21] [22] [23], material [24] 
[25] [26], structural engineering [27] [28], microfluidic devices [29] [30] [31] 
[32] [33] and other instruments which need precise actuation. Several different 
factors limit the precision positioning of PPNP stages, including mechanical vi-
brations, external disturbances, hysteresis and creep effects, temperature varia-
tion, and the cross-coupling of the different axes. Understanding the underlying 
mechanism of cross-coupling in the PPNP stages is the main focus of this effort. 
In this work, a finite element model for a double-axis PPNP stage is developed to 
investigate this problem and propose potential solutions for its mitigation.  

The nano-positioning systems’ literature embodies a number of finite element 
analysis (FEA) efforts to understand the mechanics of piezo-flexural actuators. 
Elmustafa and Lagally [34] conducted an FEA to examine the flexural hinge be-
havior with controlled motion in a nano-positioning stage used for precision 
machining. They changed the stage’s dimensions and realized that the natural 
frequency, displacement, stress, and the applied force to the hinges could be 
controlled and optimized for more convenient and accurate positioning of the 
stage. Sun et al. [35] designed a 2 DOF nano-positioning system and analyzed it 
through FEA. Their results show that the excitation force, stiffness, and the nat-
ural frequency of the system would increase by decreasing the length and in-
creasing the hinges’ width. Li and Xu [36] presented the process of designing 
and manufacturing a nano-positioning platform with compound parallelogram 
flexures and bridge-type displacement amplifiers. They derived analytical mod-
els for the mechanical performance evaluation of the stage in terms of stiffness, 
load capacity, kinematics, and dynamics and verified their results through FEA. 
Shi et al. [37] designed a novel parallel kinematic XY positioner with the large 
stroke, decoupled motions, compact size, and large out-of-plane stiffness. The 
three parts of the positioner are the thermal actuator, displacement amplifier, 
and a guidance mechanism. They showed that an asymmetrical parallel guide 
mechanism could be implemented to reduce the cross error in the x and y direc-
tions while increasing the out-of-plane stiffness. Nagel et al. [38] predicted the 
dual-stage, three-axis hybrid parallel-serial-kinematic nano-positioner’s parasitic 
motion by introducing a new parallel-kinematic mechanism that can eliminate 
the effects of planar coupling. Their results also indicated the potential of the 
non-orthogonal mechanical amplifier design in minimizing the widespread 
cross-coupling nonlinearity of the parallel-kinematic designs. Zhang et al. [39] 
suggested a distributed multi-channel Hammerstein model, composed of a cas-
caded connection of a static nonlinearity and dynamic linearity to approximate 
the nonlinear spatial/temporal cross-coupling hysteresis. To reduce the cross- 
coupling hysteresis nonlinearities’ adverse effect, Kang et al. [40] proposed a 
new modeling and control method for a six-axis parallel piezo-flexural micro- 
positioning stage for bio micromanipulation application. A novel frictional- 
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order normalized Bouc-Wen (FONBW) model was utilized to characterize the 
nonlinear hysteresis of the stage in conjugation with the rigid-flexible coupling 
dynamic model. They also developed an inverse FONBW-based hysteresis com-
pensator with a decentralized control model to enhance the motion tracking 
performance by making the multi-input multi-output (MIMO) system decoupled. 

The literature lacks investigating the effects of Friction between the piezoelec-
tric disks and the stacks and the frame in piezo-flexural systems. One of this 
study’s main motivations is to investigate the effects of frictional behavior on 
the mechanical cross-coupling effect in PPNP stages. A comprehensive model 
of a PPNP stage was simulated in ABAQUS finite element software, containing 
the model’s central elastic body, which is movable in the center, connected to 
a fixed frame through four flexural hinges. In this model, seven separate cylin-
drical piezoelectric disks, one upon the other, are placed between the moving 
central body and the fixed frame. Simulations for various friction coefficients 
in the contact surfaces of the piezoelectric disks, different frame materials, and 
different perturbations in the stage’s geometry and the hinges were carried out.  

The remainder of the paper is organized as follows: In Section 2, the experi-
mental observation of the cross-coupling effect in the PPNP stage from Bashash 
et al. [41] is reviewed. Section 3 presents model development and finite element 
analysis of the stage. Section 4 presents the FEA results and discussions. Finally, 
Section 5 summarizes the paper’s concluding remarks. 

2. Materials and Methods 
2.1. Cross-Coupling Effect in Piezo-Flexural Stages 

According to Bashash et al., the coupling of perpendicular axes in the PPNP 
stages imposes a significant limitation on their positioning accuracy [42]. Figure 
1 shows a double-axis Physic Instrument (PI) piezo-flexural stage with two pie-
zoelectric stack actuators and two capacitive position sensors [42]. By applying a 
voltage to one of the piezoelectric stacks, the stage moves along the stack’s ex-
pansion/contraction direction. However, due to flexural coupling between the 
axes, a small portion of the motion is transferred to the perpendicular direction, 
inducing an undesirable motion in the other axis. 

An earlier study has shown by moving the stage in one direction; the corres-
ponding position sensor picks a slight displacement in the other direction [42]. 
In Figure 2, the PI stage’s cross-coupling effect for two low and high-frequency 
sinusoidal inputs with the magnitude of 80 V applied to axis x of the PI stage, 
with no voltage applied to axis y, can be seen. The resultant motions are about 
75 μm for axis x and about 0.22 μm for axis y. This coupling includes a hysteresis 
effect and excites the system’s natural frequency if the excitation frequency is 
high, e.g., 50 Hz. Although the cross-coupling magnitude is shown as small as 
about 0.3%, its impact on nanoscale positioning can be detrimental [42]. Hence, 
it is essential to take a step beyond the traditional control-oriented analysis of 
the cross-coupling effect and understand its underlying mechanics to minimize 
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its undesirable impacts potentially. In the remainder of this effort, it focuses on 
the finite element analysis of the PI stage’s cross-coupling effect, where the finite 
element model is corroborating with Bashash’s work [42]. 

 

 
Figure 1. Experimental platform: (a) Physic Instrument P-733.2CL double-axis 
PPNP stage, and (b) its internal configuration and kinematics [42]. 

 

 
Figure 2. Motion interferences from axis x to axis y at 1 Hz and 50 Hz [42]. 
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2.2. Finite Element Analysis (FEA) 

In this paper, ABAQUS FEA software is used to carry out the process of me-
chanical cross-coupling simulation. In the simulation, the loading steps are 
modeled based on the closed-curve of the experimental data. This curve is 
mainly due to hysteresis and is modeled virtually in this study. 

Due to the piezoelectric actuators’ asymmetrical arrangements, the simulation 
is applied in a 3D geometry instead of the 2D geometry. Figure 3 and Figure 4 
show the dimensions of the frame and the cylindrical piezoelectric disks, respec-
tively. 

Table 1 shows the mechanical properties of the frame and the piezoelectric 
disk. In all simulations, seven cylindrical piezoelectric elements have been used, 
as shown and numbered in Figure 5. 

 

 
Figure 3. Dimensions of the frame for simulation (all dimensions are 
in millimeter). 

 

 
Figure 4. Dimensions of the cylindrical piezoelectric 
disks for simulation (all dimensions are in millimeter). 
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Figure 5. Model of the assembled components includ-
ing defined contact surfaces, applied boundary condi-
tions and pressure. 

 
Table 1. Mechanical properties of the frame and the cylindrical piezoelectric disk [43] 
[44] [45]. 

Poisson’s ratio Young’s modulus (GPa) Material type Component 

0.33 68.9 Aluminium Frame 

0.34 36 PICMA® P-885 Ceramic Piezoelectric disk 

 
The surface contact between different piezoelectric elements is modeled through 

Coulomb’s law of Friction. This model can prevent the piezoelectric surfaces 
from unwanted penetration by selecting the hard contact penetration option 
in ABAQUS. These surface contacts include contacts of the piezoelectric ele-
ments with each other, the contact of piezoelectric disk #1 with the moving part 
of the frame, and the contact of the piezoelectric disk #7 with the fixed part 
of the frame. Friction coefficients for the three different cases used in this study 
are tabulated in Table 2. These values have been adopted from the reference 
[43]. 

The first, second, and third cases are related to the different friction coeffi-
cients between the piezoelectric disks, whereas the friction coefficients between 
the top and bottom piezoelectric disks and the frame are kept the same for all 
cases. 

Finite element analysis can be used to investigate the effects of different mate-
rials for the frame and the piezoelectric ceramics on the cross-coupling effect. 
The effects of geometrical perturbations, such as changes in the square hole’s 
dimensions inside the frame and the flexural hinges, on the cross-coupling ef-
fect, could be investigated.  

Therefore, the following cases to this investigation are added: 
Fourth case: Changing the material of the frame from Aluminum to Steel with 

Young’s modulus of 210 GPa and Poisson’s ratio of 0.3. In this case, the friction-
al conditions are similar to the first case. 
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Table 2. The friction coefficients between the piezoelectric disks with each other, and 
disk #1 and disk #7 with the frame. 

Between piezo disk #1 and 
moving part of the frame 

Between piezo disk #7 
and the fixed frame 

Between piezo disks Friction case 

0.7 0.7 0.1 First 

0.7 0.7 0.2 Second 

0.7 0.7 0.3 Third 

 
Fifth case: Changing the piezoelectric ceramics material with Young’s mod-

ulus of 11 GPa and Poisson’s ratio of 0.34. In this case, the frictional conditions 
are similar to the first case. 

Sixth case: Changing the geometry of the frame by changing the dimensions 
of the inner square hole. These changes include changing the length from 35 mm 
to 26.25 mm and the radius corner from 4 mm to 3 mm, as shown in Figure 6. 
In this case, the material properties are similar to Table 1, and the frictional 
conditions are similar to the first case. 

Seventh case: Changing the frame’s geometry by decreasing the thickness of 
one of the hinges in the y-direction from 1.5 mm to 1.25 mm, as shown in Fig-
ure 7. In this case, the material properties are similar to Table 1, and the fric-
tional conditions are similar to the first case. 

In all cases, all the six degrees of freedom of the frame edges are constrained. 
Actuation by piezoelectric stacks for the moving part of the frame is modeled 
with a left-side pressure and pre-pressures in the x and y directions, respectively. 
These pressures are applied in lieu of the voltage applied to the piezoelectric 
actuators (see Figure 5). Magnitudes of these loadings are adjusted in a way that 
the same displacements are gained from both the voltage and the pressure exci-
tation methods. 

This simulation includes the following four important steps: 
1) Pre-pressure loading step; 
2) Left side pressure loading step; 
3) Pre-pressure unloading step; 
4) Left side pressure unloading step. 
In other words, the loading process consists of two primary steps, and the 

third and fourth steps are the unloading process of the model. At the first step, 
only a pre-pressure with a magnitude of 25 KPa is applied. This pressure is ap-
plied smoothly and statically within 0.05 seconds. At the second step, another 
pressure is applied to the moving frame’s left side without changing the pre- 
pressure applied in the first step. This pressure is equal to 148 KPa, which is ap-
plied smoothly and statically within 1 second. So, the loading process takes 1.05 
seconds to be completed. In the third step, the pre-pressure is unloaded within 
0.05 seconds while no changes are applied to the left side pressure. In the fourth 
step, the left side pressure is unloaded at 1 second. So, the unloading process, 
which is completed in the third and fourth steps, takes 1.05 seconds, the same as 
the loading process, resulting in a total simulation time of 2.1 seconds. Simula-
tion parameters are tabulated in Table 3. Note that due to the low acceleration 
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of the system, all simulations are considered to be static. 
The type of element used for meshing is C3D8R, an eight-node linear brick 

element with 24 DOFs. This type of element is capable of traversing shear de-
formation. The meshing of different parts of the frame, hinges, and the piezoe-
lectric stack is shown in Figure 8. 

3. Results 

The simulation results for the seven cases mentioned in the previous section are 
discussed here. The simulation results of the first case for the displacement and 
stress distributions in the stage at the end of loading are shown in Figure 9(a) 
and Figure 9(b), respectively. 

 
Table 3. Simulation steps. 

Step 
number 

Step Step time 
Pre-pressure  

magnitude (KPa) 
Left side pressure 
magnitude (KPa) 

1 Pre-pressure loading 0.05 25 0 

2 Left side pressure loading 1 25 148 

3 Pre-pressure unloading 0.05 0 148 

4 Left side pressure unloading 1 0 0 

 

 
Figure 6. Decreasing the dimensions of the square hole inside the frame 
in the sixth case compared to Figure 5 (all dimensions are in millimeter). 

 

 
Figure 7. Decreasing the dimensions of the hinge of the frame in the se-
venth case compared to Figure 5 (all dimensions are in millimeter). 
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Figure 8. Meshing of: (a) stage; (b) region 1; (c) re-
gion 2; (d) region 3; and (e) piezoelectric disk. 

 

 
Figure 9. (a) Deformation (meter) and (b) stress distribution 
(Pa) in the PPNP stage at the end of loading. 
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The stress analysis result shows that the flexural hinges bear the highest stress 
levels, especially at the connection points to the fixed part of the frame. The re-
sults of the first case for the mechanical cross-coupling effect are shown in Fig-
ure 10. These results are also compared with the experimental data presented 
earlier in Figure 2. In Figure 10, point D to A represents the first step, and point 
A to B represents the second step. Hence, point D to B represents the loading 
process’s total time, i.e., 1.05 seconds. Also, point B to C represents the third 
step, and point C to D represents the fourth step. Hence, point B to D represents 
the total time of unloading, i.e., 1.05 seconds. 

Note that the mismatch between the two diagrams in Figure 10 is due to ex-
cluding hysteresis and creep models in the simulation. Due to good agreement 
between the experimental and simulation results, these data and figures are used 
as a reference for other simulation cases. As seen from Figure 10, by applying 
the pre-pressure only (first step), the stage moves in the opposite y-direction, but 
due to the mechanical cross-coupling effect, a small amount of displacement is 
transferred to the x-direction. In the second step (applying the left side pressure 
and holding the pre-pressure), the stage moves in both x and y directions from 
point A to point B due to the cross-coupling and slipping of the piezoelectric 
disks on top of each other. At the end of the loading step (Point B), the unload-
ing steps start by removing the pre-pressure in the third step and the left side 
pressure in the fourth step, respectively. Also, it can be seen in Figure 10 that, 
due to the low friction coefficient between the piezoelectric disks, and conse-
quently, preventing the stick-slip phenomena from happening, the mechanical 
cross-coupling effect in all steps remains linear. 

The convergence of simulation is a key factor in ensuring the correctness of 
numerical simulation. To end this, the simulations with different mesh sizes 
(coarse and fine mesh size) are run and the results are shown in Figure 11. The 
fine mesh element size is reduced by a factor of 0.1 compared to the coarse 
mesh. 

 

 
Figure 10. FE simulation and experimental results of the me-
chanical cross-coupling effect for the first case. 
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Figure 11. The FE simulation with two different mesh sizes. 

 
In order to evaluate the effect of different friction coefficients, i.e., 0.1, 0.2, and 

0.3, between the piezoelectric disks, the numerical simulations are re-run and 
the results are plotted in Figure 12. This figure clearly shows that changing the 
friction coefficient does not have any impact on the displacement of the stage in 
the first step at Point A, and it moves on a similar path to the first case. That is 
because no frictional forces were generated in this step. Due to the increasing 
friction coefficient between the piezoelectric stacks and the friction force emerg-
ing from the left side pressure in the second step, the mechanical cross-coupling 
effect changes from the linear one to two nonlinear and linear sections. The 
nonlinear section is due to the momentary separation of the piezoelectric disks 
from each other (stick-slip effect) and the rotation of the stack due to powerful 
frictional forces between piezoelectric disks. Following these phenomena, a sud-
den change of displacement occurs in the y-direction. It causes Point B to 
change its position to another point. In other words, it can be seen that by in-
creasing the friction coefficient, a different displacement path happens in the 
PPNP stage. This change of displacement leads to changing the stage’s behavior 
from linear to nonlinear because of higher frictional forces. More disordering 
behavior is caused by increasing the friction coefficient. After the initial nonli-
near response, the stage’s response becomes linear due to the piezoelectric disks’ 
steady slip on each other. In the third step, by unloading the pre-pressure, the 
stage moves to Point C, and in the fourth step, by unloading the left side pres-
sure, the stage returns to its initial position at Point D on a similar path to the 
first case. 

In order to understand the effects of the frame’s material stiffness, the FEA 
simulations for two different frames Young’s modulus values are run and the 
results are plotted in Figure 13. 

As can be seen from Figure 13, increasing Young’s modulus of the frame 
leads to decreasing the displacement of the stage in both directions, while the 
friction coefficient is fixed like the first case. Increasing Young’s modulus causes 
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the stiffness of the stage to increase. Note that the stiffness of the stage is propor-
tional to that of the hinges. Lin and Chen [46] showed that the stiffness of the 
hinge hingeK  is proportional to Young’s modulus and the third power of the 
hinge thickness in the XY plane: 

3
stage hingeK K Ed∝ ∝                         (1) 

where E is Young’s modulus and d is the thickness of the hinge in the XY plane. 
Therefore, due to an identical increase of the stage stiffness in both directions, 

the cross-coupling effect does not undergo any changes. This result is in good 
agreement with the experimental results. 

To evaluate the effects of the piezoelectric material’s stiffness on the mechani-
cal cross-coupling effect, the FEA simulation for two different piezoelectric 
Young’s modulus values are rerun and the results are plotted in Figure 14. 

 

 
Figure 12. The effect of the friction coefficient of the piezoe-
lectric disks on the mechanical cross-coupling effect (compar-
ison between cases 1, 2, and 3). 

 

 
Figure 13. The effects of Young’s modulus of the frame ma-
terial on the mechanical cross-coupling effect (comparison 
between Case 1 and 4). 
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Figure 14. The effects of Young’s modulus of the piezoelec-
tric material on the mechanical cross-coupling effect (com-
parison between Case 1 and 5). 

 
It can be seen from Figure 14 that decreasing Young’s modulus of the piezoe-

lectric stacks does not affect the stiffness of the stage in either of directions and 
consequently, the cross-coupling effect and the displacement in the x-direction 
do not change. Note that for both cases, the friction coefficient is similar to the 
first case. It is evident from this figure that decreasing piezoelectric stiffness 
causes the displacement of the stage to decrease in the y-direction. As a result, it 
can be concluded that changing the frame’s material properties or the piezoelec-
tric stacks does not have any impacts on the mechanical cross-coupling effect. 

In order to investigate the impacts of changing the stage’s dimension on the 
mechanical cross-coupling effect, the FEA simulation for two cases with differ-
ent frame and hinge geometries (sixth and seventh case) are re-run and the re-
sults are plotted in Figure 15 and Figure 16. 

It can be seen from Figure 15 that by decreasing the dimensions of the inner 
hole and maintaining the material properties and frictional conditions of the 
first case, the stage’s stiffness does not change in the x-direction, but it increases 
in the y-direction. Hence, as the stage has no displacement in the x-direction 
comparing to the first case, its displacement decreases in the y-direction. In to-
tal, the mechanical cross-coupling effect decreases. 

It can be concluded from Figure 16 that by decreasing the hinges’ thickness in 
the y-direction, the stiffness of the hinge decreases as well. However, the stiffness 
of the stage in the y-direction decreases more than that in the x-direction. Hence, 
the cross-coupling effect is amplified. The amplification of the cross-coupling 
effect is due to the decrease in the stage’s stiffness, which can also be concluded 
from Equation (1). 

By analyzing Figure 15 and Figure 16, it is evident that one of the other ways 
to change the mechanical cross-coupling effect between the two axes is changing 
the stage’s geometry. In other words, in some cases where the stiffness ratio be-
tween the two axes is changed, the mechanical cross-coupling effect is altered. 

https://doi.org/10.4236/ojapps.2021.115043


A. Shafiee et al. 
 

 

DOI: 10.4236/ojapps.2021.115043 609 Open Journal of Applied Sciences 
 

 
Figure 15. The effect of decreasing the dimension of square 
hole of the frame on the mechanical cross-coupling effect 
(comparison between Case 1 and 6). 

 

 
Figure 16. The effect of decreasing the hinge’s thickness in 
the y-direction on the mechanical cross-coupling effect 
(comparison between Case 1 and 7). 

4. Conclusions 

In this study, FEA simulations are carried out to investigate the effects of differ-
ent mechanical properties, frictional behavior, and geometry of parallel piezo- 
flexural nanopositioning (PPNP) stages on the mechanical cross-coupling effect 
between their different axes. In all simulation and experimental trials, the effects 
of inertia and damping at low frequencies were ignored. The stress distribution 
in the stage shows that the flexural hinges have the highest stress level, especially 
at the connection points to the fixed part of the frame. Also, surveying the in-
fluence of friction coefficient between piezoelectric disks shows that the piezoe-
lectric disks slip on each other at low friction coefficients, resulting in a linear 
cross-coupling behavior. Increasing the friction coefficient leads to a sudden 
change in the displacement of the stage in the y-direction when the excitation 
forces are present in the x-direction only, and the piezoelectric disks undergo a 
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stick-slip frictional behavior. This sticking leads to some degree of rotation in 
the piezoelectric disks, resulting in a nonlinear cross-coupling behavior. Another 
observation shows that changing the frame’s material causes the stage’s stiffness 
to be altered in both directions. Hence, changing the material of the frame has 
no impact on the cross-coupling effect. 

Moreover, changing the piezoelectric disks’ material does not cause the cross- 
coupling effect to be changed, as it does not affect the stage’s stiffness. Different 
geometries of the stage are also considered by changing both the dimensions 
of the inner hole of the stage and the hinges’ thickness. The result is that chang-
ing the dimensions of the inner hole of the stage only causes the stiffness to be 
changed in the y-direction, and consequently, the cross-coupling effect is changed. 
FEA simulations also show that the proportion of stiffness between two axes is 
changed by choosing a different thickness for the hinge. This consequently causes 
the mechanical cross-coupling effect to be changed. Finally, the main parameters 
that affect the mechanical cross-coupling are the combination of slip and rota-
tion of the piezoelectric disks concurrent with a change in the stage’s geometry. 
The results obtained in this paper can provide a better insight into the mechan-
ics of the PPNP stages for potential improvement of the cross-coupling effect in 
the product design and development phase. 
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