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Abstract

Consider the real, simply-connected, connected, s-step nilpotent Lie group G
endowed with a left-invariant, integrable almost complex structure /, which is
nilpotent. Consider the simply-connected, connected nilpotent Lie group G,
defined by the nilpotent Lie algebra g/a,, where g is the Lie algebra of G, and
a, is an ideal of g Then, J gives rise to an almost complex structure J, on G,.
The main conclusion obtained is as follows: if the almost complex structure J
of a nilpotent Lie group Gis nilpotent, then /can give rise to a left-invariant
integrable almost complex structure /; on the nilpotent Lie group G,, and J; is
also nilpotent.

Keywords

Almost Complex Structure, Nilpotent Lie Group, Nilpotent Lie Algebra

1. Introduction

In the year 2000, Cordero and others [1] conducted research on nilpotent com-
plex structures on connected simply connected real even-dimensional nilpotent
Lie groups G with left-invariant integrable almost complex structures. They pro-
vided definitions for an ascending sequence {a,,k >0} compatible with the
integrable almost complex structure Jof G, as well as the definition of nilpotent
complex structure. Building upon Cordero ef al’s research on nilpotent complex
structures, this paper demonstrates that if the left-invariant integrable almost com-
plex structure /on the Lie group G is nilpotent, then Jcan induce a left-invariant
integrable almost complex structure J, on G, and J, is also nilpotent. The study
of nilpotent complex structures on the nilpotent Lie group G, can further in-
vestigate topics such as spectral sequences, Dolbeault cohomology groups, and

minimal models of compact nilpotent manifolds discussed in references [2] [3]
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[4].

The aim of this paper is to investigate the scenario of a connected simp-
ly-connected s-step nilpotent Lie group G with a left-invariant integrable almost
complex structure /, where /Jis nilpotent. Through the examination of the con-
nected simply-connected nilpotent Lie group G, defined by the nilpotent Lie al-
gebra g/a,, the objective is to ascertain whether /can induce an almost complex
structure /, on G, and further demonstrate that /, is also nilpotent.

In addressing this issue, the paper is divided into two parts. The first part
serves as background knowledge, introducing fundamental concepts related to
connected simply connected s-step nilpotent Lie groups G with left-invariant
integrable almost complex structures. The second part provides evidence that if
the left-invariant integrable almost complex structure / is nilpotent, then / can
induce a left-invariant integrable almost complex structure J, on G, and J is al-

so nilpotent.

2. Background Knowledge

2.1. Integrable Complex Structure

Let V connected simply connected 2n-dimensional real vector space. The so-called

complex structure Jon Vs a linear transformation J:V — V', satisfying:
JP=—id:V > V.

Let M be a 2n-dimensional smooth manifold, and /be a smooth (1,1)-type
tensor field on M. For each point xe M , /. a linear transformation from the
tangent space T.M to itself. If each J, (x)(xeM) is a complex structure
on the tangent space T M , then the tensor field /is called a almost complex
structure on M. The smoothness of the tensor field / implies that if X is a
smooth tangent vector field on A4, then /Xis also a smooth tangent vector field
on M.

Let Gbe a Lie group with a left-invariant almost complex structure, g = LieG .
Then, we can define a linear map J:g—>g and J’ =-id. Jis called a complex

structure on g. If /satisfies:

[JX,JY]|=[X,Y]+J[JX,Y]+J[X,JY] forany (X,Yeg), (1)

then /is integrable. Without distinction, the left-invariant integrable almost com-

plex structure on G and the integrable complex structure on g are both denoted
by J.

2.2. On Sequences of Nilpotent Lie Algebras
Let gbe a Lie algebra. Suppose
g =g.g =[g"g] g =[g" gl )

It can be easily proven that g’ is an ideal of g and g’ — g'"'. The sequence

{gk,k > O} is called the descending central series of g If there exists an se N
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such that g* ={0} and g*"'={0}, then gis called an s-step nilpotent Lie alge-
bra [5] [6].

Let G be a 2n-dimensional real nilpotent Lie group with a left-invariant in-
tegrable almost complex structure, g =LieG, and g  be the dual space of g
Let {w,,w,,---,w,} denote a complex basis, and {w,,w,,w,,W,,"--,w,,W,} de-
note a corresponding real basis. Therefore,

dw, = zAi/ij AW, +ZBW{W/. AW, + ZCWCW]. AW, (1 <i< n) R (3)

J<k J.k J<k
because da(X,Y)= —a([X,Y]) (X,Y egt,ae (gc )*) , we use the exterior de-

rivative on g" to describe the Lie bracket on g.
Property 1 [7]. Let G'be a real nilpotent Lie group, g = LieG . Ghas a left-in-
variant integrable almost complex structure if and only if C;, =0, Ze.

dw,= Y Ayw, Aw + Y Buw, aw, (1<i<n). 4)

Jj<k<n Jik<n

The structure equation can define connected and simply connected nilpotent
Lie groups left-invariant integrable almost complex structure, so we can study
some properties of Lie groups through this structure equation.

Definition 1 [8]. Let G be a connected simply connected s-step nilpotent Lie

group, g = LieG . Define a sequence in gas
g =0.g ={Xegl[X.g]lcg}. g ={Xegl[X.glcg |

Then g is the center of g where g #{0}. g =g, g, =g, and for any
k(0<k<s-1) chosen such that dimg, <dimg,,,. Thus, there exists an as-
cending central series

g, =0cgcg,ccg, cg =g (6)

Property 2.If the sequence {g,,k >0} satisfies Equation (5), then:

a) g is the center of gand g, #0;

b) Forany k>0, g, cg..;

c¢) For any k(0<k<s-1) such that dimg, <dimg,, (0<k<s-1). We
have g,=0cg cg,c-~-cg,_cg =g.

Proof. a) Since g, ={0}, then g ={X eg|[X,g]=0}=C(g). Moreover,
since g is a nilpotent Lie algebra, C(g)=0, hence g is the center of g and
8o =& -

b) We use induction to prove g, = g,,, (k>0).

For k=0,bya), wehave g,c g,.Assume thatwhen k=i holds, g, cg,,.
We'll prove that for k=i+1, g, cg,,. Forany x,€g,,, and xeg, we
have [x,x]eg, < g.,. According to Equation (5), x, €g,,,,thus g, =g.,,
hence g, c g,,, (k>0).

c) First, we'll prove that there exists an integer ssuch that g =g.

Since gis an s-step nilpotent Lie algebra, there exists a descending central se-

ries
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g'=gog =[g.g" |2 2" =[gg o2 ={0}.

Next, we’ll use induction to prove g'~ = g,. When k=0, we have
g = {0} =g,. Assuming k=i holds, g’ < g,, we'll prove that for k=i+1,
g cg,., . According to Equation (2), we have g*" = [ g, gH’l] Also, since
g cg.,then g cg, . Thus forany i(0<i<s) suchthat g’ cg,,we
have g og’=g,andsince g Cg,weconcludethat g =g.

Next, we prove that g,=0cg cg,c---cg,_, g, =g, namely, for any
k(0<k<s-1) suchthat dimg, <dimg,, ,then g cg,,, isstrict.

When k=0, by conclusion (a), we have g, c g,. Assuming for k=i holds,
g c g,.,» we'lll prove that for k=i+1, g,, cg,,,. According to Equation (5),
we have g, ={Xeg|[X,g]ggi}, i ={Xeg|[X,g]ggM},thus
i © &iyr - Also, since g =g, thenforany k(0<k<s—1) such that
dimg, <dimg,,,, wehave g, c g,,, is strict. Thus, we have

g=0cgcgccg,cg =2
holds.

Before introducing the nilpotent complex structure on G, let’s first discuss
under what conditions g is a complex Lie algebra. Let g denote the complex-
ification of g, and let / be the complex structure on the Lie algebra g Then we

have g =g @®g", where +i are the eigenvalues of J, and
g ={X+iJX|Xeg} and g" ={X-iJX|X eg} are the eigenspaces of /.

Property 3 [9]. The eigenspaces g* of Jare ideals of g©.
Theorem 1. Let / be the integrable complex structure on the Lie algebra g If

J[X.,Y]=[JX.,Y] forall X,Y eg,then gisa complex Lie algebra.
Proof: Let g* :{X—iJX|Xeg}. According to Property 3, we have
[X.Y]eg® forall X,Yeg".
Let g’:{X+iJX|Xeg}.Accordingt0 Property 3, we have [X,Y]eg’ for
al X,Yeg .
Since gcg®=g @g*,any X,Y eg satisfies X=X,+X, (X, eg ,
X,eg'), Y=Y,+Y, (eg, Yeg").
According to Property 3, we have [X,,Y,]eg" and [X,,Y,]eg . Since
g Ng ={0}, it follows that [X,,¥,]=0 and [X,.¥,]=0.
To prove that gis a complex Lie algebra, we need to show that the Lie bracket
of gis C-linear, ie, [(a+ib)X,Y]:(a+ib)[X,Y] (X, Yeg).
[(a+ib) XY |=[(a+ib)(X,+X,).Y,+Y, |
=[a(X,+X,).Y,+Y, |+[ib(X, + X,).Y, +Y, |
=a[ X, + XY, +Y, |+ b[i(X, + X,).Y,+Y, |
=a[X, +X,.Y, +Y, |+ b[JX, - JX,.Y, +Y, ]
=a[X, +X,.Y, +Y, |+ b[JX .Y, +Y,|-b[JX,.Y, +Y, ]
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=a[X, +X,.Y, + L, |[+bJ [ XY, +Y,|-bJ [ X,.Y, +Y,]
=a[X,+X,.Y, + Y, |+ bJ[X.Y,]-bJ [ X,.Y,]

=a[X, +X,.Y, +Y,|+ib[ X .Y, | +ib[ X,.Y, ]
=(a+ib)[ X, +X,.Y,+Y,]

Therefore, the Lie algebra is C-linear, proving that gis a complex Lie algebra.

Suppose G is a connected simply connected nilpotent Lie group, g = LieG,
and ghas a complex structure /. Then gis a complex vector space, but generally
not a complex Lie algebra. According to Theorem 1, if the complex structure sa-
tisfies J[X,Y]|=[JX,Y] forall X,Y eg, then gis a complex Lie algebra. To
study the nilpotent complex structure of the Lie group G, we introduce the as-
cending sequence {a,,k >0} related to the nilpotent Lie algebra g.

Definition 2 [10]. Let G be a connected simply connected s-step nilpotent Lie
group, and suppose it has a left-invariant integrable almost complex structure.

g =LieG and Jis the complex structure on the Lie algebra g ghas the sequence
a, = {0},-”,01( = {X €g | [Xag] < ak,p[JX,g] c akfl}y"', (7)

called the compatible with the integrable almost complex structure Jof G.
Property 4. If {a,,k>0} is the compatible with the integrable almost com-
plex structure Jof G, then ais an ideal of g a, —q,,,,and a, =g, (k20).
Proof: We use induction to prove a, ca,,,.
When k=0, because [a,,g]ca,={0},then [a,,g]<a, = a,.Suppose that
when k=i,a, ca,, holds, we need to prove that when k=i+1, a

i+l = ai+2 *

According to Equation (7), we have gq,,, = {X egl[X.g]ca,.[/X.g]lca,, } ,
a,, :{X egl[X.g]ca,.[/X.g] ga,.}. Since @, Ca,,, holds, a

a, ca,, (k=0).

i+l i1 &g hence
To prove that a, is an ideal of g because [a,,g]<a,, ca,, a;is an ideal of g
By induction, we prove a, = g, (k>0).
When k=0, since q,=0, g,=0, then a, c g,. Suppose that when k=i,
a,  g; holds, we need to prove that when k=i+1, a,, cg,,.

According to Equations (5) and (7), we have
iy :{Xeg|[X,g]ga[,[JX,g]ga[}, 8in :{X€g|[X’g]§gi} .

Since a, c g, holds, a,,, < g,.,, which completes the proof.

i+l

Lemma 1 [1]. If there exists k>0 such that a, =a,,,, then for any r>k,
a,=a,.

Now let’s look at some properties between the ascending sequence {a,,k >0}
and the ascending central sequence {g,,k >0} of g

Lemma 2 [1]. If {a,,k>0} and {g,,k>0} are respectively the ascending
sequences of g, then the following three conclusions hold.

i) If there exists k>0 suchthat g, =g,,then g, =J(g,);

ii) If there exists k>0 such that a, , =g, ,, then a, =g, if and only if
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& =J(g);

iii) If a,_, = g,_,, then a, is the largest J-invariant subspace of g;.

Under the conditions of Lemma 2 and according to Equations (5), (7), we
know a,=g, =0, then

a) If there exists k>0 suchthat J(g,)z g,,then a, g, isstrict;

b) If there exists an integer ssuch that a,_, =g _,,then a, =g =g;

¢) a, is the largest S-invariant subspace of g;;

d) If any term g, of {g,,k >0} is Finvariant, then forany k>0, a, =g, and
as = gs = g *

Next, consider some related properties between the ascending sequence

{a,,k>0} and the descending central sequence {gl,IZO} of g Under the

conditions of Lemma 2, suppose {gl,l > O} is the descending central sequence
of g. Then we have
@ If for some k>0 and some />0, g'ca, and J(g"]):g"', then

I-1 .
g < ak+1 >

@]Ifforsome k>0, [g,g]ca,,then a,, =g;
@ Ifany g'e {g’,l > 0} is finvariant, then a, =g =g [1].

2.3. Nilpotent Complex Structure

Definition 3 [11]. Let G be a connected simply connected s-step nilpotent Lie
group, and suppose it has a left-invariant integrable almost complex structure.
g=LieG and Jis the complex structure on the Lie algebra g If there exists
t>0 such that g, =g, then the left-invariant integrable almost complex struc-
ture Jis called a nilpotent left-invariant complex structure.
Lemma 3 [1]. Let {w,,1<i<n} be a (1,0)-type left-invariant form complex
basis for g", satisfying the structural equation
Z Ayw; AW, + z Byw, Aw, (1<i<n).
J<k<i Jok<i
If {Z,,Z,,1<i<n} isa basis for gand dual to the basis {w,,i,,1<i<n}, let
X,=Re(Z,), Y,=Im(Z,) (1<i<n), then any term a, (1</<n) in the as-
Y XY

n—I[+1> >“tn>Tn "t

cending sequence {a,,l > 0} contains at least generators X, ,,,,

Proposition 1. Under the conditions of Lemm3, we have
(i) If a, is a member of the sequence {a,,k >0},and a, # g, then

dima,,, 22+dima,;

(ii) If {g,,k >0} isthe ascending central sequence of g then
dimg, >dima, >2k (1<k<n);

(iii) There exists a unique integer f such that dima, | <dima, and a,=g
(s<t<n).

Theorem 2 [1]. Let {a,,k >0} be the compatible with the integrable almost
complex structure Jof G. If there exists a(1,0)-type left-invariant form complex

basis {w,,1<i<n} for g" such that the basis satisfies the structural equation
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dw,= Y] Ayw; AW, + > Byw, Anw, (1<i<n),
J<k<i Jok<i
then the left-invariant integrable almost complex structure is nilpotent if and
only if it is almost nilpotent.

Raghunathan [12] concludes: let G'be a connected simply connected nilpotent
Lie group with Lie algebra g = LieG . G has a lattice D if and only if gadmits a
basis with rational structure constants. By applying Theorem 2, Theorem 3 can
be obtained.

Theorem 3 [1]. Given the structure equations of Theorem 2:

dw,= Y Ayw; AW+ > Byw, Aaw, (1<i<n),
J<k<i Jok<i
a connected simply connected nilpotent Lie group G with a left-invariant al-
most complex structure that is nilpotent can be defined, and its left-invariant
complex structure is nilpotent. Then a complex structure, which is also nilpo-
tent, can be defined on the compact homogeneous nilpotent manifold G/D.
Conversely, if the left-invariant integrable almost complex structure of a con-
nected simply connected nilpotent Lie group G is nilpotent, with structure eq-
uations
dw,= Y Ayw; AW+ > Byw, Aaw, (1<i<n),
J<k<i Jk<i

then Ghas a left-invariant complex structure that is nilpotent.

3. Exploring Complex Structures on Nilpotent Lie Group Gk

This section mainly discusses that if the left-invariant integrable almost complex
structure /on a Lie group Gis nilpotent, then the nilpotent Lie group G, has a
left-invariant integrable almost complex structure J,, and J, is nilpotent (where
k <t,and tis the smallest integer such that a, = g ). By Property 4, a, is an ideal
of g and since gis a nilpotent Lie algebra, g/a, is also a nilpotent Lie algebra.
Let G be the connected simply connected nilpotent Lie group defined by the
nilpotent Lie algebra g/a, .

3.1. Complex Structure of Nilpotent Lie Group Gx

Definition 4. Let G be a connected simply connected nilpotent Lie group with a
left-invariant integrable almost complex structure, g = LieG , and Jbe the com-
plex structure on g Define the mapping on g/q, :
Jiigla, > gla,
x> J(X)=J(x)+a,, xeg.Xegla,.

Lemme 5. Suppose G is a connected simply connected nilpotent Lie group
with a left-invariant integrable almost complex structure that is nilpotent, then
G, has a left-invariant integrable almost complex structure.

Proof: First, we prove that J, is a complex structure. Since Jis linear, and ac-
cording to Definition 4,

Ji (X)=J(x)+a,, xegxegla,,
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Jiis linear. Next, we prove that /, is a complex structure. Since
(I (%)=, (Jx+a,)

=J(Jx+a,)+a,

=J’x+a, =-X
thus J; =-id :g/a, —> g/a, , so Jis a complex structure on g/a, .

Forany X,Y eg/a,,wehave X=X+a,, Y=Y+a, (X, Yeg),
[0 (%), (V)] =[x + 4,07 +q,]

[ JX, JY]+ak
[ X7 ]+ J[JX,Y]+J[X,JY]+q,
[X.7 |+, ([4Xx.Y]+a,)+J, ([X.JY]+q,)

[T+ ([ () T+ (X (7))

so G, has a left-invariant integrable almost complex structure. i

We know that the left-invariant integrable almost complex structure J of the
Lie group G induces a left-invariant integrable almost complex structure /;, on
the Lie group G. Next, we first give a sequence {b,,k >0} on g/a, ,and then
use this sequence to prove that if /is nilpotent, then /, is also nilpotent.

Definition 5. Let G be a connected simply connected nilpotent Lie group with
a left-invariant integrable almost complex structure, g = LieG, J be the com-
plex structure on g and J, be the complex structure on g/a, . g/a, has a se-

quence

b, :{0}"">bk :{)_(eg/ak ‘[)?’g/akJgbk—l’[j()?)ug/ak}gbk—l}"”' (8)

3.2. Properties of the Complex Structure of Nilpotent Lie Group Gk

Property 5. g/a, has a sequence {b, k> 0} satisfying Equation (8), which im-
plies that
(1) Forany k20, b, cb,,;
(2) If there exists k>0 suchthat b, =5, ,thenforany r>k, b =b,.
Proof: We use induction to prove b, c b, ,,
When k =0, according to Equation (8), we have b, ={0} and b, cb.
Assume that when k=i, b cb,, holds. When k=i+1, b, cb,, holds.

According to Equation(8), we have

b, = {XEg/ak |[X g/aJ 7[Jk ()?),g/anbM},
b, :{)?Gg/ak ||:)_(ﬂg/ak:|gbi’[‘]k ()?)’g/ak:'gbi}’

and since b, cb,, holds, b, cb,, holds. Thus, b, b, (k=0).

i =i+l i+l = "i+2

Next, we prove property (2). According to Equation (8), we have

b.,= {XEg/ak |:X g/ak Cbz+1’|: ( )7g/ak:| 1+1}

- {X cgla, [ X.g/a,] gbi’[‘]’f (X)’g/a‘} gbi}

= bk+|
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which means that forany »>k, b =5,

e = by =

Definition 6. Let G be a connected simply connected nilpotent Lie group with
a left-invariant integrable almost complex structure, g = LieG, J; be the com-
plex structure on g/a, ,and {b,,k >0} be an ascending sequence on g/a, .If
there exists >0 suchthat b, =g/a, , then the left-invariant integrable almost
complex structure of G, is called nilpotent left-invariant complex structure.

Theorem 4. Suppose a connected simply connected s-step real nilpotent Lie
group G has a left-invariant integrable almost complex structure /, and the se-
quence {a,,k >0}is a ascending sequence of g If the left-invariant integrable
almost complex structure /is nilpotent, then 5, =a,,,/a, and the left-invariant
integrable almost complex structure of G is nilpotent.

Proof: To prove that the left-invariant integrable almost complex structure of
G is nilpotent, we only need to prove that there exists #such that b, = g/a, . We
will prove by induction that there exists zsuch that b, = g/a, .

b, =a, /a, ={0}, Next, we prove b =a,, /a, .

Forany X ea,, /a,,wehave X =X+a,(Xea,,,),then
[)_(,g/ak ] =[X,g]+a, and [Jk ()_(),g/ak] =[JX,g]+a, According to Equa-

tion (7), we know that [X,g]ca, and [J (X),g] ca,,so

[Jk ()?),g/aszo and [)?,g/ak]zo.
Therefore X eb,, implying b, Da,, /a, .
Forany X eb,wehave X =X +q, (X eg),according to Equation (8),

b ={)_(€g/ak \[)?,g/ak]gbo ={0}’|:Jk (X)’g/ak]gbo ={0}}’
which means [X,g]+a, {0} and [JX,g]+a, ={0},s0 [X,g]ca, and
[JX.g]ca,,hence X eaq,,,s0 Xea,,/a, ,whichmeans b ca,, /a,.

So b =a,,/a,.

Assume that when n=i, b, =a,,/a, holds.
=a,,, /a, holds.

Forany X eb,, wehave X =X+q, (Xea,,,),then
[X.g/a,|=[X.g]+a, and [Jk ()_(),g/ak]z[JX,g]+ak. according to Equa-
tion (8), we know that [X,g]ca,,, and [JX,g]ca,,, . thus
[Jk ()?),g/ak] cay.,/a, =b, and [)?,g/ak] c a,,,;/a, =b,. Therefore

)? € bi+1 ’ lmplylng bi+1 2 ak+i+l/ak *

Next, we prove that when n=i+1, b

i+l

For any X eb,,, we have X =X +a,(X eg), according to Equation (8),

b, = {)_( cg/a, ‘[Xﬂg/ak] ch=a,,/a ’|:Jk ()?)’g/ak] cb= ak+i/ak} » which
means [X,g|+a, ca,,,/a, and [JX,g|+a, ca,/a, . so [X,g]ca,, and
[JX.g]<a,.; hence X ea,, so Xea,,, |a,,which means
b S i/ -

So b, =a,,./a,.

Next, we prove that the complex structure /. on g/a, is nilpotent. Since the
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complex structure Jon the Lie group G'is nilpotent, there exists #>0 such that
a,=g,then b_, =a,/a, =g/a, ,thus Jis nilpotent.

According to Theorem4, if a connected simply connected s-step real nilpotent
Lie group G has a left-invariant integrable almost complex structure J that is
nilpotent, then /can induce a nilpotent left-invariant integrable almost complex

structure /; on the Lie group G,

4. Summary

Let g be a Lie algebra. If g° has a (1,0)-type left-invariant complex structure
with complex basis {w;,1 <i <n}, satisfying the structural equation
dw, = Z Ayw; AW+ Z Byw, AW, (1<i<n),
Jj<k<i Jik<i
then we can define a connected simply connected nilpotent Lie group G. Its
left-invariant integrable almost complex structure /on G is nilpotent, and Jin-
duces a left-invariant integrable almost complex structure /; on the nilpotent Lie

group G, and J, is nilpotent.
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