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Abstract

In this paper, we find the polynomials, indices and average distance for
Schultz and modified Schultz of vertex identification chain for 4-cycle and 4-
cycle complete.
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1. Introduction

Given the importance of topological evidence, which can be deduced from the
polynomial by finding the derivative with respect to a specific variable and then
compensating for this variable by one value, therefore we have in this paper
found the polynomial of Schultz and modified Schultz for a chain of special
graphs which is the 4-cycle and 4-cycle complete by identification symmetrical
vertices.

In this paper, we can refer to the basic concepts in graph theory and topologi-
cal indices to the references [1] [2] [3]. Let G = (V,E) be a simple connected
graph without loop and multi-edges, where V' =V (G) and E=E(G) bea set
of vertices and edges of respect to a graph G. The distance between any two ver-
tices of V(G) is the shortest path between them which denoted its by d(u,v),

u,veV(G) and the maximum distance between any two vertices in G is called
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the diameter graph G; that is: § =max, 4 {d(u,v)} . The degree of vertex uina
graph G'is the number of the edges which incident on uzand denoted by degu .

Introduced Schultz index by Schultz in 1989 [4] and in 1997 Klavzar and
Gutman were defined the modified Schultz index [5]. The Schultz index Sc(G)
and the modified Schultz index Sc”(G) are have defined as:

SE(G) = X yv()(degy+degu)d (u,v). (1.1)
SE(G) = X4y ey (degv degu)d (u,v) (1.2)
The Schultz and modified Schultz polynomials are have defined respectively as:
Se(G5x) =Xy, () (degy+ degu) x") . (1.3)
8¢ (G3x)= X, (o) (degy- degu) x"") . (1.4)

From these polynomials can obtain:
1) The Schultz index:

Sc(G)z%(Sc(G;x))H (1.5)
2) The modified Schultz index:
Sc*(G):%(Sc*(G;x))x_l (1.6)
3) The average distance of Schultz:
Sc(G)=25¢(G)/p(G)(p(G)-1) (17)
4) The average distance of modified Schultz:
¢ (G)=25¢"(G)/p(G )-1). (1.8)

where % is represent the derivative w.r.t. xand p(G) is the order of G.

There are many recent papers on polynomials and indices for Schultz and
modified Schultz, see to references [6] [7] [8] and there are applications on
Schultz and modified Schultz in chemistry, see to references [9] [10] [11].

Let D,(r,h) be the set of all (u,v) of G which distance between uand v is
k such that degu=r and degv=h and |Dk (G)| is the number of pairs
(u,v) of Gthat are distance k“ D(G.,k)”.

From clearly that dem |Dk(G)|:p(G)(p(G)—l)/2.

2. The Vertex—Identification Chain (VIC)—Graphs

Let {G,,G,,--,G,} be aset of pairwise disjoint graphs with vertices

u;,v, eV(G,.), i=12,--,n, n22, then the vertex-identification chain graph
C,(G.G,,.G,)=C, (G, Gy, G, vy uys vy gy, -u, ) of {G) with
respect to the vertices {vl,um} "' is the graph obtained from the graphs
G,,G,,--,G, by identifying the vertex v, with the vertex u,, for all

i=1,2,---,n—1. (See Figure 1):
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G, ,i=12...n

Figure 1. The graph C, (G,,G,,---,G,).

Some Properties of Graph C,(G,,G,,--,G,):
1) p(CV(G],GZ,-",G,,))=Z?:|p(Gi)—(n—1).
2) 4(C,(G.G,.+-.G,))=>"4(G)-

3) n<diam(C,(G,.G,.--,G,))< >\ diam(G,).

The equality of lower bound is satisfied at K, but the upper bound is satis-
fied at path graph.

If G=H,,forall 1<i<n,where H, isa connected graph of order p, we
denoted CV(HP,Hp,m,Hp) by CV(HP) .

2.1. Schultz and Modified Schultz of C,(C;),

From Figure 2, we note that p(CV(C4)p)=3p+1, q(Cv(C4)p)=4p and

diam(Cv(C4)p)=2p, for all 1<i,j<p, i#j, 2<hk<p, h#k, then we

have:

he! V2 V3 V4
I’ \
. x
Uy u us Uy

Figure 2. The graph C,(C,)

=

Table 1. The vertices degrees of the graph C, (C, )p .

— n
- degu, =2 degv, =2 degw, =2 degw, =4 degw,, =2
oo =2 ~__ 4 T~ 4 T~ 4 T~ 6 4
.= ~~ S~ S~ ~ ~
g J 4 ~ —_ 4 ~ — 4 ~ — 8 T~ - 4 \\
de ) T~ 4 T~ 4 T~ 4 T~ 6 T~ 4
= ~ ~_ ~_ ~— ~_
8v J 4 ~ — 4 \\ 4 \\ 8 T~ ) 4 \\
d ) T ~ 4 \\ 4 ~_ ‘\x\*\‘ 6 \\ 4
egwl = 4 \\\ 4 \\\ \\\ g \\\x ) \\\
~ 6 T 6 6 T 8 T 6
degw, =4
8 ~__ 8 ~___ 8 ~._ 16 T~ 8 ~_
d ) \\ 4 \\ 4 = ~_ 4 T~ 6 \\
6‘ng) " 4 \\\ 4 ~ \\ 4 S~ ~ 8 \‘\x\‘\‘ \“\x\
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Theorem 2.1.1: For p>2, then we have:
D Se(C,(C),:x)=8(3p=1)x+4(Tp=5)x> +43",(6p -3k +1)x'
2) S¢'(C,(Cy),5x)=16(2p=1)x+4(9p=8)x" +163 ;" (2p k)" +4x™" .

Proof: For all p>4 and every two vertices u veV(C (C4)p), there is

B 3p(3p+1)
2

d(u,v)=k, 1<k<2p, then obviously, 22p| . We will have

six partitions for proof:
P1. If d(u,v)=1, then |D]|:4p:q(CV(C4)p) and we have two subsets of
it:
PL1. |D,(2,2)=
P1.2. |D,(2,4)|
P2.If d(u,v)=
P2.1. |D,(2.2)
|{(u ul”) (ul,vl“) (v le) (v um) ISiSp—l}U{(ui,vi):ISiSpH
=5p-4.
P2.2. |D2 (2,4)|=‘{(w1,w2),(wp+l,wp)}

éul’W] (U Wp+,) (V,,Wl),(v],wp)}‘:4.
= [ >w), (v W), (ul.,w,.),(v,.,m):ZSisp}|=4(p_1).
2, then |D |—6p 4 and we have three subsets of it:

=2.

P2.3. |D,(4,4)=|{(w.w,):2<i<p-1]|=p-2.
P3.1f d(u,v)=k,then |Dk|:9p+%k+3,andwehave:

1) If kis an odd, 3<k<2p-3, then |Dk|:4p—2k+2, and we have two

subsets of it:

P31 [D(2.2))= {Wl’”k“]’[Wl’vk“J’(W"”W}[W"vk“} -
2 2 2 2
P3.2.
. k-1
|Dk(2’4)|: U oW |V s We || U W iy || Vs W 4y [12S0S p———
HT i+7 i+T i+T 2

2) If kis an even, 4<k<2p-—4, then |Dk|=5p+§k+l, and we have three

subsets of it:

P3.3. |D,(2.2) =

P34 |Dk(2,4)|={[wl,w kj,{wpﬂ,w ‘ j}zz.
1+E piz“

P3.5 IDk<4,4>I={[prk r<i<p- Kl p ko
"2 2 2
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P4. If d(u,v) =2p—2,then |D2 2| =6, and we have two subsets of it:
P4.1. |D,, ,(2,2)|=f

| )| ‘ (ul,u ) (Vl’ p)’(ul’vp)’(vl’up)} =4.
P4.2. |D2p_2 (2,4)|:‘ (wl,wp) (wp+,,w2)} =2.
P5.1f d(u,v)=2p-1, then |D2p1 =4, and we have one subset of it:
|D2p_l(2,2)|:‘{(wl,up),(wl,vp),(wp+],u]),(wp+],v1)}‘:4.
P6.1f d(u,v)=2p,then |sz|=1,andwe have one subset of it:

123, 2.2)= (0,0 )}|=1.

Hence, from P1 to P6 and Table 1, we get:

SC(CV(Q;)p;x)={4(4)+6(4([7—1))}x+{4(5p—4)+6(2)+8(p—2)}x2
2223{4(4)%(4(19—%—Qj}xh k is an odd
ij‘{ [4( —§D+6(2)+8[p—§—1j}xk, k is an even

2)}

4
Ha(@) () + {4(4)) 2+ {4}
=8(3p-1)x+4(7p-5)x* +422p (6p—3k+1)x*

+

And,

Se” (Cv (C), ;x) ={4(4)+8(4(p-1))}x+{4(5p-4)+8(2)+16(p-2)} »’

ZZ33{4(4)+8[4(P—%—1D}xk, k is an odd,

il_744{4(4(p—§j +8(2)+16(p—§—1j}xk, k is an even

+{4(4)+8(2)} 77 +{4(4)} T +{4(1)}

=16(2p-1)x+4(9p-8)x* +163 " (2p —k)x* +4x7".

By simple, we can calculate:
1) Sc(C,(C,), x)=40x+36x" +16x" +4x".

Sc’ (Cv (G), ;X) =48x +40x” +16x" +4x*.
2) Sc(C,(C,),5x)=64x+64x” +40x" +28x* +16x° +4x°
Sc™(C,(C,), 5x) =80x + 76x” +48x" +32x" +16x° +4x°. m

Corollary 2.1.2: For p =2, then we have:
1) Sc(C (), )=8p(2p2+p+1).

2) Sc( (C) )=—p(2p +1)
Corollary 2.1.3: For p >2, then we have:

1) §(CV(C4)p):;(6p+1+8/(3p+1)).
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2) se'(c,(c) ):%(3p—1+11/2(3p+1)). .

P

2.2. Schultz and Modified Schultz of C,(K,),

From Figure 3, we note that p(CV(K4)p)=3p+1, q(CV(K4)p):6p and

daim(Cv(K4)p)=p, for all 1<i,j<p, i#j, 2<hk<p, h#k, then we

have:

V-
Vi ] 3 V4 v p1 ¥V 'p

W L) Wpi1

] 5] Uz Uy u p-1 U p

Figure 3. The graph C, (K, ),, .

Table 2. The vertices degrees of the graph C, (K, ),, .

. degu, =3 degv, =3 degw, =3 degw, =6 degw,,, =3
~ ~ ~ ~
S 9 - 9 o S~ 18 - 9
degu/_ =3 6 \\ p \\ p \\ 9 \\\\ p \\
\\\ \\\ \\\ \ \\\
~ ~ N ~ ~
I 9 . 9 . 9 N 18 - 9
degv. =3 I . . . I
/ 6 \\\ 6 \\\ 6 \\\ 9 ~ 6 \\\
N N~ N~ ~ I ~
N 9 9 N 18 . 9
N
degwl =3 p \\ p \\ \\ 9 \\\\ 6 \\
\\\ \\\ \\\ \ \\\
~ ~ N ~ ~
S 18 18 18 36 S~ 18
degw, =6 L ~_ ~_ ~ ~_
9 ~_ 9 ~_ 9 ~_ 12 \\\ 9 ~_
~ ~ ~ ~. ~
9 9 9

N N N N
deghya=3 ¢ \ 6 \ 6 \ 9 ’ \

Theorem 2.2.1: for p >3, then we have:

D) Se(C,(K,), %) =18(3p=1)x+18F) (4p—4k-+3)x* .
2) S¢'(C,(K,),3x)=9(13p ~8)x + 723/ (2p — 2k +1)x* +81x”.
Proof: For all p >4, and every vertex u,veV(Cv(K4)p) there is

| il:@' We will have

d(u,v)=k, 1<k<p, then obviously, ZZPD

i=1

four partitions for proof:
PL.If d(u,v)=1,then |D,| =6p= q(CV (K, )p) and we have three subsets of it:

P1.1. |D1 (3,3)| :‘{(ui,vi):lSisp}U{(ul,wl),(vl,wl),(up,wpﬂ),(vp,wpﬂ)}‘
=p+4.
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P1.2. |D1 (3,6)|:|{(ul.,wl.),(ui,wi+1),(vi,wi),(vl.,wm):ZSiSp—l}
(10,9, )5 (59 )5 (5,59, )5 (5582 )5 (12 ), (39,9, )|
=4p-2.
PL3. |D,(6,6) =[{(ww..):2<i<p-1}[=p-2.
P2. If d(u,v)=k, 2<k<p-2,then |Dk|—9 p—k+1) and we have three

subsets of it:

P2.1
|Dk (3’3)| = |{(ui’ui+k—1 )’(Vi’VHk—l )’(ui’vz‘+k—1 )’(vi’ui+k—l ) <i< P_k+1}
U{(uk7wl )’(upkarl’Werl )’(Vkawl )’(fokJrl’Werl )}‘ = 4(17 _k+2)~

P2.2.
D, (3.6)|

|{(u W1+k) (uz+k—1"/‘}i)’(vi’wi+k )’(vi+k—l>wi):2 < l < p_k}

U{(”1’W1+k) (”p Wy k+1) (Vl’wl+/{)’(vp’wp—k+l)’(wl’wl+k)’(wp+1 W, k+1)}‘

=2(2p-2k+1).

P2.3. |D, (6,6)[=[{(w.w.i):2<i<p—if|=p—k-1.

P3.If d(u, v)=p—1 then |D |=18 and we have two subsets of it:
P31 [0, 53] = (1} 05y 2 () (05212

{( pl)(plwl)( Wy o700}

P3.2. |D 4 36| ‘{ u,w p u w2 v wz),<v1,wp),(wl,wp),(wl,wp)}

=12.

=6.

P4.If d(u,v)=p,then |D,|=9,and we have one subset of it:
19, 53] = o, o, 3, ) o, (50, )
(190)-(1,091): (10,0 ): (3120, ) =9
Hence, from P1 to P4 and Table 2, we get:
Se(C,(K,),:x)={6(p+4)+9(4p—-2)+12(p-2)}x
+> 0 16(4p—4k +8)+9(4p—4k +2)+12(p—k -1)}x*
+{6(12)+9(6)} x"" +{6(9)} x”

=18(3p—1)x+18 7 (4p—4k+3)x"

And,
S (G, (Ky), 5x) = {9(p+4)+18(4p—2)+36(p-2)} x
+>° 7 19(4p -4k +8)+18(4p -4k +2)+36( p—k—1)}x*
+{9(12)+18(6)} x"" +{9(9)} x*

=9(13p-8)x+723." (2p -2k +1)x* +81x".
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By simply we can calculate:

Se(C,(Ky),:x) =144x +126x" +54x°.

3’
Se(C, (K, )y:x) = 279x +216x" +81x .

This completes the proof. m
Remark:
1) S¢(C,(K,),:x)=90x+54x,

2) S¢'(C,(K,),:x)=162x+81x’.
Corollary 2.2.2: For p >2, then we have:
1) Sc(Cv(K4)p):3p(4p2+9p—1).

2) Sc*<CV(K4)p)=6p(4p2 +6p-1).m
Corollary 2.2.3: For p >2, then we have:
1) §(C‘, (K4)p)=§(12p+23—32/(3p+1)).

2) ?(q(m)p):§(6p+7—23/2(3p+1)). n

3. Some Properties of the Coefficients of Schultz and
Modified Schultz Polynomials

A finite sequence (a,a,,--,a,) of h positive integers is coefficients of poly-
nomial P(x)=3" ax'.Then:

1) The polynomial P(x) is called j-unimodal if, for some index j,
a<a,<--<a,>a;,>->a, and it is strictly j-unimodal if the inequality
holds without equalities.

2) The polynomial P(x) is called monotonically increasing (or monotoni-
cally decreasing) if, a,<a,, or g, >a,,, respectively, for all 1<i<h and it is
strictly-increasing or strictly-decreasing respectively if the inequalities hold
without equalities.

3) The polynomial P(x) is called palindromic if a,=a,_,,,, for all 1<i<h
and is called semi-palindromicif a,=a, ,,, 1+i<j<h—-i and forall
1<i<h-2.

4) The polynomial P(x) is called troubled if a, #a,,,forall 1<i<h.
forall 1<i<h andis

i+1?
5) The polynomial P(x) is called equality if 4, =a,,,
called semi-equality if a, =q,,, for some values 1.

The following Table 3 shows the properties of polynomials coefficients of

Schultz and modified Schultz of C,(C,), and C,(K,) -

4. Conclusion

In this paper, we obtained the general formulas of polynomials for Schultz and
modified Schultz polynomials of operation vertex identification chain for square
and complete square graphs and indices of its. Also, we discuss some properties

of the coefficients of these polynomials.
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Table 3. The some properties of the coefficients of C, (C, )p and C, (K, )p , p23.

Some Properties

Property 1 Property2  Property3  Property4 Property 5

Polynomials

of types graphs
Sc (C‘, (c, ),, ;x) Satisfyat j=2  Notsatisfy ~ Not satisfy Satisfy Not satisfy
Se’ (Cv (c), ;x) Satisfyat j=2  Notsatisfy ~ Not satisfy Satisfy Not satisfy
Sc (CV (K, )P ;x) Satisfyat j=2  Not satisfy ~ Not satisfy Satisfy Not satisfy
Sc' (CV (K.), ;x) Satisfyat j=2  Not satisfy ~ Not satisfy Satisfy Not satisfy
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