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Abstract

In this paper, we establish a fixed point theorem for two mappings under a
contraction condition in b,-metric space, and this theorem is related to a Su-
zuki-type of contraction.
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1. Introduction

Banach [1] proved a principle, and this famous Banach contraction principle has
many generalizations, see [2]-[7], and in 2008, Suzuki [8] established one of
those generalizations, and this generalization is called Suzuki principle.

The aim of this paper is to prove a fixed point result generalized from the

above mentioned principle in b,-metric space [9].

2. Preliminaries

Before giving our results, these definitions and results as follows will be needed
to present.

Definition 2.1 [9] Let Xbe a nonempty set, s >1 be a real number and let &
X xXxX — R beamap satisfying the following conditions:

1) For every pair of distinct points x,y € X , there exists a point z€ X such
that d(x,y,z)#0.

2) If at least two of three points x,y,z are the same, then d(x,y,z)=0,
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3) The symmetry:

d(x,y,z)=d(x,z,y)=d(y,x,z)=d(y,z,x)=d(z,x,y)=d(z,x,y) for all
x,y,zeX.

1) The rectangle inequality:

d(x,y,z) < s[d(x,y,a)+d(y,z,a)+d(z,x,a)} yforall x,y,z,ae X .

Then dis called a b, metric on X and (X ,d ) is called a b, metric space with
parameter s. Obviously, for s =1, b, metric reduces to 2-metric.

Definition 2.2 [9] Let {x

1) A sequence {xn} is said to be b,-convergent to xe X , written as

} be a sequence in a b, metric space (X,d) .

n

lim, , x,=x,ifall aeX lim,, d(x,xa)=0.

2) {x,} is Cauchy sequence if and only if d(x,,x,,a)—>0, when
n,m—o . forall aeX.

3) (X,d) is said to be complete if every b,-Cauchy sequence is a
b,-convergent sequence.

Definition 2.3 [9] Let (X,d) and (X',d') be two b,-metric spaces and let
f:X —> X' beamapping. Then fis said to be b,-continuous, at a point ze X
if for a given &> 0, there exists >0 such that xe X and d(z,x,a)<5
forall ae X imply that d'(fz, fx,a)<e . The mapping fis b,-continuous on X
ifitis b,-continuous atall ze X .

Definition 2.4 [9] Let (X,d) and (X',d') be two b,-metric spaces. Then a
mapping f:X — X' is b,-continuous at a point x€ X' if and only if it is
b,-sequentially continuous at x that is, whenever {x,} is b,-convergent to x,
{fx,} is b-convergentto f(x).

Lemma 2.5 [9] Let (X,d) be a b,-metric space and suppose that {xn} and

{ yn} are b,-convergent to xand y; respectively. Then we have
Sde(x,y,a) < liilgoinfd(xn,yn,a) < }iilgosupd(xn,yn,a) < szd(x,y,a) , for all a
in X In particular, if y, =y isa constant, then
la’(x,y,a) <liminfd(x,,y,a)<limsupd(x,,y,a) <sd(x,y,a), for all a in
S n—>x0 n—»w

X
Lemma 2.6 [10] Let (X,d) be a b, metric space with s>1 and let {xn}::o

be a sequence in Xsuch that

d(x x a)Sﬂd(x x a), (2.1)

n¥n+l> n—1°>"n>
1
for all ne N and all ae X, where Ae [0,—) . Then {xn} is a b,-Cauchy
s
sequencein (X,d).
3. Main Results
Theorem 3.1. Let (X,d) be a complete b,-metric space. Let f,g: X — X be

two self-maps and ¢: [0,1) - (%,1} be defined as follows
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Assume there exists pe [0,1) such that for every x,ye X, the following

condition is satisfied

l¢$(p)min{a’()c,ﬁc,a),af(fx,ﬁ/,a)} <d(x,y,a)
s (3.2)

= max{d(gx,gy,a),d(gx,fj/,a),d(fx,ﬁ/,a),d(gy,fx,a)} S?d(x,y,a).

Then f,g have aunique common fixed point z€ X .
Proofin (3.2), we take y= fx

lgé(p)min{d(x,fx,a),d(x,gx,a)} < d(x, gx,a)
s
= max{d(gx,gzx,a),d(gx,fgx,a),d(ﬁc,fgx,a),d(gzx,fx,a)} for xe X .(3.3)
Ssﬁzd(x,gx,a),
therefore,

d(gx,fgx,a)ﬁﬁzd(x,gx,a). (3.4)

%)

Now we take y = fx in (3.2)
§¢(p)min{d(x,fx,a),d(x,gy,a)} < d(x,ﬁ/,a)
= max{d (gv,gfva),d(gx, /°y,a),d( fr. /*x.a),d (gf, fr,a)} for all xeX .

Ssﬁzd(x,fx,a),

(3.5)
therefore,
d(fi./*x,a) < 2d(x, fr.a), (3.6)
S
and
d(gf, fr.a) ssﬁzd(x,fx,a). (3.7)

Given an arbitrary point x, in X then by x,,,, =gx,, and x,,., = fx,.,
we construct a sequence {x,},for neN.
From (3.4), we get

A

d('x2n+l’x2n+2’a) = d(gx2n’fgx2n’a) < ﬁzd(XZH’ngn’a) = S£2d(‘X2n’x2n+l ’a)' (3'8)

From (3.7) and (3.8) we get
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d(x2n+] ,xz,,,a) = d(gfx2n71’fx2n—l ,a) < Sﬁgd(%nsﬁczlﬂaa) = Sﬁzd(xmwxzwa)>
that is,
d(xm,xn,a)Sﬁzd(xn,xnfl,a) , since ﬁze[O,l) , by Lemma 2.6, we get
s S

{xn} is a Cauchy sequence.

Since X is complete, there exists z in X, such that limx, =z, that is

n—o

lim gx,, = hm 02X, =2, and 11m fx2 g = hm 02Xy, =2

n—o

Now let us glve that

d(fx,z,a) < pd(x,z,a), for every x=z. For {d(xz,l,gxzwa)} is conver-
gent to 0, and by Lemma 2.5, we get

ld(x,z,a) < lim supd(xz,,,x,a) , thus we have limsupd(x,,,x,a)>0, thus

S n—>0 n—x0

from the above relation, there exists a point x,, in Xsuch that

l;lﬁ(p)min {d(xz,,k 8%, ,a),d (xznk o ,a)} < d(xz,,k ,X, a).

N

For such x,, ,(3.2) implies that
d(gx,, . fr.a)
< max{d(gxmk ,gx,a),d(gxz,,/i ,fx,a),d(ﬁmk ,fx,a),d(gx,fxz,,k ,a)}

o
S—d(xm ,x,a),
Sy

therefore by Lemma 3.5,

; —d(fx,z,a)< hr;:sllpd(gxh , fx, a) f llrjl_illpd(xzn ,X, a)<§d(x,z,a),
therefore we get
d(fx,z,a)< pd(x,z,a), for each x#z. (3.9)
Now we show that foreach ne N,
d(f'z,2,a)<d(f,za), (3.10)

It is obvious that the above inequality is true for n =1, assume that the rela-
tion holds for some me N. We get (3.10) is true when we have f"z= fz if
f"z=z, thenif f"z=#z, we get the following relation from (3.9) and induc-
tion hypothesis, and that is

d(z,f'"“z,a) <pd(zf"z ) ( Nia ) < p"d (2, f2,a)
Spd(fz,z,a) ( Z,z,a )
then (3.10) is proved.
Now we consider the following two possible cases in order to prove that fhas

a fixed point zin X, and thatis fz=z.
1—

|
Case 1 0< p<—=, therefore, ¢(p) <

N

-—. First, we prove the following
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relation

d(fz fr.a) <2d(f2,2.0), for neN. (3.11)
N

When #n =1 itis obvious, and it follows from (3.6) when »n =2, from (3.10)
and take a = fz we have

d(f"z,z,fz) <d(fz,2,fz) =0, then we get d(f"z,fz,z) =
Now suppose that (3.11) holds for some 7> 2,

d(f,z,a)< s(d(z,f"z,a)+d(f”z,fz,a)+d(f"z,fz,z))
< sd(z,f”z,a)+sd(z,fz,a),

Therefore, we get

(l—p)d(z,fz,a)Ssd(z,f”z,a), that is d(z, fz,a) <

*sd(z,f"za), (3.11.1)
-p
then by taking x = f""'z in (3.6)

(f L, a) ,0a,(fmz’fnz’a)g__.g P

d(z, fz,a), (3.11.2)
using the above two relations, (3.11.1) and (3.11.2) we have

1 . n n n n+

;¢(p)mm{d(gf zf'z.a).d(f "z f 1z,a)}

< 1;Zpd(f"z,f"“z,a) Sls_T’nDd(f”z,f"”z,a)

LBz fra) =5 d (2 fr)

d(z,f"z,a)STd(z,f”z,a)Sd(z,f”z,a).
s
From (3.2) and (3.10) with x= f"z and y =z, we have
max{d(gf"z,gz,a),d(gf”z,fz,a),d(f””z,fz,a),d(gz,f"”z,a)}
pd(zfza) pd(zfza) 'Od(zfza)

Therefore,

d(f"“zfza)<— (f.2,a). (3.12)

So by induction we prove the relation of (3.11).
Now (3.11) and fz#z show that for every ne N f"z#z, thus, (3.9)
shows that
a’(z,f”+l )<pd(zfza)<p2d(zf” 1za) < p"d(z, fz,a).

Therefore limd (z, f ””z,a) = 0. Furthermore by using Lemma 2.5, we get

n—»o0

! d(z liminf /"*'z, a) < hmlnfd( f"”z,a) =0,
s

n—»0

SO

n—»0

d(z,liminf f"”z,a) 0.
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In the same way,

n—»0

d(z,limsupf"“z,ajzo , thus we have d(z,limf"”z,a):o , that is

n—0

f"™'z — z, and by using Lemma 2.5 in (3.12), we get
1 . N
—d(z,fz,a) < hmsupd(f" 1Z,fz,a) < £d(z,fz,a) ,  which claims that
N n—»o N

d(z, fz,a)=0, and that is a contraction.

1 1
Case 2. — < p <1, and that is when ¢(,0) =——. We now prove that we
2 1+p

can find a subsequence {xnk } of {x,} such that

mmin{d(xmc , 8%, ,a),d(xnlc s Jx, ,a)} < d(xnk ,z,a), for keN.(3.13)

The contraries of the above relation are as follows

1

md(xn,fxn,a)z p

——minid(x,,gx,,a),d(x,, fx,,a) >d(x,,z,a),
Tyl sa)d (5 )] > (. 2.0)

and

1

md(xn,ﬁcn,a)z

—s(1+p) min{d(xn,gxn,a),d(xn,fxn,a)} >d(x,,z,a),

for ne N .If nis even we have

1
s(1+p)

d(x2n’gx2n’a)

= S(l +p) min{d(xzn’gxz’”a)’d(XZn’fx2n’a)}

>d(x,,,z,a),

if nis odd then we get

1
md(xQnH 9fx2n+| ,a)
) S(l + p) min {d(xznﬂ »8%2n41 ’a)’d(x2n+1 5f"x2n+l 9a)}

> d(xzm,z,a),
for ne N.By (3.8) we have
d(x2)1’x2n+l’a)

< s(d(xz,,,z,a)+d(x2,1+l,z,a)+d(xZn,xZM,z))

)d(xZn’ngn’a)+S(;d(x2n+l’fk2n+l’a)

s
<s(l+p 1+p)

S(l + p) d (x2n ’ngn ’x2n+l )
1

- 1+p (d (xzn »Xans ’a) * d(xz'“'l »Xons25 a) +d (x2n’x2n+l > X241 ))
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1
S—d(xzwxzm,a)-i-

—d 5 >
1+,0 S2 (1+p) (x2n+l x2n a)

1
<Ed(x2n,x2n+l, Vﬁd("zm’xw“)

= d(xZn,xZnH,a),

this is impossible. Therefore, one of the following relations is true for every
neNN,

—¢( )mln{ (sz,ngn,a),d(XZn,fxzn,a)}Sd(xz,l,z,a),
or
_¢( )mm{ (x2n+l’gx2n+l7a)’d(x2n+1’f'x2n+l7a)}Sd('x2n+l’z’a)'

That means there exists a subsequence {xnk} of {x,} such that (3.13) is
true for every k € N . Thus (3.2) shows that

d(gx2n"fzﬂa)
< max{d(fxzwgz,a),d(fz,gxz,],a),d(f)ch,fz,a),d(gz,fxz”,a)}

Ssﬁzd(xzwz,a).

or
d(f)Can,fZ,a)
< max{d(gx2n+1agzaa)sd(ﬁ’gx2n+19a)sd(ﬁ2n+19ﬁaa)sd(gz’_fx2,1+1 9a)}

< sﬁzd(xzw,z,a).

From Lemma 2.5, we have

—d(z fz,a) <limsupd (gx,,, fz,a) < ﬁzhmsupd(xh,z a)<£d(z z,a)=0,
n—® S n—>w N
or
( z, fz,a) <limsupd ( fx,,,,, fz,a) < ﬁzhmsupd(xzm,z a) <£d(z,z,a) =0,
n—m S n—w N

Therefore d (z, fz,a) <0, which is impossible unless fz =z. hence zin Xis

a fixed point of £ From the process of the above proof, we know fz =z, then by
0 =lqﬁ(p)min{d(z,fz,a),d(z,gz,a)} < d(z,fz,a),
s
it implies
d(gz,z,a) < {d(gz,gfz,a),d(gz,fzz,a),d(fz,fzz,a),d(gfz,fz,a)}

(fz,z,a):O,

IA
"’N|’o B

this proves that gz =z. By (3.2) we can prove the uniqueness of the common

fixed point z
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! ¢(p)min{d(z,fz,a),d(z,gz,a)} < d(z,z',a) , s0 (3.2) shows that
s

d(z,z',a)= max{d(gz,gz',a),d(fz,fz',a),d(gz,fz’,a),d(gz',fz,a)}

P '
Ss—zd(z,z ,a),

which is impossible unless z==z". (]
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