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Abstract

A few physicists have recently constructed the generating compatibility
conditions (CC) of the Killing operator for the Minkowski (M), Schwarz-
schild (S) and Kerr (K) metrics. They discovered second order CC, well
known for M, but also third order CC for S and K. In a recent paper
(DOI:10.4236/jmp.2018.910125) we have studied the cases of M and S, with-
out using specific technical tools such as Teukolski scalars or Killing-Yano
tensors. However, even if S(zm) and K(im, a) are depending on constant para-
meters in such a way that S - M when m — 0 and K - S when a - 0, the CC
of S do not provide the CC of M when m —> 0 while the CC of K do not pro-
vide the CC of S when a — 0. In this paper, using tricky motivating examples
of operators with constant or variable parameters, we explain why the CC are
depending on the choice of the parameters. In particular, the only purely in-
trinsic objects that can be defined, namely the extension modules, may
change drastically. As the algebroid bracket is compatible with the prolonga-
tion/projection (PP) procedure, we provide for the first time all the CC for K
in an intrinsic way, showing that they only depend on the underlying Killing
algebra and that the role played by the Spencer operator is crucial. We get K <
S < M with 2 < 4 < 10 for the Killing algebras and explain why the formal
search of the CC for M, S or K are strikingly different, even if each Spencer
sequence is isomorphic to the tensor product of the Poincaré sequence for the
exterior derivative by the corresponding Lie algebra.

Keywords

Formal Integrability, Involutivity, Compatibility Condition, Janet Sequence;
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1. Introduction

In order to explain the type of problems we want to solve, let us start adding a
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constant parameter to the example provided by Macaulay in 1916 that we have
presented in a previous paper for other reasons [1]. However, before doing so,
we first recall the following key definition and formal theorem before sketching
the main results obtained in this paper:

DEFINITION 1.1: A system of order g on E is an open vector subbundle
R cJ, (E ) with prolongations
o, (Rq ) =R, =J, (Rq)ﬂJ(N (E)c J, (Jq (E)) and symbols
p.(2,)=8,=5,, T"®ENR,, < J,,, (E) only depending on g, ST ®E.

q+r

For r,s>0, we denote by RV =7Z_q+r+.v(R

q+r q+r < Rq+

qwﬂ) . the projection of

R on R . , which is thus defined by more equations in general. The sys-

q+r+s

tem R, is said to be formally integrable (FI) if we have R;‘i)r =R,,,.,Vr,s20,
that is if all the equations of order ¢+r can be obtained by means of only r
prolongations. The system R, is said to be involutive if it is FI with an involu-
tive symbol g, . We shall simply denote by © = {f €E|j,(f)e Rq} the “set”
of (formal) solutions. It is finally easy to prove that the Spencer operator
D:J,, (E)>T ®J,(E) restrictsto D:R, —»>T ®R,.

The most difficult but also the most important theorem has been discovered
by M. Janet in 1920 [2] and presented by H. Goldschmidt in a modern setting in
1968 [3]. However, the first proof with examples is not intrinsic while the second,
using the Spencer operator, is very technical and we have given a quite simpler
different proof in 1978 ([2], also [4] [5]) that we shall use later on for studying
the Killing equations for the Schwarzschild and Kerr metrics:

THEOREM 1.2:If R cJ, (E) is a system of order g on E such that its first
cJ

g+l (E ) is a vector bundle while its symbol g ,, isalsoa

prolongation R ,,

vector bundle, then, if g, is2-acyclic, we have p, (Rgl)) = R¢§1+)r'
COROLLARY 1.3: (PP procedure) If a system Rq cJ . (E ) is defined over a
differential field X, then one can find integers r,s >0 such that Rt(]i)r is for-
mally integrable or even involutive.
The paper will be organized as follows:
e First of all, starting with an arbitrary system R cJ (E), the purpose of the

next motivating examples is to prove that the generating CC of the operator:
Jg @
D=d,0) E—>J (E)>J, (E)/R, =F,

though they are of course fully determined by the first order CC of the final
involutive system R;i)r produced by the prolongation/ projection (PP) pro-
cedure, are in general of order r+s+1 like the Riemann or Weyl operators,
but may be of strictly lower order.

e The same procedure will be applied to the two first order systems of infinite-
simal Lie equations allowing to define the Killing operator for the S-metric
and the K-metric while comparing the respective results obtained. We may
say that the case of the S-metric has already been treated in the publication
quoted in the abstract but that it took us two years just for daring to engage

in dealing similarly with the K-metric as anybody can understand by looking
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at the components of the Riemann tensor in the literature. It has been a sur-
prising “miracle’ to discover in the proof of Theorem 4.2 that there was a
unique but tricky way to bring this problem to a purely mathematical and
relatively simple computation on Lie equations and their prolongations.

e In the case of the S-metric, starting with the system R, < J (T), we shall
obtain Rl(l) =R, but RI(Z) =R/ c R with a strict inclusion both with
RY = R'c R/ again with a strict inclusion but in such a way that R is FI
though not involutive because only its first prolongation is involutive. From
this result we shall exhibit 15 (generating) second order CC and 4 (generating)
unexpected third order CC without having to refer to any specific technical
relativistic tool.

e Then, the case of the K-metric seems to be similar as it is also leading to the
strict inclusions R/ R/ C R, of systems but the new systems are quite dif-
ferent and in particular R/ is now involutive, a result providing 14 (gene-
rating) second order CC and 4 (generating) third order CC. As in the moti-
vating examples, it does not seem that the total numbers 15+4=19 or
1444 =18 have any intrinsic mathematical meaning. In both cases, using
the Spencer operator, we explain why the important object is the group of
invariance of the metric but not the metric itself.

e Finally, we are able to relate these results to the computation of certain ex-
tension modules in differential homological algebra, showing why the ma-
thematical foundations of conformal geometry in arbitrary dimension and
general relativity must be entirely revisited in the light of these results.

MOTIVATING EXAMPLE 1.4: With m=1,n=3,9=2, let us consider the
second order linear system R, CJ,(E ) with dim(R2 ) =8 and parametric
jets {y, yl,yz,y3,y“,y12,y22,y23} , defined by the two inhomogeneous PD equa-

tions where a is a constant parameter:
Py=yy=u, Qy=y,+ay,=v

First of all we have to look for the symbol g, defined by the two linear equ-
ations y;; =0,,; =0. The coordinate system is not J -regular and exchanging
x' with x*,we get the Janet board:

ya=01[1 2 3
=01 2 e

g, is involutive, thus 2-acyclic and we obtain from the main theorem

)

pr(RS))zRé?r. However, Rgl) C R, with a strict inclusion because Rgl is
now defined by adding the equations ay,, =v, —u,. We may start afresh with

Rgl) and study its symbol ggl) with Janet tabular:

3

=0 |1

2
ayy =01 2

[

J’13:0 1 o o

Since that moment, we have to consider the two possibilities:
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a=0: The initial system becomes y;;=u, y;=v and has an involutive
symbol. It is thus involutive because it is trivially FI as the left members are
homogeneous with only one generating first order CC, namely u, —v, =0.

We have dim(g2+,)=4+r and the following commutative and exact dia-

grams:
0 0 0 0
\ \ \ \
0> g, > ST'®E — T ®F — F —0
\ \ \ [
0> R, > J,(E) > J(F) - F -0
\ \ 1 \
0> R —> J,(E) » F —> 0
1 \ {
0 0 0
0 0 0 0
{ { \ {
0—- 5 - 10 - 6 - 1 =0
{ { { {
0—> 13 - 20 - 8 - 1 =0
{ \ \
0—- &8 —» 10 - 2 — 0
\ \
0 0 0

We have thus the Janet sequence:

D
0—>®—>E—2>1’70—]>Fl -0

or, equivalently, the exact sequence of differential modules over

D=Qld,,d,,d,]=Q[d]:

P
0—>D—1>D2—2>D—>M -0

where pis the canonical projection onto the residual differential module.

a #0: When the coefficients are in a differential field of constants, for exam-
ple if ae@Q is invertible, we may choose a =1 like Macaulay [1]. It fol-
lows that ggl) is still involutive but we have the strict inclusion ggl) cg
and thus the strict inclusion Rgl) C R, because dim(Rgl)) =7<8. We may
thus continue the PP procedure and obtain the new strict inclusion
R£2) CRS) because dim(Rgz)):6 as Rf) is defined by the 4 equations

with Janet tabular:

Vi3 = U 1 23
Y3 =Vl 1 2 o
Y ==yt |12 e
Yzt =v 1 o o
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As R§2) is easily seen to be involutive, we achieve the PP procedure, obtain-

ing the strict intrinsic inclusions and corresponding fiber dimensions:

RVcRVcR <o 6<7<8

Finally, we have p, (Rgz) ) =p, ((Rgl) )(l)j = (pr (Rgl) ))(l) = (R(]) )(1) =RV

2+r 241 *

It remains to find out the CC for (u,v) in the initial inhomogeneous system.

As we have used two prolongations in order to exhibit Rgz) , we have second or-

der formal derivatives of z and vin the right members. Now, as we have an in-
volutive system, we have first order CC for the new right members and could
hope therefore for third order generating CC. However, we have the 4 CC:

Vs =ds (v —uy ) =dyu :m

Yoy =d; (v2 -V -i-u“):d2 (v3 —ul):>|v133 — U3 — Uy :0|
Vigy + Vo =dyv =dyu+ (v, —u,) = [0=0]

Vi +yy =dyv=d, (v3 —u1)+(v2 —V;s +u11):

It follows that we have only one second order and one third order CC:

Vi3 —y; —u, =0,

Vigy Uy — U, =0

but, surprisingly, we are left with the only generating second order CC
vy =, —u, =0 which is coming from the fact that the operator P commutes
with the operator Q.

We let the reader prove as an exercise (see [1] [6] for details) that
dim(R,)=4r+8, Vr20 and thus dim(R,)=12, dim(R,)=16 in the fol-
lowing commutative and exact diagrams where Eis the trivial vector bundle with

dim(E)=1 and dim(g,,,)=r+4,¥r>0:

0 0 0
{ 2 {
0> g, —> ST ®E - ST ®F — h —0
2 \A { {
0> R, > J(E) - J(F) - K -0
2 \A { {
0> R, > J,(E) - J(F) - 0
\A {
0 0

We have thus the formally exact sequence:
D Dy
0->0—>F > F, —2>F1 -0
or, equivalently, the exact sequence of differential modules over D as before:

P
0—>D—2>D2—2>D—>M -0
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which is nevertheless not a Janet sequence because R, is not involutive.
MOTIVATING EXAMPLE 1.5: We now prove that the case of variable coef-

ficients can lead to strikingly different results, even if we choose them in the dif-

ferential field K = @(xl,x2 ,x3) of rational functions in the coordinates that we

shall meet in the study of the S and K metrics. We denote by

D=K [dl,dZ,d3] =K [d ] the ring of differential operators with coefficients in K.

For this, let us consider the simplest situation met with the second order system

R,cJ,(E):

R, CJz(E) {y33 =u, y13+x3y2 =V

We may consider successively the following systems of decreasing dimensions
8>7>5>4:

R, = Rgl) CR, {J’33 = U, X Yoy Yy =V Uy, Yy X0y, =

_ _ 3 3.
Vi3 SU 2V =V —Uyy — XUy, Vi3 H XY, =V,
2
" 2 ' 3 — R
R] =R£ ) cR (x ) Yo =V =XV, =V Uy,

2
2y, =—Xv, + XU, +(x3) uy +2v; —2u,

_ _ 3 3 _
Vi3 SU 2Py =V —U XUy, Vi XY, =V,
3 3
2X Yy =iy iy T XUy + 20y

3) "
RW: R( cR 3 3 3\2

2 = 1% 2 -
2y, = =X Vg F XUy +(x ) Uy + 205 = 2uy,

2
2y, ==X’V + XUy, +(x3) u, +2v, —2u,

The last system is involutive with the following Janet tabular:

y=011 23
V=011 2 e
V=011 2 o
Vi3 = 1 o o
V=0 |1 o o
y2 = [ ) [ ) o

The generic solution is of the form y = b(x’ )+ cx’ and it is rather striking that
such a system has constant coefficients (This will be exactly the case of the S and
K metrics but similar examples can be found in [5]). We could hope for 9 gene-
rating CC up to order 4 but tedious computations, left to the reader as a tricky
exercise, prove that we have in fact, as before, only 2 generating third order CC

described by the following involutive system, namely:

— 3 _
|A = Vi — U3y — X Uy — 33U, = O|

B=v,—u,, — () ) 25 Ny, —3%%u, —2v, =0
S Vg3 ~U3 (X0 ) Yoz HXT ) Uy 22XV H X7 ) Uy —IXTU — 2V, =

satisfying the only first order CC: |C=d,B—d A+ (x3 )2 d,A=0|.
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We obtain the sequence of D-modules:
P
0— D—1>D2 —3>D2 —>D—>M >0

where the order of an operator is written under its arrow. This example proves
that even a slight modification of the parameter can change the corresponding
differential resolution.

MOTIVATING EXAMPLE 1.6: We comment a tricky example first pro-
vided by M. Janet in 1920, that we have studied with details in [4] [7]. With
n=3, m=1, q=2, K :(@(xz) and using jet notations, let us consider the

inhomogeneous second order system:
R, cJ, (E) {yss _xZJ’n =U, Yy =V

We let the reader prove that the space of solutions has dimension 12 over Q
and that we have » =0,s5 =5 in such a way that R§5) is involutive and even fi-
nite type with a zero symbol. Accordingly, we have dim RES) =12. Passing to
the differential module point of view, it follows that dim, (M ) =12 and
rk,, (M ) =0. According to the general results presented, we have thus to use 5
prolongations and could therefore wait for CC up to order ... 6!!l. In fact, and
we repeat that there is no hint at all for predicting this result in any intrinsic way,
we have only two generating CC, one of order 3 and ... one of order 6 indeed,

namely:

— 2 _
|A=V233 — XV, — Uy, =3y, =0

- 2 2 2
B =Vig3353 = X Viia33 ~ gz — 2% (V113333 X Vs _”nzzsz)

2
2 2 2
+<x ) (V|11133_x V111111_“111122)_2u11233+2x Uiy = 22Uy

=0

satisfying the only fourth order CC

2

C = Ay, —23° 4,5 +(x2) Ay =B, =0

It follows that we have the unexpected differential resolution:
P
0— D—4>D2 —6>D2 —>D—>M >0

with, from left to right, D=DC, D?*= DA+ DB R D?=Du+ Dv , D=Dy
and Euler-Poincaré characteristic 7k, (M ) =1-2+2-1=0 as expected. In ad-
dition, if we introduce a constant parameter a by replacing the coefficient x’
by ax’, we obtain 2ay,,, = vy —ax2v” —U,, and obtain the same conclusions
as before. We point out the fact that, when a =0, the system y,; =u,y, =v,
which is trivially FI because it is homogeneous, has a symbol g, which is nei-
ther involutive (otherwise it should admit a first order CC), nor even 2-acyclic

because we have the parametric jets:
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par, :(J’11:y12>J’13»J’23)s par, :(J’nlaJ’nzaJ’n}aylzs)v
par, :(J’1111:)’1112:)’1113’)’1123)

and the long &-sequence:
5 £ 5 £ 5 £ £
058, 5T ®g, >N T ®g, >~ T ®T —0

) 5 5
0541212530
inwhich dim(B’(g,))=12-4=8, dim(2*(g,))=12-3=9
= dim(H’(g,))=9-8=1#0.

However, g, is involutive with the following Janet tabular for the vertical
jets (v, )e ST

Y3 =0 1 2 3
V=0 |1 2 o
Yy =0 |1 2 e
Vi =0 |1 2 o
Vi3 =0 |1 o o
Yip =0 [1 o e

Accordingly, R, is thus involutive and the only CC v,y —u,, =0 is of order 2
because we need one prolongation only to reach involution and thus 2-acyclicity.
MOTIVATING EXAMPLE 1.7: With m=1,n=2,g=2,K =Q, let us con-

sider the inhomogeneous second order system:
Y =U, Yp—Y=V

We obtain at once through crossed derivatives y =u,, —v,, —v and, by substi-

tuting, two fourth order CC for (u,v) , hamely:

|A S Uy Vi~V —U=0, B=uy, —uy — Vv, = 0|

satisfying . However, we may also obtain a single CC for
(u,v) , namely |C =du—u—d,v= O| and we check at once 4=d,C+C,
B=d,,C while C=d,,B—d,A+A. We let the reader prove that dim(R,,,)=4,
Vr>0. Hence, if (4,B) isasectionof F while Cis a section of F, the jet

prolongation sequence:

0> R > J(E)>J,(F)>F >0

0545285305 2->0

is not formally exact because 4-28+30-2=4#0, while the corresponding

long sequence:

0>R.,, —>J.,(E)>J

r+4 r+2

()= J.(F)—>0
054 (r+5)(r+6)/2> (r+3)(r+4) > (r+1)(r+2)/2-0

is indeed formally exact because
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P +11r+30
-_—
2

P 43r+2 B
2

4 (r2+7r+12)— 0

but not strictly exact because R, is quite far from being FI as we have even
RY=0.

It follows from these examples and the many others presented in [6] that we
cannot agree with [8] [9] [10] [11]. Indeed, it is clear that one can use successive
prolongations in order to look for CC of order 1,2,3,--- and so on, selecting
each time the new generating ones and knowing that Noetherian arguments will
stop such a procedure ... after a while!

However, as long as the numbers r and s are not known, it is not effectively
possible to decide in advance about the maximum order that must be reached.
Therefore, it becomes clear that exactly the same procedure MUST be applied
when looking for the CC of the Killing operators we want to study, the problem
becoming onlya “mathematical” one but surely nota “physical” one.

IMPORTANT REMARK 1.8: The intrinsic properties of a system with con-
stant coefficients may drastically depend on these coefficients, even if the sys-
tems do not appear to be quite different at first sight. Using jet notations, let us
consider the second order system ¢, =0,&, —a&, =0 depending on a constant
parameter a and defining a differential module M by residue. When a=0 we

have the differential sequence:
b 1 2 7 2 1
‘f?(dné =1.,d35 =1 )—1>(d377 —dn :é’)

and the adjoint sequence:
(v=dyu' +d )ai(z—b)(y' —d A1’ = —dﬁ)afﬁ)z
though the CC sequence that must be used with v =d,v' is:
(v =dp +dpr’ )ai;))(yl —d A’ = —d31)ad<(l—q)z
On the contrary, if a#0 say a =1, we have the differential sequence:

é;(dﬁé :nlsdmé_é:z :ﬂz)%(dﬁﬂz _(d13 _dz)ﬂl :é’)

and the CC sequence does coincide with the adjoint sequence:

1 P s ad(Dy)
(V:dnﬂ +(dyy +dy ) ) < (/U =—(dy;+d,) A u :d33/1) < A

It is thus essential to notice that ad (D) generates the CC of ad(D,) when
a#0,aresult leading to ext' (M)=0 but this is not true when a =0, a result
leading to ext' (M)#0 [5] [12] [13] [14].
Comparing the sequences obtained in the previous examples, we may state:
DEFINITION 1.9: A differential sequence is said to be formally exact if it is
exact on the jet level composition of the prolongations involved. A formally ex-

act sequence is said to be strictly exact if all the operators/systems involved are
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FI (see [1] for more details). A strictly exact sequence is called canonicalif all the
operators/systems are involutive. The only known canonical sequences are the
Janet and Spencer sequences that can be defined independently from each other.

With canonical projection @, =®:J, (E) =J, (E)/Rq =F,, the various

prolongations are described by the following commutative and exact introduc-

tory diagram:
0 0 0
s { 2
0> guu — Sq+r+lT* ®E - ST ®F — h, —0
\ { 2 \
0> Ry > Jpn(E) S IL(R) o 0. 50
s s \A 4
Pr(®)
0—»> R, - J,(E) - J.(F,) —> 0 -0
\ A
0 0 0

Applying the standard “snake” lemma, we obtain the useful /ong exact con-

necting sequence.

>R >h—>0 -0

0— gq+l - Rq+1

which is thus connecting in a tricky way FI (Jower Jeft) with CC (upper right).
We finally recall the Fundamental Diagram I that we have presented in many
books and papers, relating the (upper) canonical Spencer sequence to the (lower)
canonical Janet sequence, that only depends on the left commutative square
D=®oj with ®=®d; when one has an involutive system R, CJ, (E) over
Ewith dim(X ) =n and j E-J, (E ) is the derivative operator up to order

q
0 0 0 0
\ \ \ \
Jq Dy D, Dy Dy
0 - 06 - G, - G - C, - - C, -0
{ { { \
Jq Dy D, Dy D,
0 > E > CJ(E) > G(E) > GC(E) > - C,/(E) -0
I lo, 1o, lo, lo,
D D Dy Dy D,
0> 06 - E —> F, - K - F, - - F, -0
\ \ \ \
0 0 0 0

We shall use this result, first found exactly 40 years ago [2] but never ac-
knowledged, in order to provide a critical study of the comparison between the S

and K metrics.
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EXAMPLE 1.10: The Janet tabular in Example 1.4 with a =1 provides the

fiber dimensions:

0 0 0 0
2 \ 2 2
2 Dy D, Dy
0 - 06 > 6 - 16 - 14 - 4 -0
J J J I
72 Dy Dy Dy
0 - 1 - 10 - 20 - 15 - 4 -0
I Lo, 1o, Lo, \A
D D D,
0> 06 - 1 - 4 - 4 - 1 - 0
\A \A 2
0 0 0

We noticethat 6 - 16 + 14 -4=0,1-10+20-15+4=0and 1 -4+4-1=
0. In this diagram, the Janet sequence seems simpler than the Spencer sequence
but, sometimes as we shall see, it is the contrary and there is no rule. We invite

the reader to treat similarly the cases a=0 and a=x".

2. Schwarzschild versus Kerr
2.1. Schwarzschild Metric

In the Boyer-Lindquist (BL) coordinates (z,7,6,¢)= (xo,xl,xz,x3) , the
Schwarzschild metric is @ = A(r)d¢* —(I/A(r))dr2 —-r’d@*>—r*sin’(0)d¢® and
E=¢'d €T, letusintroduce &=0,E with the 4 formal derivatives (dy=d,,

d =d..d,=d,,d, :d¢). With speed of light c¢=1 and A:I—% where m is

a constant, the metric can be written in the diagonal form:

A 0 0 0
0 ~14 0 0
0 0 - 0
0 0 0 —r’sin’(0)

with a surprisingly simple determinant det(®) = —r*sin’ (9).
Using the notations of differential modules or jet theory, we may consider the

infinitesimal Killing equations:
Q=L({o=0 < Q,=d¢& +d & -2y;5, =0

& Q=0 +0,5+50,0, =0

where we have introduced the Christoffel symbols » through the standard Le-
vi-Civita isomorphism j (a)) = (a),y) while setting A'=0.4 in the differen-
tial field K of coefficients [15]. As in the Macaulay example just considered and
in order to avoid any further confusion between sections and derivatives, we
shall use the sectional point of view and rewrite the previous 10 equations in the
symbolic form Q= L(§1 )a) € S,T" where Lis the formal Lie derivative.
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Q,, =2/ sin’ (0)[&|- 2rsin’ (6)&' - 27 sin (6) cos (6) &> =0
Q,, =& ]-rsin? (0)& =0

Q, = —i P sin? (0)& =0

Q= A&~ rsin? (8) & =0

Q,, =278 -2re' =

Q, z—%—rzgf )

Q, =A28]-re =0

Q, z—j+Ai2’ =0

Q, E—im;‘) -0
Qy =24& |+ 4¢' =0

Though this system R, <J,(T) has 4 equations of class 3, 3 equations of

R < J,(T)

class 2, 2 equations of class 1 and 1 equation of class 0, it is far from being invo-
lutive because it is finite type with second symbol g, =0 defined by the 40 eq-
uations gg,f =0 in the initial coordinates. From the symmetry, it is clear that
such a system has at Jeast 4 solutions, namely the time translation

0, & =1 & =4 and, using cartesian coordinates (t,x,y,z) , the 3 space
rotations 0. —Zﬁy,zax - xaz,xay -0, .

We obtain in particular, modulo Q:
A A 1 1
&= E g =g =g g = ot (0)
=& +8 =08 +& —_COt( )égz
We may also write the Schwarzschild metric in cartesian coordinates as:
1

A(r)

rdr = xdx + ydy + zdz

w=A(r)ds’ +(1— Jdr —(dx® +dy? +dz?),

and notice that the 3x3 matrix of components of the three rotations has rank
equal to 2, a result leading surely, before doing any computation, to the existence
of one and only one zero order Killing equation

rE = xE +yE +28 =0= ¢ = ¢ =0. Such a result also amounts to say that
the spatial projection of any Killing vector on the radial spatial unit vector
(X/ r,y/ I”,Z/ I”) vanishes beause r must stay invariant.

However, as we are dealing with sections, E'=0 implies =0, £=0,
& =0 ... but NOT (care) fé =0, these later condition being only brought by
one additional prolongation and we have the strict inclusions
R < R® < RY =R, that we rename as R’ R/ R,. Hence, it remains to

determine the dimensions of these subsystems and their symbols, exactly like in
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the Macaulay example. We shall prove in the next section that two prolongations

bring the five new equations:
£=0,5=08=08=0¢=0

and a new prolongation onlybrings the single equation .

Knowing that dim(R,)=dim(R,)=10, dim(R,)=5, dim(R,)=4, we have
thus obtained the 15 equations defining R/ = R1(2) with dim(Rl') =20-15=5
and let the reader draw the corresponding Janet tabular for the 4 equations of
class 3, the 4 equations of class 1, the 3 equations of class 0 and the 3 equations
of class 2. The symbol g/ has the two parametric jets (5; ,55) and is not
2-acyclic. Adding & =0« & =0, we finally achieve the PP procedure with the
16 equations defining the system R/= R\’ with dim(R/)=20-16=4, name-
ly:

& +eot(0)E2=0 2 0 1 3
& +sin®(0) =012 0 1 3
1 =0 201 3
0 =0 2 01 3
=0 201 e
E=0 201 o
£ =0 201 e
R'cR R < J(T) éjz 20 1
> =0 2 0 o o
§02=0 2 0 o o
55:0 2 0 e o
&=0 2 0 o o
522:0 2 e e x
521:0 2 e o o
52020 2 o o o
5120 o o o o

«

and we have replaced by “x” the only “dof’ (non-multiplicative variable) that
cannot provide vanishing crossed derivatives and thus involution of the symbol
g/ with the only parametric jets (vg,v(l)). It is easy to check that R, having
minimum dimension equal to 4, is formally integrable, though not involutive as
it is finite type with dim(g/)=16-15=1= g/#0 with parametric jet v, and
to exhibit 4 solutions linearly independent over the constants. We let the reader
prove as an exercise that the dimension of the Spencer ¢ -cohomology at
NT ®gl is dim(H2 (gl”)) =3#0 but we have proved in [15] that its restric-
tion to (xz,x3) is of dimension 1 only. We obtain:

THIS SYSTEM IS NOT INVOLUTIVE BUT DOES NOT DEPEND ON m
ANY LONGER

Denoting by Ry cR,cJ,(T) with dim(R))=4 the prolongation of
R c J, (T ) , it is the involutive system provided by the prolongation/ projection
(PP) procedure. We are in position to construct the corresponding canoni-
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cal/involutive (lower) Janet and (upper) Spencer sequences along the following
fundamental diagram I'that we recalled in the Introduction. In the present situa-
tion, the Spencer sequence is isomorphic to the tensor product of the Poincaré

sequence by the underlying 4-dimensional Lie algebra G, namely:
d ad
NT ®GHNT @G >A T ®G >0
In this diagram, not depending any longer on m, we have now C.=A"T ®R]
and D isoforder2like j, while a//the other operators are of order 1:
0 0 0 0 0
2 \: 2 2 A

J2 Dy Dy Ds Dy
- 16 - 24 > 16 - 4 -0

\ s \ 2 \

D
0 - 4 —> 60 —]> 160 - 180 — 96 — 20 —0
I J J J J J

D, Dy D,

D
0—>®—>4—>56—1>144—>156—>80—>16—>0

\ \ \ \ \
0 0 0 0 0

\
®
\
~

We notice the vanishing of the Euler-Poincaré characteristics:

4-16+24-16+4=0, 4-60+160—-180+96-20=0,
4-56+144-156+80-16=0

We point out that, whatever is the sequence used or the way to describe D,,
then ad (D) is parametrizing the Cauchy operator ad(D) for the S metric.
However, such an approach does not tell us explicitly what are the second and
third order CC involved in the initial situation.

In actual practice, all the preceding computations have been finally used to
reduce the Poincaré group to its subgroup made with only one time translation
and three space rotations! On the contrary, we have proved during almost fourty
years that one must increase the Poincaré group (10 parameters), first to the
Weyl group (11 parameters by adding 1 dilatation) and finally to the conformal
group of space-time (15 parameters by adding 4 elations) while only dealing
with he Spencer sequence in order to increase the dimensions of the Spencer
bundles, thus the number dim(Co) of potentials and the number dim(Cl) of
fields (compare to [16]).

2.2. Kerr Metric

We now write the Kerr metric in Boyer-Lindquist coordinates:

2 _ 2 2 in? (0
ds? =p—2Wdt2 _%drz %46 _Mdtdqj
Yol
2 -2 0
a1 SO 2 () g
e
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where we have set A=r’—mr+a’,p* =r’ +a’ cos’ (9) as usual and we check
that:

azO:dszz(l—ﬂ

7

jdtz —Lmdﬂ —r?d@* —r*sin(0)’ dg’
1-=
-

as a well known way to recover the Schwarschild metric. We notice that for ¢
do not appear in the coefficients of the metric. As the maximum subgroup of
invariance of the Kerr metric must be contained in the maximum subgroup of
invariance of the Schwarzschild metric because of the above limit when a — 0,
we shall obtain the only two possible infinitesimal generators {6,,6 ¢} . We shall
prove that the new first order system R/= R1(3) is involutive, contrary to the

case of the S metric. Accordingly, we have the fundamental diagram I with fiber

dimensions:
0 0 0 0 0
\2 \2 \A A A
J D D, Dy Dy
0 > 0 2 5> 8 5 12 » 8 -5 2 50
2 2 A 2 \2
i D D, Dy D,
0 - 4 - 20 > 40 —> 40 > 20 - 4 >0
I J J J J J
D D D, Dy Dy
0—- 06 - 4 - 18 - 32 - 28 - 12 - 2 —>0
\ 2 \A A 2
0 0 0 0 0

with Euler-Poincaré characteristic 4-18+32-28+12-2=0. Comparing the
surprisingly high dimensions of the Janet bundles with the surprisingly low di-
mensions of the Spencer bundles needs no comment on the physical usefulness
of the Janet sequence, despite its purely mathematical importance. In addition,
using the same notations as in the preceding section, we shall prove that we have
now the additional zero order equations & =0, £°=0 produced by the
non-zero components of the Weyl tensor and thus, at best,
dim(R((f)): 2 dim(Rl(z)) =2 as these zero order equations will be obtained
after only two prolongations. They depend on J, (Q) and we should obtain
therefore eventually dim(Q,)=10+dim(R")>12 CC of order 2 without any
way to know about the desired third order CC.

Using now cartesian space coordinates (x, y,z) with &°=0, x&"+y&'=0,
we have only to study the following first order involutive system for &' =¢

with coefficients no longer depending on (a,m) , providing the only generator

x0,=y0,:
P=¢ =0 123
1
Q*=f——E=0|1 2 o
y
(D] = §Y — 0 1 [} [ ]
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and the fundamental diagram

0 0 0 0
J J J J
Jt Dy Dy Ds
0 > ® > 1 > 3 > 3 > 1 >0
J J { I
Jt Dy Dy Dy
0 > 1 > 4 > 6 > 4 > 1 50
I J J J J
D D Dy
0 ® - 1 - 3 > 3 > 1 —> 0
2 J
0 0 0

The involutive system produced by the PP procedure does not depend on
(m,a) any longer. Accordingly, this final result definitively proves that, as far

as differential sequences are concerned:
THE ONLY IMPORTANT OBJECT IS THE GROUP, NOT THE METRIC

2.3. Schwarzschild Metric Revisited

Let us now introduce the Riemann tensor ( p,’f,.j) eAN’T"®T ®T and use the
metric in order to raise or lower the indices in order to obtain the purely cova-
riant tensor (p,, ;)€ A’T"®T" ®T". Then, using r as an implicit summation

index, we may consider the formal Lie derivative on sections:
— r r r r r _
Ry i = Puibi + Pril + PuySi +Puié; +6 0,0y, =0

that can be considered as an infinitesimal variation. As for the Ricci tensor
(p,.j.)e S,T", we notice that p,=p/ =0=>R, =p, & +p, & +E0,p,=0
though we have only:

7S rs t r 7S
"R, ;=R +0"p, ,Q, =R =R =0"R, mod(Q)

ri,sj J

The 6 non-zero components of the Riemann tensor are known to be:

m m mAsin® (6)
Poror = +r_39 P22 = 50 Poz,03 = T
.2
m msin® (0) .
P =+ A Pz = +T’ Pa3pz = —Mr sin’ (9)

First of all, we notice that:
Al A’
& +ﬁ§l =0,¢ —ﬁegl =0=&0+& =0
O = 1, 2p2 2 1 1 _
12:__52_" 51 =0, é:z +=& =0
A r

We obtain therefore:

. 3m
Ror01 =2P0101 (5(? + 511)""5 0, (:001,01) = 5161/’01,01 = _r_4§1 =0=¢'=0
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Ry 00 = 2P0, (é(? +&; ) +£'0, (poz,oz )

mA( A 1 mA . 3md
2 2 =29
( 24 rj [mj s 2r2§

Similarly, we also get:

mA

Ry = p01,01é:21 + p02,024::12 +870, Py =0 :> 52 > ——&=0 =
— 1 3 gr m , _mAsin ( ) 1

Ry 03 = PoroiSs + Pt +6 0P =0= r_3§3 —51 =0 = |&=0

. m
R01,12 = pm,loézo +p21,12§02 +§ arp01,12 =0= __3520 __502 =0 = 520 =0

r 2rA
-2

. m msin® (0)

R01,13 = p01,10§30 +p31,13§g +< arpOI,IS =0= _r_3§30 _—503 =0 =
We also obtain for example, among the second order CC:
3m _3m4 r’4

R01,01 = _r_4§ =0, Roz 02 = 9,2 é =0= Roz,oz _TROL(M =0

and thus, among the first prolongations, the third order CC that cannot be ob-
tained by prolongation of the various second order CC while taking into account
the Bianchi identities [15]. Using the Spencer operator and the fact that
&' € j,(9Q), we first obtain the 3 third order CC:

A/
d1§] _511 :d1§] _ﬂfl =0, d2§1 _gz] =0, d3§1 _531 =

However, introducing e Ja (Q) in the right member as in the motivating

examples, we have 3 PD equations for (52 & ) , namely:
£ +eot(0)E =12 & +sin? (0)& =0,82 =&
r r

Using two prolongations and eliminating the third order jets, we obtain succes-
sively:

&y +sin’ (0) &5y, +2sin(6)cos(0) & =0
1
_52233 = _5313
r

=sin® (0)&,y; —sin(0)cos(0) &5, +2£; ~2cot ()" = - sin ( )522

~2sin(8)cos(0) &5, —2cos’ (0)&; +2co0t(0) &7 = 2sin(9)cos(9) g
an(0)n(0)5, -SRI
-2sin’(6)&;) = ijl

Summing, we see that all terms in & and & disappear and that we are only
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left with terms in &, including in particular the second order jets 4521235313»

namely:
&, —sin® (0) &), —sin(0)cos(0)&, +2sin® (6)&' =0
Setting U=¢', V=&, V,=&, W, =&, W,=&" with
(U Vo, VW, W, ) €/, (Q) , we obtain the additional strikingly unusual third or-
der CCfor Q:

|d,V, —sin’ (0)d,V, —sin(0)cos(0) ¥, +2sin’ (0)U =0

Nevertheless, in our opinion at least, we do not believe that such a purely “tech-
nical” relation could have any “physical” usefulness and let the reader compare it
with the CC already found in ([15], Lemma 3.B.3). Finally, we have:

Pors = 0= Ry 53 = P03 (é:(? +E G +E ) +&0Pg13 =0

3m

W

dRyy 3 +d, Ry, 5 +d3 Ry, 1, = (d2§30 —d3§20) = OmOd(Qa F,R)

a result showing that certain third order CC may be differential consequences of

the Bianchi identities (see [15] for details). Finally, we notice that:
R23,23 = 2,023,23 (522 + 533 ) + é:apzs,zs =3msin’ (9)51 =0

and, comparing to the previous computation for (52,;‘3 ) , nothing can be said
about the generating CC as long as the PP procedure has not been totally

achieved with a FI or involutive system.

2.4. Kerr Metric Revisited

Though we shall provide explicitly all the details of the computations involved,
we shall change the coordinate system in order to confirm these results by only
using computer algebra as less as possible. The idea is to use the so-called “ra-

tional polynomial’ coefficients while setting anew:
(xo =t,x =r,x’ =c=cos(0),x’ = ¢)
= & = —sin(0)d0 = (d*) = (1-¢*)d6?

in order to obtain over the differential field

K =Q(a.m)(t.r.c.$)=Q(a.m)(x):
R ) e )

2 (T

Yo,

. 2
with now A:(xl) —mx'+a* =r*—mr+a* and
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2 2 . . .
Pl = (xl) +a*(x*) =r*+a’c?. For alater use, it is also possible to set

Wy, = —(l—cz)((r2 +az)2 —-a’ (1—02)(a2 —mr+r2))/<r2 +azcz).
As this result will be crucially used later on, we have:
LEMMA 4.1: det()=—(r* +a’c*) .

Proof As an elementary result on matrices, we have:

a 0 0 e
det(w) = det| 0 :bcdet[a ej:bc(ad—ez)
0 0 ¢ O e d
e 0 0 d
amx’ (1 —(xz )2)
with e=a, = 5 because ds2=---+2a)03dx0dx3+--- and det(a))
P
is thus equal to:
4 2 1 ma’x" (1— x? 2)
p _pmx (1_( 2)2) (x1)2+a2+ 2( )
P

that is, after division by (1 - (x2 )2) and p':

om0 it (o )

Finally, after eliminating the last term, we get:

i[—p“ ((x1 )2 + az)—,ozmazx1 (1—(x2 )2)—|r,ozmx1 ((x1 )2 +a’ )}

that is (Compare to [ ] and [ ]):
1

Z[—p4 <A+mx] )+ p'ma’x' (x2 )2 +p2m(x] )3}

=]t (ame ) g (@ () (x) ) |

2
in a coherent way with the result A(—%)(— ! (—r2 (1 -c ))] =—r* obtained

1-¢*
for the S metric when a — 0. For a later use, we have obtained
Oy, — (0, ) = —(l—c2 )A .
Q.E.D.
Contrary to the S-metric, the main “trick” for studying the K-metric is to take
into account that the partition between the zero and nonzero terms will not
change if we use convenient coordinates, even if the nonzero terms may change.

Meanwhile, we notice that the most important property of the K-metric is the

DOI: 10.4236/jmp.2020.1110104

1690 Journal of Modern Physics


https://doi.org/10.4236/jmp.2020.1110104

J.-F. Pommaret

amsin’ (0)
e

Yo,
coefficient of dtdg in the metric ds’ which is indeed 20,,dtdg . We may
obtain therefore successively the Killing equations for the Kerr type metric, us-
ing sections of jet bundles and writing simply &0w=¢"0,0=E'0,0+E0,0
while framing the principal derivative fij of €:

Q, = 2(6033 & +a)03§30)+§6w33 ~0

Q,, = a)33+ s + 0l =0

Q,, =20,|& |+ Ew,, =0

Q,= a)33+6003§10 +@,& =0

Q, =0, |8 |+ 0,5 =0

Q, =20, 5]+ &0, =0

Qs = 04 |& |+ 03 (&) +E)) + @&+, =0
Qg = 0)22+ @&, + 05 =0

Q, = a)11+ & + @& =0

0, = 2(w00+ w03§§)+ E0wy, =0

With mod(f):mod(§1,§2), multiplying Q., by @y, Qy by @, and

adding, we notice that:

2wy @y (5(? +& ) + 2, (a)ooé0 +wué, ) + é:a(a)ooa)w ) =0

. . .1
existence of the off-diagonal term o, =, =- , that is 5 the

R cJ,(T)

Similarly, multiplying €, by 2@, (care to the factor?2), we get:
2wy ) (8 +E )+ 20 (0048} + 048 )+ E0(@y, ) =0
Substracting, we obtain therefore the tricky formula (see the previous Lemma):
2(60006033 —( 0y, )2 )(ﬁg +& ) + §6(a)00a)33 — (@4 )2 ) =0
Substituting, we obtain:
33| & |+ @& =0mod (&), @y| & [+ @pé; = 0mod (&),
a)33ﬂ— @& =0mod (&)

a situation leading to modify Q.,, €, and €, similar to the one found in
the Minkowski case with &;=0, &;+&,=0, &= 0m0d(§ ) when
wy; =0. We also obtain with Q,, and Q;:

(0)000)33 _(C‘)OS )2) 510 +ay, (a)né:é _0)03531 ) = OmOd(é)
(w00w33 _(w03 )2) 513 — (‘00353 —a)00§31 ) = OmOd(Cf)

and with Qg and Q,:
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(a’oow33 _(woz )2) 520 + oy, (%3502 —6003532 ) = Omod(f)

(a)ooa)sz (@4 )2 )_“)22 (0)03502 ~@é; ) =0mod (&)

Finally, multiplying Q,, by @,;, €,, by ®,, and adding, we finally ob-

tain (see the Lemma again)
2(w11a)22 )(511 +& ) + fﬁ(a)nwzz ) =0

Using the rational coefficients belonging to the differential field
K= Q(m,a)(x',xz) , the nonzero components of the corresponding Riemann
tensor can be found in textbooks.

One has the classical orthonormal decomposition:

Z_A a2 Z_p_2 I"z— 5 2
ds —pz(dt asin’ (0)dg) (dr) =p7 (a0)

_(r2+“2>2 Sinz(e)(dqﬁ— a 2dtj2

2 2
r-+a

and defining:

dx° = %(dt—asinz (6)dg)

dx' =2 dr =2 gy
N/

AX? = pdf = ——FL 4y
P sin(&)

& = (7’2 +a2)si1’1(9) (d¢— a . dl)
yej

¥ +a

2 -2 9
in which the coefficient of (dt)2 is Az—&z():l—m—; while the coeffi-
P p
mra® sin® (6’)
2

ol
ds* = (dX0 )2 —(Xm )2 —(dX2 )2 —(dX3 )2 and make thus the Minkowski metric
appearing in a purely algebraic way. We now use the new coordinates (xo =t,
x'=r,x* =cos(0),x’ = ¢) and it follows that the conditions &' =0, & =0
are invariant under such a change of basis because dX' and dX* are respectively
proportional to dx' and dx’. Indeed, as ®= a)(r,H) and thus &w=0,
the new symbol g/ of R'= R](z) CR cT ®T while pen’T T ®T as
mixed tensors.

We may obtain simpler formulas in the corresponding basis, in particular the 6

mr(r2 -3a’c’ )

cientof (d¢)” is —[rz +a’+ jsin2 (6) indeed. We have

components with only two different indices are proportional to 3
(r2 + azcz)

while the 3 components with all four different indices are proportional to
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Poror =~

Por,o2 =

Poz,03 =

P2 =~

Pz =

Pz =

Poiz =

Pojzl =~

Pozi2 =~

amc(3r2 —a’c’ )

(r2 +a’c’ )3

In the original rational coordinate system, the main nonzero components of
the Riemann tensor can only be obtained by means of computer algebra. For
helping the reader to handle the literature, for example the book “Computations
in Riemann Geometry” written by Kenneth R. Koehler that can be found on the
net with a free access, we refer to the seventh chapter on “Black Holes”. We no-
tice that w - —w, that is to say changing the sign of the metric, does not change
the Christoffel symbols ( y;) and the Riemann tensor ( o, ) but changes the
sign of ( py; = @, p, ;). For this reason, we have adopted the sign convention of
this reference for the explicit computation of these later components as the
products and quotients used in the sequel will not be changed.

We have successively:
mr(Z(r2 —mr+az)+a2 (1—c2))(r2 —3azcz)

3
Z(r2 +a2c2) (rz —mr+a2)

mr(r2 —mr+a* +2d* (l—c2 ))(rz —3azcz)
2(1 —c? )(rz +a’c’ )3

mr(l—cz)(r2 —mr-i—az)(r2 —3a2c2)

2(1’2 +a’c? )3
mr(r2 —3a202)
2(1—02)(r2 +a202)(r2 —mr+a2)

—(l—cz)mr(r4 —2a°c*r +4a*rt =24 +3a* —2azmr(1—c2 ))(r2 —3a202)

3
2(r2 +a202) (r2 —mr+a2)

mr(2r4 —a*Pr? +5a*r? —atc* +3a* —azmr(l - ))(rz —3a202)

2(r2 +a’c? )3

amc(2r2 —a’c* +3a° )(3r2 —azcz)

2(r2 +a’c? )3
amc(r2 —2a*c* +3d* )(3r2 —azcz)
20/ +a’c?)’

armc(?w2 —a*c? )

2(1/2 +a’c’ )2

It must be noticed that we have been able to factorize the six components with
only two different indices by (r2 —3a2c2) and the three components with four
different indices by (3r2 —azcz) , a result not evident at first sight but coherent
with the orthogonal decomposition.

After tedious computations, we obtain:
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03 amr(l—c
Zu Poz oz = [_%J (p ) (1—(132)A Po3,03
)(r2 -3d’c )
(

amr(l 2

C
2
(r +a2c2)

rz—mr+a )

which is indeed vanishing when a =0 for the S metric, both with:

3t me(1—c2 (3% — a2
Po2i3 T P32 = ‘ mC( ‘ )( - 3 )
2(r2+a2c2)
3 2 2 \(3r2 — a2t
Porst s = amc(r +a )( r 3 ac )
2(r2+a2cz)

B 3c12mc(3r2 —azcz)
P = 2(r2 +a’c? )3
amr(?ar2 —mr+3a’ )( > -3a’c? )
P = 2(1*2 +a’c® )3
3a2mc(l -c’ )(r2 +a’ )(3r2 —-a’c? )
Pz =7 2(1”2 +a%c? )3
amr(l -’ )(3r2 +3a® - 2mr)(r2 —3(1262)
Puaa = 2(}’2 +a’c’ )3 (r2 —mr+a2)
3amr(1—02 )(r2 —3azcz) am’r’ (1—02 )(rz —3azcz)
) 2(1/2-1-51202)3 2(r2+anz)3 (rz—mr+a2)

Introducing the formal Lie derivative R = L(fl)p and using the fact that
penT ®T ®T isa tensor, the system Rl(z) contains the new equations:

Ry i = Puibi + Puibl + PuySi +Puss; 0,04, =0

Taking into account the original first order Killing equations, we obtain succes-

sively:
Ryy01 = 200101 ( 0 té )+ 205180 + 2P0 +E0Py101 =0
Ryy 0 = 200000 (&) + & )+ 2P0 3085 + 251,008 + 0Py g0 = 0
Ry = 200305 (8046 )+ 80Py 05 =0
Ry =2p (& +& )+ 0P, =0
Riyyy =205, (8 + 8 )+ 21358 +2P15108) + 8015 =0
Ry3 03 =2P33 (522 +&; ) +2P15,2382 + 2202385 +E0P; 5, =0

and we must add:
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Ryas = Pous (6 +8 + &6 + &)+ 50py s =0
R = Py (& + 6+ 6+ )+ 80Py =0
Risio = Pn (6 +6! + 6 + &)+ 010 =0
These linear equations are not linearly independent because:
Pors T Pzt ¥ Py = 0= Ry + Ry + Rz 1, =0
Also, linearizing while using the Kronecker symbol &, we get:
o, o = é‘ik — O — gt a)szrS
Thus, introducing the Ricci tensor and linearizing, we get:

— 7S — 7S —
Py =0 Py =" P, 4 =0
ki _ _.rs
+ Py 4" =@"R

ir, js

=R, =0"R

i, s

- pik,j[ a)k’ a)lsgrs
= prjgir + plr§; + glﬁrpzj = 0

It follows that —R; = "R, ; =0mod(Q) and we have in particular mOd(Q):

ir,sj

The first row proves that Ry ; is a linear combination of Rj , and R, .
Then, if we want to solve the three other equations with respect to R, ,, Rj33
and R,; 53, the corresponding determinant is, up to sign:

22
10 > 0

det| @' 0 & |=20"0"0® %0
0 a)ll wzz

Accordingly, we only need to take into account Ry, ;, Ry 05 Ryy 135 R 03 -
Similarly, we also obtain mod(Q):

_ > 33 03 _
Ry =w Rzo,zl +a@ R30,31 +ao R30,01 =0

_ o1 33 03 _
Ry=w R01,21 to R03,32 tw R3o,02 =0

_[ 2 03 _
Ry =|w R10,13 + 07 Ry 5 |t @ R03,03 =0

_[0 33 03 _
R, =|07 Ry 0 + @7 Ry 5 |+ 4 (R01,32 + Ry 0 ) =0

_ 00 2 03 _
Ri=o0 R01,o3 tow R21,23 +@0 Ry 5 =0

_ 00 11 03 _
Ry=0w R02,03 +o R12,13 +o R32,03 =0

where we have to set R ,; =0,R), ; =0= R;, =0.

Hence, taking into account Ry;; =0, we just need to use R; R, and
R

01,13 +
However, using the previous lemma, we obtain the formal Lie derivative:

2det(w)(&) +& +& +& )+ Eodet(w) =0
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and thus 58(p0,,23/,1|det(a))|) =0 with f|det(@) =" +a’ cos’ ().

In addition, we have 2(w;,@,, )(5,1 +& ) +&0(w,,,) =0 and thus
56(/012,12/(‘0115‘)22 )) =0.
We have also:

2<p03,03p12,12 )(é:g +E+E+E ) + fa(po3,o3p12,12 ) =0
= ‘fa(poz,oaplz,lz/det(a))) =0

The following invariants are obtained successively in a coherent way:

2
mr(r2 —3a°c? )

2(r2 +a*c? )3

2
mr? (rz —3azcz)

4(1/2 +a’c? )4

p03,03p12,12| = = |po3,03p12,12|/|det(a))| =

2
(r2 + a2c2)

(1—02)(}’2 —mr+a2)

mr(r2 —-3a*c? )

@)Wy = :>|p12’12|/(a)“w22):

3
2 (r2 +a’c? )
However, as a€ K, then p, ,; and p,,,; can be both divided by a and we
get the new invariant:
2r* —a*c® +3d°
r’+a’c

These results are leading to , , thus to , and

f(? + 533 =0 after substitution. In the case of the S-metric, only the first invariant

Po1,23 /p03,12 =

can be used in order to find §' =0.

Taking into account the previous result, we obtain the two equations:
Poro1 (5(? +4 )+ Porsibs + Poé’ =0
Po2,02 (5(? + 6222 ) + poz,széeg + ,001,02‘):-‘:2I =0
Using the fact that we have now:
0,8+ 0,8 =00 05 +0%E =0

we may multiply the first equation by ®'', the second by ®** and sum in or-

der to obtain:
(0)11,001,01 + wzzpoz,oz )5(? + (‘011,001,31 + wzzpoz,sz )fo3 =0

Using the previous identity for R, we obtain therefore:

33 0 03 3 33 £0 03 £3 0 3
w p03,03§o +w p03,03§o =007 to & :0<:>|a)03§0 - 05,6, :0|

12 2
Taking into account the fact that & =—2¢),& =——"¢] and substituting,
@53 @3
we finally obtain:

(@@~ (@) )& =0 & =0} |& = 0| <[ = 0][&7 = 0]|&) = 0]|&7 = 0]

A similar procedure could have been followed by using R;;; =0,R,;,; =0 and
Py =0.
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Now, we must distinguish among the 20 components of the Riemann tensor

along with the following tabular where we have to take into account the identity
Por2s + Porsi T Posia =0

Porot  Poio Poiiz Pois
Po2,02 Po213

Pozoz  Posiz Po2,23

P12

Pz Pz

P2323

In this tabular, the vanishing components obtained by computer algebra are put
in a box, the nonzero components of the left column do not vanish when a =0
and the other components vanish when a =0. Also, the 11 (care) lower com-
ponents can be known from the 10 upper ones.

Keeping in mind the study of the S-metric and the fact that py e =0,
Pz =0, P =0, pPy13=0 while framing the leading terms not vanishing

when a =0, we get:

_ 1 3 2 2 1
R01,03 = |p01,01§3 + p03,03§1 |+(p01,23 *+ Po3.21 )é:o + pm,ozé:s +p01,13§0 =0

Then, taking into account the fact that py,, =0,0),,, =0,0,,;; =0, we obtain

similarly:

Ry E(ﬂol,sz +p03,12)§13 +|p12,21§02 "'1001,10520|"'/001,13§23 +p01,02(:g10 =0

The leading determinant does not vanish when a =0 because, in this case,
all terms are vanishing and we are left with the two linearly independent framed
terms, a result amounting to 53' =0¢< 513 =0 and ff =0< 502 =0 in the
case of the S-metric in [15].

In the case of the K-metric, we may use the relations already framed in order
to keep only the four parametric jets (531,55,55,532) on the right side. We may

also rewrite them as follows:

w11§10+a)00§(;+w03§31 =0’ w11§13 +(003§(; +(033§31 =0

a)ZZé:ZO +a)OOé:02 +a)03é:32 — 0’ a)22§23 +a)03§02 +CU33§32 — 0

if we use the fact that " =-a,, / (60006033 — (@4 )2) in the inverse metric.

As a byproduct, we are now left with the two (complicated) equations
& +a(..)=0 and E+ a(...)=0 where the dots mean linear combinations of
(5&,532) with coefficients in K and the study of the Killing operator is quite
more difficult in the case of the K-metric. Of course, it becomes clear that the
use of the formal theory is absolutely necessary as an intrinsic approach could
not be achieved if one uses solutions instead of sections. Indeed the strict inclu-
sion R/ = R1(2) C R, cannot be even imagined if one does believe that &' =0,

E=0 brings & =0 and & =0. The computation could have been done
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with R,,; =0 and Ry,; =0 because R, =0 and R;=0.
The next hard step will be to prove that the other linearized components of
the Riemann tensor do not produce any new different first order equation. The

main idea will be to revisit the new linearized tabular with:

ROl,Ol ROI,OZ ROI,OS ROI,]Z R01,13 R01,23
R02,02 R02,03 R02,12 R02,13

R03,03 R03,12 R03,13 R03,23 R02,23
R12,12 R12,13 R12,23

RIS,IS RI3,23

23,23

Putting the leading terms into a box, we have the identity
Ry 03 + Ry 5 += 0 that must be combined with the following formulas
mod(Q):

11 2 03/ 33\( 11 2 _
@ Ry 5 +|07 Ry, 5 _(0) /w )(w Ry o1 + @ Roz,oz)_ 0
11 33 03 _

@ Ry, 5 +|0 Ry 35 |+ @ Ryy g =0
00 03 2 33 _
"Ry +20" Ry + @Ry + @ =0

and so on, allowing to compute the 11 (care) lower terms from the 2 + 4 + 4 = 10
upper ones.
We have thus the following successive eleven logical inter-relations:

(Rm,zs 3R02,13 ) - R03,12

(Roo-Ri1:R22 . R33.Ro3 )

(R Roz,ozaRoLn - Ros,o3sR12,12’R13,13’R23,23aR02,23)

01,01>

Ry

(R01,02 4 R01,23 4 R02,13 ) - Rl3,23

Ryy
R01,03a Roz,lz _)R03,13

(

Ry
(R01,12’R02,03 _;Ros,zs
(

R01,03>R03,13 _)R12,23

)
)R13

Ro3
(Roz,os Rz o3 )_) Ry s

Keeping in mind the four additional equations and their consequences that
have been already framed, both with the vanishing components of the Riemann
tensor, namely:

Poroz = 0, Poriz = 0, Poz,03 = 0, Pozi2 = 0, Pozz = 0, Pozz = 0, P = 0, Puoxs = 0

we get successively:
Ro1,01 =0, Roz,oz =0, Rm,oz =0, R01,13 =0, R01,23 =0, R02,13 =0

As we have already exhibited an isomorphism (513,520 JEE ) - (53',502,53,532 ) ,
we may use only the later right set of parametric jet components. Using the pre-
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vious logical relations while framing the leading terms not vanishing a priori
when a =0, there is only one possibility to choose four components of the Ii-

nearized Riemann tensor, namely:

R01,03 = (,001,0153l +p03,03§13) +(,001,23 + P3o )5502 +p01,13§(; ‘*'/901,02532 =0

Ry = (:001,23 *+ Pys.01 )(531 + (p03,03§20 + pz3,23§oz) + p13,23§(; + p02,23§32 =0

Ry313 = p01,13§3] "'f’-723,13é:02 + (,003,03510 +p13,13§(;) +(p03,12 +p02,13)§32 =0

R02,03 = /702,014531 + poz,zsétoz + <p03,12 + Pis )5(; + (poz,ozgsz + P03,03§23) =0

In order to understand the difficulty of the computations involved, we propose

»

to the reader, as an exercise, to prove “directly’ that the two following relations:

Roz,lz = (plz,lzégé + poz,ozéglo) + (poz,w + Pos 12 )523 + p02,10§20 + 902,32513 =0

R12,13 = (p13,13§z3 +p12,|z§32) +(p03,12 +p02,13)§10 +p32,13§13 +p|o,13§20 =0

are only linear combinations of the previous ones mod(Q).

We are facing two technical problems “spoilting”, in our opinion, the use of
the K metric:

e With @' in place of w, we have @& =-0 & +- and the leading
term of R, ,; becomes proportional to (a)“ Poror — @ p03’03)§31 +--- witha
wrong sign that cannot allow using R, . A similar comment is valid for the
four successive leading terms.

e We also discover the summation py, ,; + 0, in Ry, with a wrong sign
that cannot allow introducing p,,, as one could hope. A similar comment
is valid for the four successive summations.

Nevertheless, we obtain the following unexpected formal linearized result that
will be used in a crucial intrinsic way for finding out the generating second order
and third order CC:

THEOREM 4.2: The rank of the previous system with respect to the four jet
coordinates (531,502,53,532) is equal to 2, for both the S and K-metrics. We ob-

tain in particular the two striking identities:

a

Ro3,13 + a(l -c’ )Rm,os =0, R02,03 +—R03,23 =0

(r2+a2)

Proof In the case of the S-metric with a =0, only the framed terms may not

« »

vanish and, denoting by
mod ( j, (Q)):

a linear proportionality, we have already obtained

1 0 _ —
RO],O} ~ 4:3 ’R03,23 ~ 52 ’R02,03 - O’ R03,13 =0

Hence, the rank of the system with respect to the 4 parametric jets
(53' ,502,5(1,532) just drops to 2 and this fact confirms the existence of the 5 addi-
tional first order equations obtained, as we saw, after two prolongations.

In the case of the K-metric with a # 0, the study is much more delicate.
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With a” =1, the coefficients of the 4x4 metric of the previous system on

the basis of the above parametric jets are proportional to the symmetric matrix:

1 a a a
a 1 a a
a a* a* &
a a o

Indeed, we have successively for the common factor —a (1 - cz) :

] o 3mr (r2 —3d*c? )
Rowl & = pyio1 == Posos = T, . av
oy 2(r +ac )

_o2\(,2 _q,2.2
Row 3 531 S P :3amr(1 c )(r 3a’c )

2(r2 +a’c? )3

3amc(r2+a2)(3r —a’c )

Row 1 502 = Poiz T Pozo = )
Z(r +ad’c )

2, 2 2 22
Row 3 502 s o 3a mc(l c )(r +a )(Sr ac )

( +c12c2)3
0 3 1=\ (2 3422
Row1 5& = o113 _Z_Pm,m = amr(z( j )(: 2)3a - )
11 r-+ac
0 342 1—c? 2 2 _3,2,2
Row 3 éé = Pz _Z_pos,oz == : mr(z( j ) grz)s - )
11 r-+ac

3a2mc(3r2 - azcz)

Rowl & — Porox =~
Z(r2 +a’c’ )3

3a3mc(1 -c? )(3r2 —a*c? )

2
Row3 & — Posiz T Poris =

Z(rz +a’c® )3

and similarly for the common factor ————
r+a

3amc(r2 +a’ )(31/2 —a*c? )

Row 2 531 = Po123 T Loz =~ P
2(r +a‘c )

3(12mc(3r2 —a*c? )

Row 4 531 = Pl =~ 3
2(;"2 +azcz)

00 3mr(r? +a? ’ r*=3a’c?
Row 2 502 = P33 _%pozm = ( 2(r2 -za(zcz )3 )
PR 3amr(r2 +a? )(r2 - 3a202)

2
Row4d & — Po2,23 _Fpos,m ==

2(1/2 +a’c? )3
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Row2 & —p :_3a2mc(1—c2) rita )(3r2 _azcz)
0 13.23 2(r2 ta )
3 _
Row 4 5(1 = P2 T Poriz = 3a mC( )(3r 3 o )
2(r +d’c )
03 3amr(r* +a* )(r* =3a*c?
Row 2 §32 = Por _%pm,m == <2(r2 N l(zcz )3 )
33 3a’mr(r* =3a*c?
Row 4 632 = Poro —%pos,m = 2(r2(+a202 )3 )

We do not believe that such a purely computational mathematical result,
though striking it may look like, could have any useful physical application and
this comment will be strengthened by the next theorem provided at the end of
this section.

Q.ED.

COROLLARY 4.3: The Killing operator for the K metric has 14 generating
second order CC.

Proof According to the previous theorem, we have dim(R1(2) ) =dim(R,)=4
as we can choose the 4 parametric jets (50,53,53,532) and g, =0. Using the
introductory diagramwith n=4,q=1Lr=2,E=T and thus
dim(J, (F,))—dim(J. ( )) =150-140 =10, we obtain at once
dim(Q,) —10+d1m( )—14 in a purely intrinsic way. We may thus start
afresh with the new first order system R/ =R’ — R cJ,(T) obtained from
R, after 2 prolongations. This result is thus obtained totally independently of
any specific GR technical object like the Teukolski scalars, the Killing-Yano ten-
sors or even the Penrose spinorsintroduced in [8] [9] [10] [11] [16].

Q.ED.

Finally, we know from [2] [4] [12] [15] [17] [18] [19] that if Rq [ Jq (T) isa
system of infinitesimal Lie equations, then we have the algebroid bracket

[Rq,Rq] C R, defined on sections by the following formula not depending on
the hft §q+1’77q+1 € "]qH( ) Of éq’nq € Rq c "]q (T) :

&, €R, = [fq,nq] = {fqﬂ,nqﬂ} +i(&)Dn,,, —i(n)DE,,, €R,

with the algebraic bracket bilinearly defined by j, ([£.7])={/,.. (£)./,. (7)}
and such that:

[Rq,Rq]ch:[R“) R()]cR(S) Vq,r,s 20

q+r> - q+r q+r?>

It follows that R/ = R?) =z (R,) issuchthat [R,R]c R with
dim(R/)=20-16=4 because we have obtained a total of 6 new different first
order equations. We have on sections (care again) the 16 (linear) equations of

R/ as follows:
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£=0820 = [0y 0,8+ a8 =08 =0.8 =0
=0 = & =0
o froso = [ d rondlrad <o
R =R” cJ(T)
Tre=0 = [0 roud]reug =0,
(0,80 + 0,8+ 0,8 =0
& =0 = £=0=0&=0

and we may choose only the 2 parametric jets (5;,532) among (5(;,531,502,532)
to which we must add (50,53) in any case as they are not appearing in the
Killing equations and their prolongations.

The system is not involutive because it is finite type with g, =0 and g/
cannot be thus involutive.

It remains to make one more prolongation in order to study
R/=RY =z (R,)c R/ = R, with strict inclusions in order to study the third
order CC for ) already described for the Schwarzschild metric in [15].

g=o0f01 23
=001 23
g=01001 23
&=0101 23
E=001 2 e
E2=010 1 2 e
§ZI=0 01 2 e
E=01[01 2 o
RicRcR cJy(r) {5010 e e
E=010 1 o o
51120 0 1 o o
§10=0 0 1 o o
4‘503:() 0O o o o
§02:O 0O o o o
5(::() 0O o o o
éfg:() 0O o o o
§2:0 o o o o
5':() e o o o

Surprisingly and contrary to the situation found for the S metric, we have now
a trivially involutive first order system with only solutions (§° =cst, £'=0,
=0, &= cst) . However, the difficulty is to know what second members
must be used along the procedure met for all the motivating examples. In partic-
ular, we have again identities to zero like d,&'—& =0, d,&*—& =0 or, equi-
valently, d.,&'—£ =0, d, &£ =0 and thus 4 third order CC coming from

the 4 following components of the Spencer operator:

& —& =0, d,& -£=0,d&E & =0, d,& & =0)
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a result that cannot be even imagined from [8] [9] [10] [11] [16]. Of course,
proceeding like in the motivating examples, we must substitute in the right

members the values obtained from J, () and set for example &= —%5@@11
a)l 1

while replacing &' and & by the corresponding linear combinations of the
Riemann tensor already obtained for the right members of the two zero order
equations.

Using one more prolongation, all the sections (care again) vanish but & ’ and
&, a result leading to dim(R/)=2 in a coherent way with the only nonzero
Killing vectors {6,,6 ¢) . We have indeed:

[G=0=&=0=¢=0 [&=0=8=0=8=0

Like in the case of the S metric, R, is not involutive but R, is involutive.
However, contrary to the S metric with g#0, now g/=0 for the K metric
and R/ is trivially involutive with a full Janet tabular having 16 rows of first
order jets and 2 rows of zero order jets.

REMARK 4.4: We have in general ([2] [5] p 339, 345):

R, =707 (R ) = 705 (4, (R )N e (E))

e, (517 (R )V ()= (B )0V ()= ()

that is, in our case R\ < p, (Rl(z)). However, we have indeed the equality
Rgz) =p (Rl(z)) even if the conditions of Theorem 1.1 are not satisfied because
g/ is not 2-acyclic. Indeed, the Spencer map &:A’T "®g > AT ®T is not
injective and we let the reader check as an exercise that its kernel is generated by
{vf"m,viﬂ} and the Spencer d-cohomology is such that ltiim(h;f (gl’)) =2#0
+v

because the cocycles are defined by the equations vl.]f PR A

contrary to what could be imagined, the major difference between the S and

=0(. Hence,

K-metrics is not at all the existence of off-diagonal terms but rather the fact that
R is not involutivewith g/ # 0 for the S-metric while R/ is involutive with
g/ =0 for the K-metric. This is the reason for which one among the four third
order CC must be added with two prolongations for the S-metric while the four
third order CC are obtained in the same way from the Spencer operator for the
K-metric. Of course no classical approach can explain this fact which is lacking
in [8] [9] [10] [11].

The following result even questions the usefulness of the whole previous ap-
proach:

THEOREM 4.5: The operator Cauchy =ad (Killing) admits a minimum
parametrization by the operator Airy =ad (Riemann) with 1 potential when
n=2, found in 1863. It admits a canonical self-adjoint parametrization by the
operator Beltrami=ad (Riemann) with 6 potentials when rn=3, found in 1892
and modified to a mimimum parametrization by the operator Maxwell with 3
potentials, found in 1870 or Morera found in 1892. More generally, it admits a

canonical parametrization by the operator ad (Riemann) with n’ (n2 —1) /12
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potentials that can be modified to a relative parametrization by ad (Ricci) with
n(n +1)/ 2 potentials which is nevertheless not minimum when »n >4, found in
2007. In all these cases, the corresponding potentials have nothing to do with the
perturbation of the metric. Such a result is also valid for any Lie group of trans-
formations, in particular for the conformal group in arbitrary dimension.

Proof We provide successively the explicit corresponding parametrizations:
J : Multiplying the linearized Riemann operator by a test function ¢

and integrating by parts, we obtain (care to the factor2 involved):
¢(d22911 - 12912 +d; 2y ) = (d22¢911 _12¢le +d, 2y ) + div("')

i — 57 i | 12 2
o'=0"=0"'Q;, =0 Q“+ Q,+07°Q,

Cauchy operator |d10'“ +d,0"% = f',do” +d,c” = f2|

Airy operator |o-11 =d,p, 0" =0 =—d,p, 07 = d11¢|

E - Q - R —» 0
Killing Riemann
2 - 3 -5 1 -0
Cauchy Airy
0 « 2 « 3 « 1
0 « f « o <« ¢

It is clear that the test function ¢ has nothing to do with the metric w ([5], In-

troduction).

. We now present the original Beltrami parametrization:

o' 0 0 0 dyy,  —2dy  dy $
o 0 —d; dys 0 dyy —dy, | |
o 0 dys —dy,, —d; dy, 0 #s
o dy; 0 —2d,, 0 0 dy, by
¥ —dy; dis dy, 0 —d,, 0 b3
o¥ dy —2d, 0 d, 0 0 P

which does not seem to be self-adjoint but is such that drO'ir =0. Accor-

dingly, the Beltrami parametrization of the Cauchy operator for the stress is

nothing else than the formal adjoint of the Riemann operator. However,

modifying slightly the rows, we get the new operator matrix:

o' 0 0 0 d, —2dy,  dy .
26" 0 —2dy;  2dy, 0 2dy;  2dy | |4,
20" 0 2d23 _2d22 _2d13 2d12 0 ¢13

o” dy, 0 —2d; 0 0 dy, b
207 —2dy;  2dyy 2d, 0 —2d,, 0 8

o” dy —2d,, 0 d, 0 0 P

which is indeed se/fadjoint. Keeping (¢11 =4,¢6,=B,0,,=C ) with
(¢, =0, =0,4,, =0) , we obtain the Maxwell parametrization:
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o' 0 dyy d,,
12 0 0 —d,
o AN
o” 0 -d, 0
n(= B
o dyy 0 dy,
C
o” -d,, 0 0
o’ d22 dll

which is minimum because n(n —1)/ 2=3. However, the corresponding op-
erator is FI because it is homogeneous but it is not evident at all to prove that
it is also involutive as we must look for J-regular coordinates (see [20] for the
technical details).

. This is far more complicated and we do believe that it is not possible
to avoid using differential homological algebra, in particular extension mod-
ules. As we found it already in many books [4] [12] [17] [21] or papers [12]
[13] [14] [15] [22], the linear Spencer sequence is (locally) isomorphic to the
tensor product of the Poincaré sequence for the exterior derivative by a Lie
algebra G with dim(G)< n(n+l)/ 2 equal to the dimension of the largest
group of invariance of the metric involved. When 7 =4, this dimension is
10 for the M-metric, 4 for the S-metric and 2 for the K-metric. As a bypro-
duct, the adjoint sequence roughly just exchanges the exterior derivatives up
to sign and one has for example, when n=3, the relations ad ( grad)=—div,
ad (div) =—grad . It follows that, if D, generates the CC of D, then ad (Dz)
is parametrizing ad (D1 ) , a fact not evident at all, even when n =2 for the
Cosserat couple-stress equations exactly described by ad(D,) [18]. Passing
to the differential modules point of view with the ring (even an integral domain)
D= K[dl ,~--,dn] =K|[d] of differential operators with coefficients in a dif-
ferential field K; this result amounts to say that ext) (M ,D) = ext' (M ) =0.
As it is known that such a result does not depend on the differential resolu-
tion used or, equivalently, on the differential sequence used, if D, generates
the CC of D in the Janet sequence, then ad (Dl) is parametrizing ad (D)
and this result is still true even if D is not involutive. In such a situation,
which is the one considered in this paper, the Killing operators for the
M-metric, the S-metric and the K-metric are such that, whatever are the ge-
nerating CC D, (second order for the M-metric, a mixture of second and
third order for the S-metric and K-metric), then ad (D]) is, in any case, pa-
rametrizing the Cauchy operator ad(D) for any D:T—> S,T":&— L($w.
Once more, the central object is the group, not the metric. The same results
are also valid for any Lie group of transformations, in particular for the con-
formal group in arbitrary dimension, even if the operator D, is of order 3
when n=3 as we shall see below [6] [13] [14] [23].

Q.E.D.
REMARK 4.6: Accordingly, the situation met today in GR cannot evolve as
long as people will not acknowledge the fact that the components of the Weyl

tensor are the torsion elements (the so-called Lichnerowicz waves in [22]) for
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the equations Ricci =0 because the Einstein equations cannot be parametrized
and the extension modules are torsion modules [5] [7] [13] [19]. Such a result is
only depending on the group structure of the conformal group of space-time
that brings the canonical splitting Riemann = Weyl © Ricci without any refer-
ence to a background metric as it is usually done [4] [15] [19] [22] [23]. It is an
open problem to know why one may sometimes find a se/f-adjoint operator. It is
such a confusion that led to introducing the so-called Einstein parametrizing
operator [19] [22]. A minimum parametrization of the Cauchy operator when
n=4 with 6 potentials can be found by keeping only the Lagrange multipliers
AY with i< usedin [13] while setting A" =0 like Morerawhen n=3.
EXAMPLE 4.7: (Weyl tensor for n=3 and euclidean metric) We proved in
([21], p 156-158) and more recently in [14] [22] [23] that, for n =3, the natural
“geometric object” corresponding to the Weyl tensor is no longer providing a
second order differential operator but by a third order Wey/ operator DAI with
first order CC ﬁz in the differential sequence:
D D D
0—>®—>3—>5—>5—>3—>0
corresponding to the differential sequence of D-modules where p is the canoni-

cal residual projection:
UL (UL SR
0—>D —1>D —3>D —1>D —->M -0

The true reason is that the symbol g, of D is finite type with second pro-
longation g, =0 while its first prolongation ¢, is not 2-acyclic. It is impor-
tant to notice that the operators are acting on the left on column vectors in the
upper sequence but on the rlght on row vectors in the lower sequence though we
have in any case the identities D D=0 and D D 0.

Of course, these operators can be obtained by usmg computer algebra like in
([21], Appendix 2) but one may check at once that D and D are completely
different operators while the operator D] is far from being self-adjoint even
though it is described by a 5x5 operator matrix. Our purpose is to prove that
it can be nevertheless transformed in a very tricky way to a self-adjoint operator,
exactly like the 3x3 cur/ operator in 3-dimensional classical geometry because
ad ( grad ) =—div . It does not seem that these results are known today.

The starting point is the 3x5 first order operator matrix defining the con-
formal Killing operator D, namely:
4

2 2
ER R
d, 4, 0
d 0 d,
2, 4 2
_dl gdz _Eds
0 4 4,

Substracting the fourth row from the first row and multiplying the fourth row by
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%, we obtain the operator matrix:

2d, -2d, 0
d, d 0
d, 0 4
-d, 2d, —d,
0 d, d,

d 0 —d,
d, d 0
d, 0 d,
-d, 2d, -d,
0 d, d,
Adding the first row to the fourth row and dividing by 2, we obtain the operator
matrix:
d 0 —d,
d, d 0
d, 0 d,
0 d, —d,
0 d, d,

Multiplying the second, fourth and fifth row by —1, then multiplying the central
column of the matrix thus obtained by —1, we finally obtain the operator matrix
D'

d 0 -d,

~d, d, 0

d, 0 d,

0 d, d,

0 d, —d,

A

We now care about transforming D, given in ([21], p 158) by the 5x3 oper-
ator matrix:
-2d, 0 d, -2d, —d,
2d, -d, d, O 0
0 d 0 -2d, d,

Dividing the first column by 2 and the fourth column by -2, then using the cen-
tral row as a new top row while using the former top row as new bottom row, we
obtain the operator matrix D, :
d -d, d 0 0
0 , 0 d, d,

0

_d3 dl ds _dz

and check that ad (252’) =—D' like in the Poincaré sequence for n=3 where
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ad (div) =—grad . As the new corresponding operator 151’ is homogeneous and
of order 3 (care), we obtain locally ad(]ﬁl') = ﬁl’ , a result not evident at first
sight (compare to [21], p 157).

The combination of this example with the results announced in [14] [23]
brings the need to revisit almost entirely the whole conformal geometry in arbi-
trary dimension and we notice the essential role performed by the Spencer

J-cohomology in this new framework.

3. Conclusion

First of all, comparing the M-metric, the S-metric and the K-metric by using the
corresponding systems of first order infinitesimal Lie equations, we may sum-
marize the results previously obtained by repeating that, when £ = 7, the smaller
is the background Lie group, the smaller are the dimensions of the Spencer bun-
dles and the higher are the dimensions of the Janet bundles. As a byproduct, we
claim that the only solution for escaping is to increase the dimension of the Lie
group involved, adding successively 1 dilatation and 4 elations in order to deal
with the conformal group of space-time while using the Spencer sequence in-
stead of the Janet sequence. In particular, the Ricci tensor only depends on the
elations of the conformal group of space-time in the Spencer sequence where the
perturbation of the metric tensor does not appear any longer contrary to the Ja-
net sequence. It finally follows that Einstein equations are not mathematically
coherent with group theory and formal integrability. In other papers and books,
we have also proved that they were also not coherent with differential homolog-
ical algebra which is providing intrinsic properties as the extension modules,
which are torsion modules, do not depend on the sequence used for their defini-
tion, a quite beautiful but difficult theorem indeed. The main problem left is
thus to find the best sequence and/or the best group that must be considered.
Presently, we hope to have convinced the reader that only the Spencer sequence
is clearly related to the group background and must be used, on the condition to
change the group. As a byproduct, we may thus finally say that the situation will
not evolve in GR as long as people will not acknowledge the existence of these
new purely mathematical tools like Lie algebroids or differential extension mod-
ules and their purely mathematical consequences. Summarizing this paper in a
few words, we do really believe that “God used group theory rather than com-

puter algebra when He created the World™!
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