
Journal of Modern Physics, 2020, 11, 1649-1671 
https://www.scirp.org/journal/jmp 

ISSN Online: 2153-120X 
ISSN Print: 2153-1196 

 

DOI: 10.4236/jmp.2020.1110103  Oct. 26, 2020 1649 Journal of Modern Physics 
 

 
 
 

Property of Tensor Satisfying Binary Law 2 

Koji Ichidayama 

Okayama, Japan 

  
 
 

Abstract 
I have already reported “Property of Tensor Satisfying Binary Law”. This ar-
ticle is the article that I revise the contents of “Property of Tensor Satisfying 
Binary Law”, and increase the report about new characteristics. We may ar-
rive at the deeper understanding in this about “Property of Tensor Satisfying 
Binary Law”. 
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1. Introduction 
I have already reported “Property of Tensor Satisfying Binary Law” [1]. This ar-
ticle is the article that I revise the contents of “Property of Tensor Satisfying Bi-
nary Law”, and increase the report about new characteristics. I show below it 
about the proposition supporting each for shifts from “Property of Tensor Satis-
fying Binary Law” to “[Property of Tensor Satisfying Binary Law 2]”. 

Proposition 1  [Proposition 2], Proposition 3  [Proposition 6], Proposi-
tion 4  [Proposition 7, Proposition 15], Proposition 5  [Proposition 3]. 

2. Definition 

Definition 1 x xµ µ≠ , x xν ν≠ , x xµ ν= , x xν µ= , {x xµ µ≠ , x xν ν≠ , 

x xµ ν= , }x xν µ=  is established [2]. I named x xµ µ≠ , x xν ν≠ , x xµ ν= , 

x xν µ= , { }, , ,x x x x x x x xµ µ ν ν µ ν ν µ≠ ≠ = =  “Binary Law” [2].  

{ }, , ,x x x x x x x xµ µ ν ν µ ν ν µ≠ ≠ = =  expresses a covariant form of Binary Law. 

Definition 2 If , , ,x x x x x x x xµ µ ν ν µ ν ν µ≠ ≠ = =  is established, x xµ
ν =  is 

established [2]. 
Definition 3 If , , ,x x x x x x x xµ µ ν ν µ ν ν µ≠ ≠ = =  is established,  x xνµ =  is 

established [2]. 
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Definition 4 If , , ,x x x x x x x xµ µ ν ν µ ν ν µ≠ ≠ = =  is established,  x xν µ= −  
is established [2].  

Definition 5 If , , ,x x x x x x x xµ µ ν ν µ ν ν µ≠ ≠ = =  is established, x xν µ= −  
is established [2]. 

Definition 6 If all coordinate systems , , , ,x x x xµ ν σ λ
  satisfy x xµ µ≠ , 

x xν ν≠ , x xµ ν= , x xν µ= , all coordinate systems , , , ,x x x xµ ν σ λ
  shifts to 

only two of ,x xµ ν  [2]. 
Definition 7 1g µ

µ = , ( )0 :g µ
ν µ ν= ≠  is establishment [3]. 

Definition 8 
3x M

x x x

µ

ν ν ν

∂
=

∂ ∂ ∂
 is established for 

3x
x x x

µ

ν ν ν

∂
∂ ∂ ∂

. 

Definition 9 ; 0mm
xν ν

∂
= =
∂

 is established. “m” expresses Mass. 

Hypothesis 1 m M∝ , m M=   is established. “M” expresses 
3x M

x x x

µ

ν ν ν

∂
=

∂ ∂ ∂
, 

“  ” expresses Proportional constant, and “m” expresses Mass. 
Definition 10 The first-order covariant derivative of the covariant vector sa-

tisfied ;
1
2

x x g ggx x x g
x x x x x
µ µ µ µντ τ ν

µ ν τ µν τν ν ν µ

∂ ∂ ∂ ∂ ∂
= − Γ = − + − ∂ ∂ ∂ ∂ ∂ 

 
  [4].  

Definition 11 The first-order covariant derivative of the contravariant vector 

satisfied ;
1
2

g g gx xx x x g
x x x x x

µ µ
µ τ µ τ µ τ ν τν
ν τνν ν ν τ

∂ ∂ ∂∂ ∂  = + Γ = + + − ∂ ∂ ∂ ∂ ∂ 
  

  [4]. 

Definition 12 The second-order covariant derivative of the contravariant 
vector satisfied  

;
; ; ; ;

2 1
2

1
2

x
x x x

x
x x xx x x

x x x x

g g gx x g
x x x x x x

g g gx g
x x x x

µ
νµ ι µ µ ι

ν σ ν ισ ι νσσ

µ ι µ
τ µ τ ι µ τ µ ι

τν τν ισ τι νσσ ν ν ι

µ
τ µ τ ν τν

ν σ σ ν τ

ι
µ ι σ ισ

ν σ ι

∂
= + Γ − Γ
∂

     ∂ ∂ ∂ ∂
= + Γ + + Γ Γ − + Γ Γ     ∂ ∂ ∂ ∂     

 ∂ ∂ ∂ ∂ ∂  = + + −  ∂ ∂ ∂ ∂ ∂ ∂  
∂ ∂ ∂∂ + + −

∂ ∂ ∂ ∂

  


  



 


 

1 1
2 2

1
2

1 1 .
2 2

g g g g g gx g g
x x x x x x

g g gx g
x x x x

g g g g g gx g g
x x x x x x

τ ι µτ ν τν ι σ ισ
ν τ σ ι

µ
ι ν σ νσ

ι σ ν

τ µ ιτ ι τι ν σ νσ
ι τ σ ν

∂ ∂ ∂ ∂ ∂ ∂   + + − + −   ∂ ∂ ∂ ∂ ∂ ∂   
∂ ∂ ∂∂  − + − ∂ ∂ ∂ ∂ 
∂ ∂ ∂ ∂ ∂ ∂   − + − + −   ∂ ∂ ∂ ∂ ∂ ∂   

    
 

  


    
 

 [4] 

Definition 13 The third-order covariant derivative of the contravariant vector 
satisfied 

; ;
; ; ; ; ; ; ; ; ;

x
x x x x

x
x x xx x x

x x x x x

µ
ν σµ κ µ µ κ µ κ

ν σ λ ν σ κλ κ σ νλ ν κ σλλ

µ ι µ
τ µ τ ι µ τ µ ι

τν τν ισ τι νσλ σ ν ν ι

∂
= + Γ − Γ − Γ

∂
      ∂ ∂ ∂ ∂ ∂ = + Γ + + Γ Γ − + Γ Γ      ∂ ∂ ∂ ∂ ∂       
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x x xx x x
x x x x

x x xx x x
x x x x

x xx
x x

κ ι κ
τ κ τ ι κ τ κ ι µ

τν τν ισ τι νσ κλσ ν ν ι

µ ι µ
τ µ τ ι µ τ µ ι κ

τκ τκ ισ τι κσ νλσ κ κ ι

µ ι
τ µ

τνκ ν

      ∂ ∂ ∂ ∂ + + Γ + + Γ Γ − + Γ Γ Γ      ∂ ∂ ∂ ∂       

      ∂ ∂ ∂ ∂ − + Γ + + Γ Γ − + Γ Γ Γ      ∂ ∂ ∂ ∂       

 ∂ ∂ ∂
− + Γ + ∂ ∂ 

xx x
x x

µ
τ ι µ τ µ ι κ

τν ικ τι νκ σλν ι

    ∂ + Γ Γ − + Γ Γ Γ    ∂ ∂     

 

3 2 1
2

1
2

1 1
2 2

g g gx x g
x x x x x x x x

g g gx g
x x x x x

g g g g g gx g g
x x x x x x x

µ
τ µ τ ν τν

ν σ λ σ λ ν τ

ι
µ ι σ ισ

λ ν σ ι

τ ι µτ ν τν ι σ ισ
λ ν τ σ ι

 ∂ ∂ ∂ ∂ ∂  = + + −  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

 ∂ ∂ ∂∂ ∂  + + −  ∂ ∂ ∂ ∂ ∂  

 ∂ ∂ ∂ ∂ ∂ ∂ ∂    + + − + −    ∂ ∂ ∂ ∂ ∂ ∂ ∂    

∂
−
∂

  


  


    
 

1
2

1 1
2 2

g g gx g
x x x x x

g g g g g gx g g
x x x x x x x

µ
ι ν σ νσ

λ ι σ ν

τ µ ιτ ι τι ν σ νσ
λ ι τ σ ν

 ∂ ∂ ∂∂  + −  ∂ ∂ ∂ ∂  

 ∂ ∂ ∂ ∂ ∂ ∂ ∂    − + − + −    ∂ ∂ ∂ ∂ ∂ ∂ ∂    

  


    
 

 

2 1
2

1 1
2 2

1 1
2 2

g ggx g
x x x x x

g g g g ggx g g
x x x x x x x

g g g g ggx g g
x x x x x x x

κ
µ λ κλκ

ν σ λ κ

τ κ µτ ν τν λ κλκ
σ ν τ λ κ

ι
κ µι σ ισ λ κλκ

ν σ ι λ κ

∂ ∂∂∂  + + − ∂ ∂ ∂ ∂ ∂ 

 ∂ ∂ ∂  ∂ ∂∂∂    + + − + −    ∂ ∂ ∂ ∂ ∂ ∂ ∂    

∂ ∂ ∂ ∂ ∂∂∂    + + − + −  ∂ ∂ ∂ ∂ ∂ ∂ ∂   

 


   
 

   
 

1 1
2 2

1
2

g g g g g g
x g g

x x x x x x

g ggg
x x x

τ ι κτ ν τν ι σ ισ
ν τ σ ι

µ λ κλκ
λ κ



∂ ∂ ∂ ∂ ∂ ∂   + + − + −   ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂∂ × + − ∂ ∂ ∂ 

    
 

 


 

2

1 1
2 2

1 1
2 2

1 1
2 2

g g g g ggx g g
x x x x x x x

g g g g g g
x g g

x x x x x x

g g gg xg g
x x x x x

κ
ι µν σ νσ λ κλκ

ι σ ν λ κ

τ κ ιτ ι τι ν σ νσ
ι τ σ ν

µ
µ κλ κλ νκ

λ κ κ σ

∂ ∂ ∂ ∂ ∂∂∂    − + − + −   ∂ ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂ ∂ ∂ ∂   − + − + −   ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂∂ ∂ × + − − ∂ ∂ ∂ ∂ ∂ 

   
 

    
 

 


1 1
2 2

1 1
2 2

g g
x x x

g g g g ggx g g
x x x x x x x

g g g g g gx g g
x x x x x x x

λ νλ
λ ν

τ µ κτ τκ ν λ νλκ
σ κ τ λ ν

ι
µ κι σ ισ ν λ νλ

κ σ ι λ ν

∂ ∂ + − ∂ ∂ ∂ 

 ∂ ∂  ∂ ∂ ∂∂∂    − + − + −    ∂ ∂ ∂ ∂ ∂ ∂ ∂    

∂ ∂ ∂ ∂ ∂ ∂∂    − + − + −   ∂ ∂ ∂ ∂ ∂ ∂ ∂   

 


   
 

    
 

 

1 1
2 2

1
2

g g g g ggx g g
x x x x x x

g g g
g

x x x

τ ι µτ τκ ι σ ισκ
κ τ σ ι

κ ν λ νλ
λ ν

∂ ∂ ∂ ∂ ∂∂   − + − + −   ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂ × + − ∂ ∂ ∂ 

   
 

  

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2

1 1
2 2

1 1
2 2

1 1
2 2

g g g g ggx g g
x x x x x x x

g g g g ggx g g
x x x x x x

g g g gxg g
x x x x x

µ
ι κσ κσ ν λ νλκ

ι σ κ λ ν

τ µ ιτ ι τι σ κσκ
ι τ σ κ

µ
κ κν λ νλ σ

λ ν ν κ

∂ ∂ ∂ ∂ ∂∂∂    + + − + −   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
∂ ∂ ∂ ∂ ∂∂   + + − + −   ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂ ∂∂ × + − − ∂ ∂ ∂ ∂ ∂ 

   
 

   
 

  


g g
x x x

λ σλ
λ σ

∂ ∂ + − ∂ ∂ ∂ 
 



 

1 1
2 2

1 1
2 2

1 1
2 2

g g g g g g
x g g

x x x x x x x

g g g g ggx g g
x x x x x x x

g g g g
x g g

x x x

τ µ κτ ν τν σ λ σλ
κ ν τ λ σ

ι
µ κι ικ σ λ σλκ

ν κ ι λ σ

τ ι µτ ν τν
ν τ

 ∂ ∂ ∂  ∂ ∂ ∂∂    − + − + −    ∂ ∂ ∂ ∂ ∂ ∂ ∂    
∂ ∂ ∂ ∂ ∂∂∂    − + − + −   ∂ ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂ ∂ − + − ∂ ∂ ∂ 

    
 

   
 

  


1
2

gg
x x x

g g g
g

x x x

ι ικκ
κ ι

κ σ λ σλ
λ σ

∂∂ + − ∂ ∂ ∂ 
∂ ∂ ∂ × + − ∂ ∂ ∂ 

 


  


 

1 1
2 2

1 1
2 2

1 .
2

g g g g gx gg g
x x x x x x x

g g g g ggx g g
x x x x x x

g g gg
x x x

µ
ι κν νκ σ λ σλκ

ι κ ν λ σ

τ µ ιτ ι τι ν νκκ
ι τ κ ν

κ σ λ σλ
λ σ

∂ ∂ ∂ ∂ ∂∂ ∂   + + − + −   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
∂ ∂ ∂ ∂ ∂∂   + + − + −   ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂ × + − ∂ ∂ ∂ 

   
 

    
 

  


 

Definition 14 When the next conversion equation is established, xµ
µ  is 

components of a tensor of rank zero. x xx x
x x

µ ν
µ ν
µ νν µ

∂ ∂
=
∂ ∂

 

Definition 15 When the next conversion equation is established, xµ  is con-

travariant components of a tensor of the first rank [4]. xx x
x

µ
µ ν

ν
∂

=
∂

 

Definition 16 When the next conversion equation is established, xµ  is cova-

riant components of a tensor of the first rank [4]. xx x
x

ν

µ νµ
∂

=
∂

 

Definition 17 When the next conversion equation is established, xµν  is 

contravariant components of a tensor of the second rank [4]. x xx x
x x

µ ν
µν σλ

σ λ
∂ ∂

=
∂ ∂

 

Definition 18 When the next conversion equation is established, xµν  is co-

variant components of a tensor of the second rank [4]. 
x xx x
x x

σ λ

µν σλµ ν

∂ ∂
=
∂ ∂

 

Definition 19 When the next conversion equation is established, xµ
ν  is 

components of the mixed tensor of the second rank [4]. x xx x
x x

µ λ
µ σ
ν λσ ν

∂ ∂
=
∂ ∂

 

Definition 20 When the next conversion equation is established, xµ
νσ  is 

components of the mixed tensor of the third rank of the second rank covariant 

in the first rank contravariant [4]. x x xx x
x x x

µ ι
µ λ
νσ ιλ ν σ

∂ ∂ ∂
=
∂ ∂ ∂



  

Definition 21 When the next conversion equation is established, xµ
νσλ  is 
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components of the mixed tensor of the fourth rank of the third rank covariant in 

the first rank contravariant. 
x x x xx x
x x x x

µ α β
µ ι
νσλ αβι ν σ λ

∂ ∂ ∂ ∂
=
∂ ∂ ∂ ∂



  

3. About Covariant Derivative for the Scalar in Tensor  
Satisfying Binary Law 
Proposition 1 When all coordinate systems satisfy Binary Law,  

; 0MM
xν ν

∂
= =
∂

 is established for 
3x M

x x x

µ

ν ν ν

∂
=

∂ ∂ ∂
. 

Proof: I get 

; 0MM
xν ν

∂
= =
∂

                         (1) 

as 1=  for Definition 9, Hypothesis 1. 
-End Proof- 

Proposition 2 When all coordinate systems satisfy Binary Law, 
2

0
x

x x
µ

ν ν

∂
=

∂ ∂
 

is established. 
Proof: I get 

2

0
x

x x
µ

ν ν

∂
=

∂ ∂
                          (2) 

from (1), (77). 
-End Proof- 
Proposition 3 When all coordinate systems satisfy Binary Law, 

4

0x
x x x x

µ

ν ν ν ν

∂
=

∂ ∂ ∂ ∂
 is established. 

Proof: I get 
4

0x
x x x x

µ

ν ν ν ν

∂
=

∂ ∂ ∂ ∂
                        (3) 

from (1), Definition 8.  
-End Proof- 

4. About Covariant Derivative for the Vector in Tensor  
Satisfying Binary Law 

Proposition 4 ;
;

1,
2

x x gx x x
xx x

νµ
µ µµ

µ ν µ νν µ
µ

∂ ∂  ∂
= = −  ∂∂ ∂ 

 is established in tensor 

satisfying Binary Law. 
Proof: If all coordinate systems satisfy Binary Law, I get 

;
1
2

1
2

x g gg
x x g

x x x x

x g
x

x x

µ µν µννν νν
µ ν νν ν µ ν

ν
µ ν

νν µ

∂ ∂ ∂ ∂
= − + − ∂ ∂ ∂ ∂ 
∂  ∂

= −  
∂ ∂ 

              (4) 

from Definition 10. (4) must rewrite it in 
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;
1
2

x g
x x

x x

σ
µ ν

µ ν σν µ

∂  ∂
= −  
∂ ∂ 

                     (5) 

by (4) being a tensor equation. The dummy index has an invariable property for 
consideration of Binary Law. In other words, the index which was dummy index 
in Definition 10 is dummy index in (5). I get the conclusion that (5) doesn’t sa-
tisfy Binary Law from Definition 6. I get the conclusion that Definition 10 isn’t 
an equation of the tensor satisfying Binary Law because (5) doesn’t satisfy Binary 
Law. 

I rewrite one existing index ν  in each term of (5) in index µ  using Defini-
tion 2 and get 

; 1 ,
2

x gx x
x x

σµ
µµ

µ σ µ
µ

∂  ∂
= −  ∂ ∂ 

 

; 1
2

x gx x
x x

νµ
µµ

µ ν µ
µ

∂  ∂
= −  ∂ ∂ 

.                     (6) 

I rewrite one existing index ν  in each term of (5) in index µ  using Defini-
tion 4 and get 

;
1 .
2

x g
x x

x x

σ
µ µ

µ µ σµ µ

 ∂ ∂
− = − +   ∂ ∂ 

                   (7) 

I get 

;

x
x

x
µ

µ µ µ

∂
− = −

∂
                         (8) 

in consideration of Definition 7 for (7). Because the second term of the right side 
of (8) doesn’t exist, 

;

x
x

x
µ

µ ν ν

∂
=
∂

                          (9) 

can rewrite (8) using Definition 4. In addition, ;xµ ν  can’t rewrite ;x µ
µ  of (6) 

using Definition 2 because the second term of the right side exists in (6). 
-End Proof- 

Proposition 5 ;
xx
x

µ
µ
ν ν

∂
=
∂

 is established in tensor satisfying Binary Law. 

Proof: If all coordinate systems satisfy Binary Law, I get 



;
1
2

g g gxx x g
x x x x

µ
µ ν νµ νν νν νν
ν ν ν ν ν

 ∂ ∂ ∂∂
= + + −  ∂ ∂ ∂ ∂ 

 

1
2

gx x
x x

µµ
ν ν

ν ν

 ∂∂  = +
 ∂ ∂ 

                           (10) 

1
2

gx x
x x

µµ
ν ν

ν ν

 ∂∂
= +  
∂ ∂ 

                           (11) 

from Definition 11. (10), (11) must rewrite it in 
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;
1
2

gxx x
x x

µµ
µ σ σ
ν ν ν

 ∂∂
= +  
∂ ∂ 

                       (12) 

1
2

gx x
x x

µµ
σ ν

ν σ

 ∂∂
= +  
∂ ∂ 

                       (13) 

by (10), (11) being a tensor equation. 
The dummy index has an invariable property for consideration of Binary Law. 

In other words, the index which was dummy index in Definition 11 is dummy 
index in (12), (13). I get the conclusion that (12), (13) doesn’t satisfy Binary Law 
from Definition 6. I get the conclusion that Definition 11 isn’t an equation of the 
tensor satisfying Binary Law because (12), (13) doesn’t satisfy Binary Law. 

I rewrite one existing index ν  in each term of (12), (13) in index µ  using 
Definition 4 and get 

;
1
2

1 .
2

gxx x
x x

gx x
x x

µµ
µ σ σ
µ µ µ

µµ
µσ

µ σ

 ∂∂
− = − −  ∂ ∂ 

 ∂∂
= − −   ∂ ∂ 

                   (14) 

I get 

;
xx
x

µ
µ
µ µ

∂
− = −

∂
                         (15) 

in consideration of Definition 7 for (14). Because the second term of the right 
side of (15) doesn’t exist, 

;
xx
x

µ
µ
ν ν

∂
=
∂

                          (16) 

can rewrite (15) using Definition 4. I rewrite one existing index ν  in each term 
of (12), (13) in index µ  using Definition 2 and get 

; 1
2

1 .
2

gxx x
x x

x gx
x x

µµ
µ µ σ σ

µ µ

µ µµ
σ

σ
µ

 ∂∂
= +   ∂ ∂ 

 ∂ ∂
= +  ∂ ∂ 

 

-End Proof- 

Proposition 6 
2

; :
xx

x x

µ
µ
ν ν ν ν

∂
=
∂ ∂

 is established in tensor satisfying Binary Law. 

Proof: If all coordinate systems satisfy Binary Law, I get 





2

; ;
1
2

1
2

g g gxx x g
x x x x x x

g g gx g
x x x x

µ
µ ν νµ νν νν νν
ν ν ν ν ν ν ν ν

ν
νµ νν νν νν

ν ν ν ν

  ∂ ∂ ∂∂ ∂  = + + −   ∂ ∂ ∂ ∂ ∂ ∂  
 ∂ ∂ ∂∂

+ + −  ∂ ∂ ∂ ∂ 
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 



 

1 1
2 2

1
2

1 1
2 2

g g g g g g
x g g

x x x x x x

g g gx g
x x x x

g g g g g g
x g g

x x x x x x

ν νν νµνν νν νν νν νν νν
ν ν ν ν ν ν

µ
νν νν νν νν

ν ν ν ν

ν νµ νννν νν νν νν νν νν
ν ν ν ν ν ν

   ∂ ∂ ∂ ∂ ∂ ∂
+ + − + −      ∂ ∂ ∂ ∂ ∂ ∂   

 ∂ ∂ ∂∂
− + −  ∂ ∂ ∂ ∂ 

   ∂ ∂ ∂ ∂ ∂ ∂
− + − + −      ∂ ∂ ∂ ∂ ∂ ∂   

 

 

    

2 1 1
2 2

1 1 1 1 1
2 2 2 2 2

g gx xx
x x x x x x

g g g g gxx x
x x x x x x

µ µµ ν
ν ν ν

ν ν ν ν ν ν

ν µ ν µ νµ
ν νν ν ν ν ν

ν ν ν ν ν ν

    ∂ ∂∂ ∂ ∂    = + +
    ∂ ∂ ∂ ∂ ∂ ∂    

         ∂ ∂ ∂ ∂ ∂∂         + − −
         ∂ ∂ ∂ ∂ ∂ ∂         

    (17) 

2 1 1
2 2

1 1 1 1 1
2 2 2 2 2

g gx xx
x x x x x x

g g g g gxx x
x x x x x x

µ µµ ν
ν ν ν

ν ν ν ν ν ν

ν µ ν µ νµ
ν νν ν ν ν ν

ν ν ν ν ν ν

    ∂ ∂∂ ∂ ∂
= + +     ∂ ∂ ∂ ∂ ∂ ∂    

         ∂ ∂ ∂ ∂ ∂∂
+ − −         

∂ ∂ ∂ ∂ ∂ ∂         

     (18) 

from Definition 12. (17), (18) must rewrite it in 
2

; ;
1 1
2 2

1 1 1 1 1
2 2 2 2 2

g gx xx x
x x x x x x

g g g g gxx x
x x x x x x

µ µµ σ
µ σ σ σ
ν ν ν ν ν ν ν ν

σ µ σ µ σµ
σ σσ σ ν σ ν

ν ν σ ν σ ν

    ∂ ∂∂ ∂ ∂
= + +     ∂ ∂ ∂ ∂ ∂ ∂    

         ∂ ∂ ∂ ∂ ∂∂
+ − −         

∂ ∂ ∂ ∂ ∂ ∂         

    (19) 

2 1 1
2 2

1 1 1 1 1
2 2 2 2 2

g gx xx
x x x x x x

g g g g gxx x
x x x x x x

µ µµ σ
σ ν ν

ν ν ν σ ν σ

σ µ σ µ σµ
σ σν ν ν σ ν

σ σ σ ν σ ν

    ∂ ∂∂ ∂ ∂
= + +     ∂ ∂ ∂ ∂ ∂ ∂    

         ∂ ∂ ∂ ∂ ∂∂
+ − −         

∂ ∂ ∂ ∂ ∂ ∂         

     (20) 

by (17), (18) being a tensor equation. The dummy index has an invariable prop-
erty for consideration of Binary Law. In other words, the index which was 
dummy index in Definition 12 is dummy index in (19), (20). I get the conclusion 
that (19), (20) doesn’t satisfy Binary Law from Definition 6. I get the conclusion 
that Definition 12 isn’t an equation of the tensor satisfying Binary Law because 
(19), (20) doesn’t satisfy Binary Law. 

I rewrite two existing index ν  in each term of (19), (20) in index µ  using 
Definition 4 and get 

2

; ;

2

1 1
2 2

1 1 1 1 1
2 2 2 2 2

1
2

g gx xx x
x x x x x x

g gg g gxx x
x x x x x x

gx x
x x x x

µ µµ σ
µ σ σ σ
µ µ µ µ µ µ µ µ

σ σσ µ µµ
µ µσ σσ σ σ

µ µ σ µ σ µ

µµ
µσ

µ µ µ σ

    ∂ ∂∂ ∂ ∂
= + +     ∂ ∂ ∂ ∂ ∂ ∂    

   ∂ ∂     ∂ ∂ ∂∂
+ − −           ∂ ∂ ∂ ∂ ∂ ∂        

  ∂∂ ∂
= +    ∂ ∂ ∂ ∂ 

1
2

1 1 1 1 1 .
2 2 2 2 2

gx
x x

g g g ggxx x
x x x x x x

µσ
µ

µ σ

σ µ σ σµµ
µ µ µ µσ σ σ
σ σ σ µ σ µ

  ∂∂
+    ∂ ∂ 

       ∂ ∂ ∂ ∂ ∂∂
+ − −               ∂ ∂ ∂ ∂ ∂ ∂        

  (21) 
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I get 
2

; ;
xx

x x

µ
µ
µ µ µ µ

∂
=
∂ ∂

                        (22) 

in consideration of Definition 7 for (21). Because the second term of the right 
side of (22) doesn’t exist, 

2

; :
xx

x x

µ
µ
ν ν ν ν

∂
=
∂ ∂

                        (23) 

can rewrite (22) using Definition 4. I rewrite two existing index ν  in each term 
of (19), (20) in index µ  using Definition 2 and get 

2
; ;

2

1 1
2 2

1 1 1 1 1
2 2 2 2 2

1
2

g gx xx x
x x x x x x

g g gx g gx x
x x x x x x

x gx
x x x x

µ µµ σ
µ µ µ σ σ σ

µ µ µ µ µ µ

σ µ µµ σµ σµ
σ σσ σ σ

σ σ
µ µ µ µ

µ µµ
σ

σ
µ µ µ

    ∂ ∂∂ ∂ ∂
= + +        ∂ ∂ ∂ ∂ ∂ ∂    

        ∂ ∂ ∂∂ ∂ ∂
+ − −               ∂ ∂ ∂ ∂ ∂ ∂        

 ∂ ∂ ∂
= + ∂ ∂ ∂ ∂

1
2

1 1 1 1 1 .
2 2 2 2 2

x g
x x

gg g x g gx x
x x x x x x

σ µµ

σ
µ

µσµ µµ µ σµ σµ
σ σ σ

σ σ σ σ
µ µ

   ∂ ∂
+   ∂ ∂   

        ∂∂ ∂ ∂ ∂ ∂
+ − −           ∂ ∂ ∂ ∂ ∂ ∂        

 

-End Proof- 

Proposition 7 
3

; ; ;
xx

x x x

µ
µ
ν ν ν ν ν ν

∂
=
∂ ∂ ∂

 is established in tensor satisfying Binary 

Law. 
Proof: If all coordinate systems satisfy Binary Law, I get 





 

3 2

; ; ;
1
2

1
2

1 1
2 2

g g gxx x g
x x x x x x x x

g g gx g
x x x x x

g g g g g g
x g g

x x x x x x

µ
µ ν νµ νν νν νν
ν ν ν ν ν ν ν ν ν ν ν

ν
νµ νν νν νν

ν ν ν ν ν

ν νν νµνν νν νν νν νν νν
ν ν ν ν ν ν

  ∂ ∂ ∂∂ ∂  = + + −   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  
  ∂ ∂ ∂∂ ∂ + + −   ∂ ∂ ∂ ∂ ∂  

 ∂ ∂ ∂ ∂ ∂ ∂∂
+ + − + −  ∂ ∂ ∂ ∂ ∂ ∂ 



 

1
2

1 1
2 2

x

g g gx g
x x x x x

g g g g g g
x g g

x x x x x x x

ν

µ
νν νν νν νν

ν ν ν ν ν

ν νµ νννν νν νν νν νν νν
ν ν ν ν ν ν ν

  
    ∂  
  ∂ ∂ ∂∂ ∂ − + −   ∂ ∂ ∂ ∂ ∂  
    ∂ ∂ ∂ ∂ ∂ ∂∂  − + − + −       ∂ ∂ ∂ ∂ ∂ ∂ ∂    

 



 

2 1
2

1 1
2 2

g g gx g
x x x x x

g g g g g g
x g g

x x x x x x x

ν
νµ νν νν νν

ν ν ν ν ν

ν νν νµνν νν νν νν νν νν
ν ν ν ν ν ν ν

 ∂ ∂ ∂∂
+ + −  ∂ ∂ ∂ ∂ ∂ 

    ∂ ∂ ∂ ∂ ∂ ∂∂  + + − + −       ∂ ∂ ∂ ∂ ∂ ∂ ∂    
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 

 



1 1
2 2

1 1
2 2

1
2

g g g g g gx g g
x x x x x x x

g g g g g gx g g
x x x x x x

g g gg
x x x

ν
νν νµνν νν νν νν νν νν

ν ν ν ν ν ν ν

ν νν νννν νν νν νν νν νν
ν ν ν ν ν ν

νµ νν νν νν
ν ν ν

   ∂ ∂ ∂ ∂ ∂ ∂∂
+ + − + −      ∂ ∂ ∂ ∂ ∂ ∂ ∂   

   ∂ ∂ ∂ ∂ ∂ ∂
+ + − + −      ∂ ∂ ∂ ∂ ∂ ∂   

 ∂ ∂ ∂
× + −  ∂ ∂ ∂ 

 

 

 



2

1 1
2 2

1 1
2 2

1
2

g g g g g gx g g
x x x x x x x

g g g g g gx g g
x x x x x x

g g g xg
x x x x

ν
νν νµνν νν νν νν νν νν

ν ν ν ν ν ν ν

ν νν νννν νν νν νν νν νν
ν ν ν ν ν ν

µ
νµ νν νν νν

ν ν ν ν

   ∂ ∂ ∂ ∂ ∂ ∂∂
− + − + −      ∂ ∂ ∂ ∂ ∂ ∂ ∂   

   ∂ ∂ ∂ ∂ ∂ ∂
− + − + −      ∂ ∂ ∂ ∂ ∂ ∂   

 ∂ ∂ ∂ ∂
× + − −  ∂ ∂ ∂ ∂ ∂ 



 

 

1
2

1 1
2 2

1 1
2 2

g g gg
x x x x

g g g g g gx g g
x x x x x x x

g g g g g gx g g
x x x x x x x

νν νν νν νν
ν ν ν ν

ν νµ νννν νν νν νν νν νν
ν ν ν ν ν ν ν

ν
νµ νννν νν νν νν νν νν

ν ν ν ν ν ν ν

 ∂ ∂ ∂
+ −  ∂ ∂ ∂ 

    ∂ ∂ ∂ ∂ ∂ ∂∂
 − + − + −       ∂ ∂ ∂ ∂ ∂ ∂ ∂    

  ∂ ∂ ∂ ∂ ∂ ∂∂
− + − + −    ∂ ∂ ∂ ∂ ∂ ∂ ∂  





 

 



 

1 1
2 2

1
2

1 1
2 2

1
2

g g g g g gx g g
x x x x x x

g g gg
x x x

g g g g g gx g g
x x x x x x x

x g

ν νν νµνν νν νν νν νν νν
ν ν ν ν ν ν

νν νν νν νν
ν ν ν

µ
νν νννν νν νν νν νν νν

ν ν ν ν ν ν ν

ν νµ

   ∂ ∂ ∂ ∂ ∂ ∂
− + − + −      ∂ ∂ ∂ ∂ ∂ ∂   

 ∂ ∂ ∂
× + −  ∂ ∂ ∂ 

   ∂ ∂ ∂ ∂ ∂ ∂∂
+ + − + −      ∂ ∂ ∂ ∂ ∂ ∂ ∂   

∂
+

 

 

2

1
2

1 1
2 2

g g g g g gg
x x x x x x

g g g g g gxg g
x x x x x x x x

νννν νν νν νν νν νν
ν ν ν ν ν ν

µ
νν νννν νν νν νν νν νν

ν ν ν ν ν ν ν ν

   ∂ ∂ ∂ ∂ ∂
+ − + −      ∂ ∂ ∂ ∂ ∂ ∂   

   ∂ ∂ ∂ ∂ ∂ ∂∂
× + − − + −      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   

 

 

 



1 1
2 2

1 1
2 2

1
2

g g g g g gx g g
x x x x x x x

g g g g g gx g g
x x x x x x x

g g gx g
x x x

ν νµ νννν νν νν νν νν νν
ν ν ν ν ν ν ν

ν
νµ νννν νν νν νν νν νν

ν ν ν ν ν ν ν

ν νν νν νν νν
ν ν ν

    ∂ ∂ ∂ ∂ ∂ ∂∂
 − + − + −       ∂ ∂ ∂ ∂ ∂ ∂ ∂    

   ∂ ∂ ∂ ∂ ∂ ∂∂
− + − + −      ∂ ∂ ∂ ∂ ∂ ∂ ∂   

 ∂ ∂ ∂
− + −

∂ ∂ ∂





 

1
2

1
2

1 1
2 2

g g gg
x x x

g g gg
x x x

g g g g g gx g g
x x x x x x x

νµ νν νν νν
ν ν ν

νν νν νν νν
ν ν ν

µ
νν νννν νν νν νν νν νν

ν ν ν ν ν ν ν

  ∂ ∂ ∂
+ −     ∂ ∂ ∂  

 ∂ ∂ ∂
× + −  ∂ ∂ ∂ 

   ∂ ∂ ∂ ∂ ∂ ∂∂
+ + − + −      ∂ ∂ ∂ ∂ ∂ ∂ ∂   
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 1 1
2 2

g g g g g g
x g g

x x x x x x
ν νµ νννν νν νν νν νν νν

ν ν ν ν ν ν

   ∂ ∂ ∂ ∂ ∂ ∂
+ + − + −      ∂ ∂ ∂ ∂ ∂ ∂   

 



 

  

3 2

1
2

1 1
2 2

1 1 1
2 2 2

g g g
g

x x x

g gx xx
x x x x x x x x x

g g gxx
x x x x x x

νν νν νν νν
ν ν ν

µ µµ ν
ν ν ν

ν ν ν ν ν ν ν ν ν

ν µ νµ
ν ν ν ν

ν ν ν ν ν ν

 ∂ ∂ ∂
× + −  ∂ ∂ ∂ 

      ∂ ∂∂ ∂ ∂ ∂      = + +
      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

      ∂ ∂ ∂∂ ∂ ∂      + −
      ∂ ∂ ∂ ∂ ∂ ∂      
  21 1 1

2 2 2
g g gxx

x x x x x x

µ ν µν
ν ν ν ν

ν ν ν ν ν ν

 
 
 
 

      ∂ ∂ ∂∂ ∂      − +
      ∂ ∂ ∂ ∂ ∂ ∂      

 

   

    



1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

1
2

g g g gxx
x x x x x x

g g g g gxx
x x x x x x

g
x

x

ν µ ν µν
ν ν ν ν ν

ν ν ν ν ν ν

ν ν µ ν µν
ν ν ν ν ν ν

ν ν ν ν ν ν

ν
ν ν

ν

        ∂ ∂ ∂ ∂∂ ∂        + +
        ∂ ∂ ∂ ∂ ∂ ∂        

         ∂ ∂ ∂ ∂ ∂∂         + −
         ∂ ∂ ∂ ∂ ∂ ∂         
 ∂−
∂

  

   

  

21 1 1
2 2 2

1 1 1 1
2 2 2 2

1 1 1
2 2 2

g g gx
x x x x x

g g g gxx
x x x x x x

g g g
x

x x

ν µ νµ
ν ν ν
ν ν ν ν ν

µ ν µ νν
ν ν ν ν ν

ν ν ν ν ν ν

ν µ ν
ν ν ν ν

ν ν

      ∂ ∂ ∂∂      −
       ∂ ∂ ∂ ∂ ∂      
        ∂ ∂ ∂ ∂∂ ∂        − −

        ∂ ∂ ∂ ∂ ∂ ∂        
   ∂ ∂ ∂   −
   ∂ ∂   

 1 1
2 2

g gx
x x x x

ν νµ
ν ν

ν ν ν ν

     ∂ ∂∂     +
     ∂ ∂ ∂ ∂     

 

   

   

 

21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1
2 2

g g g gxx
x x x x x x

g g g gxx
x x x x x x

g g
x

x x

µ ν ν νµ
ν ν ν ν ν

ν ν ν ν ν ν

µ ν µ νν
ν ν ν ν ν

ν ν ν ν ν ν

ν µ
ν ν ν

ν

       ∂ ∂ ∂ ∂∂       + −
       ∂ ∂ ∂ ∂ ∂ ∂       
        ∂ ∂ ∂ ∂∂ ∂        − −

        ∂ ∂ ∂ ∂ ∂ ∂        
 ∂ ∂ −
 ∂ ∂ 

  

  

1 1 1
2 2 2

1 1 1
2 2 2

g g gx
x x x x

g g g
x

x x x

ν ν νµ
ν ν ν

ν ν ν ν ν

µ ν ν
ν ν ν ν

ν ν ν

       ∂ ∂ ∂∂       +
       ∂ ∂ ∂ ∂       

     ∂ ∂ ∂     +
     ∂ ∂ ∂     

       (24) 

3 2 1 1
2 2

1 1 1
2 2 2

1 1
2 2

g gx xx
x x x x x x x x x

g g gxx
x x x x x x

g g
x

x x x

µ µµ ν
ν ν ν

ν ν ν ν ν ν ν ν ν

ν µ νµ
ν ν ν ν

ν ν ν ν ν ν

µ ν
ν ν ν

ν ν ν

      ∂ ∂∂ ∂ ∂ ∂
= + +         ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

        ∂ ∂ ∂∂ ∂ ∂
+ −           ∂ ∂ ∂ ∂ ∂ ∂        

    ∂ ∂∂
−    
∂ ∂ ∂   

2 1
2

gx
x x x

µν
ν

ν ν ν

  ∂∂
+     ∂ ∂ ∂ 
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1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

g g g gxx
x x x x x x

g g g g gxx
x x x x x x

ν µ ν µν
ν ν ν ν ν

ν ν ν ν ν ν

ν ν µ ν µν
ν ν ν ν ν ν

ν ν ν ν ν ν

        ∂ ∂ ∂ ∂∂ ∂
+ +         ∂ ∂ ∂ ∂ ∂ ∂        

         ∂ ∂ ∂ ∂ ∂∂
+ −         

∂ ∂ ∂ ∂ ∂ ∂         

 

21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1 1
2 2 2

g g g gxx
x x x x x x

g g g gxx
x x x x x x

g g g
x

x x x

ν ν µ νµ
ν ν ν ν ν

ν ν ν ν ν ν

µ ν µ νν
ν ν ν ν ν

ν ν ν ν ν ν

ν µ ν
ν ν ν ν

ν ν ν

       ∂ ∂ ∂ ∂∂
− −       

∂ ∂ ∂ ∂ ∂ ∂       

        ∂ ∂ ∂ ∂∂ ∂
− −         ∂ ∂ ∂ ∂ ∂ ∂        

    ∂ ∂ ∂
−    

∂ ∂ ∂    
2

1 1
2 2

1 1 1 1
2 2 2 2

g gx
x x x

g g g gxx
x x x x x x

ν νµ
ν ν

ν ν ν

µ ν ν νµ
ν ν ν ν ν

ν ν ν ν ν ν

    ∂ ∂∂
+     
∂ ∂ ∂    

       ∂ ∂ ∂ ∂∂
+ −       

∂ ∂ ∂ ∂ ∂ ∂       

 

1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

1 1
2 2

g g g gxx
x x x x x x

g g g g gxx
x x x x x x

g g
x

x x

µ ν µ νν
ν ν ν ν ν

ν ν ν ν ν ν

ν µ ν ν νµ
ν ν ν ν ν ν

ν ν ν ν ν ν

µ ν
ν ν ν

ν ν

        ∂ ∂ ∂ ∂∂ ∂
− −         ∂ ∂ ∂ ∂ ∂ ∂        

         ∂ ∂ ∂ ∂ ∂∂
− +         

∂ ∂ ∂ ∂ ∂ ∂         

   ∂ ∂
+    

∂ ∂   

1
2

g
x

ν
ν
ν

 ∂
 
∂ 

        (25) 

from Definition 13. (24), (25) must rewrite it in 

3 2

; ; ;
1 1
2 2

1 1 1
2 2 2

1 1
2 2

g gx xx x
x x x x x x x x x

g g gxx
x x x x x x

g g
x

x x x

µ µµ σ
µ σ σ σ
ν ν ν ν ν ν ν ν ν ν ν ν

σ µ σµ
σ σ σ ν

ν ν ν ν σ ν

µ σ
σ σ ν

ν σ ν

      ∂ ∂∂ ∂ ∂ ∂
= + +         ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

        ∂ ∂ ∂∂ ∂ ∂
+ −           ∂ ∂ ∂ ∂ ∂ ∂        

 ∂ ∂∂
−  
∂ ∂ ∂ 

2 1
2

1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

gx
x x x

g g g gxx
x x x x x x

g g g g gxx
x x x x x x

µσ
σ

ν ν ν

σ µ σ µσ
σ σ σ σ σ

ν ν ν ν ν ν

σ σ µ σ µσ
σ σ σ σ ν σ

ν ν ν σ ν

    ∂∂
+      ∂ ∂ ∂    

        ∂ ∂ ∂ ∂∂ ∂
+ +         ∂ ∂ ∂ ∂ ∂ ∂        

       ∂ ∂ ∂ ∂ ∂∂
+ −       

∂ ∂ ∂ ∂ ∂ ∂       
ν

 
 
 

 

21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1 1
2 2 2

g g g gxx
x x x x x x

g g g gxx
x x x x x x

g g g
x

x x x

σ σ µ σµ
σ σ ν σ ν

σ ν ν σ ν ν

µ σ µ σσ
σ σ ν σ ν

ν σ ν σ ν ν

σ µ σ
σ σ σ ν

σ ν ν

       ∂ ∂ ∂ ∂∂
− −       

∂ ∂ ∂ ∂ ∂ ∂       

        ∂ ∂ ∂ ∂∂ ∂
− −         ∂ ∂ ∂ ∂ ∂ ∂        

    ∂ ∂ ∂
−    

∂ ∂ ∂    
2

1 1
2 2

1 1 1 1
2 2 2 2

g gx
x x x

g g g gxx
x x x x x x

σ σµ
σ ν

σ ν ν

µ σ σ σµ
σ σ σ ν ν

σ ν ν ν σ ν

    ∂ ∂∂
+     
∂ ∂ ∂    

       ∂ ∂ ∂ ∂∂
+ −       

∂ ∂ ∂ ∂ ∂ ∂       
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1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

1 1
2 2

g g g gxx
x x x x x x

g g g g gxx
x x x x x x

g g
x

x x

µ σ µ σσ
σ σ ν σ ν

σ ν ν ν σ ν

σ µ σ σ σµ
σ σ σ ν ν ν

ν σ ν σ σ ν

µ σ
σ σ ν

σ σ

        ∂ ∂ ∂ ∂∂ ∂
− −         ∂ ∂ ∂ ∂ ∂ ∂        

         ∂ ∂ ∂ ∂ ∂∂
− +         

∂ ∂ ∂ ∂ ∂ ∂         
   ∂ ∂

+    
∂ ∂   

1
2

g
x

σ
ν
ν

 ∂
 
∂ 

       (26) 

3 2 1 1
2 2

1 1 1
2 2 2

1 1
2 2

g gx xx
x x x x x x x x x

g g gxx
x x x x x x

g g
x

x x x

µ µµ σ
σ ν ν

ν ν ν ν ν σ ν ν σ

σ µ σµ
σ ν ν ν

ν σ σ ν σ ν

µ σ
σ σ ν

ν σ ν

      ∂ ∂∂ ∂ ∂ ∂
= + +         ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

        ∂ ∂ ∂∂ ∂ ∂
+ −           ∂ ∂ ∂ ∂ ∂ ∂        

    ∂ ∂∂
−    
∂ ∂ ∂   

2 1
2

1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

gx
x x x

g g g gxx
x x x x x x

g g g g gxx
x x x x x x

µσ
ν

ν ν σ

σ µ σ µσ
σ ν ν ν ν

ν σ σ ν σ σ

σ σ µ σ µσ
σ ν ν ν ν ν

σ σ σ σ ν σ

  ∂∂
+     ∂ ∂ ∂ 

        ∂ ∂ ∂ ∂∂ ∂
+ +         ∂ ∂ ∂ ∂ ∂ ∂        

         ∂ ∂ ∂ ∂ ∂∂
+ −         

∂ ∂ ∂ ∂ ∂ ∂         

 

21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1 1
2 2 2

g g g gxx
x x x x x x

g g g gxx
x x x x x x

g g g
x

x x x

σ σ µ σµ
σ σ ν ν ν

σ ν σ σ ν ν

µ σ µ σσ
σ σ ν ν ν

ν σ ν σ σ ν

σ µ σ
σ σ ν ν

σ σ ν

       ∂ ∂ ∂ ∂∂
− −       

∂ ∂ ∂ ∂ ∂ ∂       

        ∂ ∂ ∂ ∂∂ ∂
− −         ∂ ∂ ∂ ∂ ∂ ∂        

    ∂ ∂ ∂
−    

∂ ∂ ∂    
2

1 1
2 2

1 1 1 1
2 2 2 2

g gx
x x x

g g g gxx
x x x x x x

σ σµ
ν ν

σ σ ν

µ σ σ σµ
σ σ ν ν ν

σ σ ν ν σ ν

    ∂ ∂∂
+     
∂ ∂ ∂    

       ∂ ∂ ∂ ∂∂
+ −       

∂ ∂ ∂ ∂ ∂ ∂       

 

1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

1 1
2 2

g g g gxx
x x x x x x

g g g g gxx
x x x x x x

g g
x

x x

µ σ µ σσ
σ ν ν σ ν

σ σ ν ν σ ν

σ µ σ σ σµ
σ ν σ ν σ ν

σ σ ν σ ν ν

µ σ
σ σ σ

σ ν

        ∂ ∂ ∂ ∂∂ ∂
− −         ∂ ∂ ∂ ∂ ∂ ∂        

         ∂ ∂ ∂ ∂ ∂∂
− +         

∂ ∂ ∂ ∂ ∂ ∂         

   ∂ ∂
+    

∂ ∂   

1
2

g
x

σ
ν
ν

 ∂
 
∂ 

       (27) 

by (24), (25) being a tensor equation. The dummy index has an invariable prop-
erty for consideration of Binary Law. In other words, the index which was 
dummy index in Definition 13 is dummy index in (26), (27). I get the conclusion 
that (26), (27) doesn’t satisfy Binary Law from Definition 6. I get the conclusion 
that Definition 13 isn’t an equation of the tensor satisfying Binary Law because 
(26), (27) doesn’t satisfy Binary Law. 

I rewrite three existing index ν  in each term of (26), (27) in index µ  using 
Definition 4 and get 
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3 2

; ; ;
1 1
2 2

1 1 1
2 2 2

1 1
2 2

g gx xx x
x x x x x x x x x

gg g xx
x x x x x x

gg
x

x x

µ µµ σ
µ σ σ σ
µ µ µ µ µ µ µ µ µ µ µ µ

σσ µ µ
µσ σ σ

µ µ µ µ σ µ

µ
µσ σ

µ σ

      ∂ ∂∂ ∂ ∂ ∂
− = − − −         ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

    ∂   ∂ ∂∂ ∂ ∂ − +          ∂ ∂ ∂ ∂ ∂ ∂       

∂ ∂∂
+  
∂ ∂ 

2 1
2

1 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

gx
x x x x

g g g gxx
x x x x x x

gg g g xx
x x x x x

σ µσ
σ

µ µ µ µ

σ µ σ µσ
σ σ σ σ σ

µ µ µ µ µ µ

σσ σ µ σ
µσ σ σ σ

µ µ µ σ µ

    ∂∂  −     ∂ ∂ ∂ ∂   
        ∂ ∂ ∂ ∂∂ ∂

− −         ∂ ∂ ∂ ∂ ∂ ∂        
 ∂     ∂ ∂ ∂ ∂

− +         ∂ ∂ ∂ ∂ ∂       

1
2

g
x

µ
σ
µ

 ∂
 
∂ 

 

21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1 1
2 2 2

g gg g xx
x x x x x x

g gg gxx
x x x x x x

g g
x

x x

σ σσ µ µ
µ µσ σ σ

σ µ µ σ µ µ

σ σµ µσ
µ µσ σ σ

µ σ µ σ µ µ

σ µ
σ σ σ

σ µ

   ∂ ∂   ∂ ∂ ∂
+ +         ∂ ∂ ∂ ∂ ∂ ∂      

     ∂ ∂   ∂ ∂∂ ∂
+ +            ∂ ∂ ∂ ∂ ∂ ∂        

∂   ∂ ∂
+    

∂ ∂   
2

1 1
2 2

1 1 1 1
2 2 2 2

1 1 1
2 2 2

g ggx
x x x x

g gg g xx
x x x x x x

gg gxx
x x x x x

σ σσµ
µ µσ
µ σ µ µ

σ σµ σ µ
µ µσ σ σ

σ µ µ µ σ µ

σµ µσ
µσ σ σ

σ µ µ µ σ

   ∂ ∂∂
−       ∂ ∂ ∂ ∂    

   ∂ ∂   ∂ ∂ ∂
− +          ∂ ∂ ∂ ∂ ∂ ∂       

   ∂   ∂ ∂∂ ∂
+ +        ∂ ∂ ∂ ∂ ∂      

1
2

g
x

σ
µ
µ

 ∂
  ∂ 

 

3 2

1 1 1 1 1
2 2 2 2 2

1 1 1
2 2 2

1
2

g g gg g xx
x x x x x x

g gg
x

x x x

gx x
x x x x x x x

σ σ σσ µ µ
µ µ µσ σ σ

µ σ µ σ σ µ

σ σµ
µ µσ σ

σ σ µ

µµ
µσ

µ µ µ µ µ σ µ

     ∂ ∂ ∂   ∂ ∂ ∂
+ −              ∂ ∂ ∂ ∂ ∂ ∂         

   ∂ ∂ ∂
−         ∂ ∂ ∂     

  ∂∂ ∂ ∂ ∂ = − − −   ∂ ∂ ∂ ∂ ∂ ∂ ∂  

2

1
2

1 1 1
2 2 2

1 1 1
2 2 2

gx
x x

g g gxx
x x x x x x

g gg xx
x x x x x x

µσ
µ

µ σ

σ µ σµ
µ µ µσ

µ σ σ µ σ µ

σ µµ σ
µ µσ σ

µ σ µ µ µ σ

  ∂
    ∂ ∂  

        ∂ ∂ ∂∂ ∂ ∂   − +             ∂ ∂ ∂ ∂ ∂ ∂        
    ∂ ∂ ∂∂ ∂ + −         ∂ ∂ ∂ ∂ ∂ ∂      

 

1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

1
2

g g g gxx
x x x x x x

g g g g gxx
x x x x x x

g
x

x

σ µ σ µσ
µ µ µ µσ

µ σ σ µ σ σ

σ σ µ σ µσ
µ µ µ µ µσ
σ σ σ σ µ σ

σ
σ σ

σ

        ∂ ∂ ∂ ∂∂ ∂ − −               ∂ ∂ ∂ ∂ ∂ ∂        
         ∂ ∂ ∂ ∂ ∂∂

− +                  ∂ ∂ ∂ ∂ ∂ ∂         

 ∂
+ 

∂

21 1 1
2 2 2

g g gx
x x x x x

σ µ σµ
µ µ µ
µ σ σ µ µ

     ∂ ∂ ∂ ∂
+           ∂ ∂ ∂ ∂ ∂      
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1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

g g gg xx
x x x x x x

g g g gg xx
x x x x x x

σ µ σµ σ
µ µ µσ σ

µ σ µ σ σ µ

µ σ σ σσ µ
µ µ µ µσ σ

σ σ µ σ σ µ

       ∂ ∂ ∂ ∂∂ ∂
+ +              ∂ ∂ ∂ ∂ ∂ ∂        

       ∂ ∂ ∂ ∂ ∂ ∂
+ −                ∂ ∂ ∂ ∂ ∂ ∂         

 

21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1
2 2

g g gg xx
x x x x x x

g g ggxx
x x x x x x

g gx
x x

σ σ σµ µ
µ µ µσ σ

σ σ µ µ σ µ

µ σ σµσ
µ µ µσ σ

σ σ µ µ σ µ

σ µ
µσ σ
σ σ

     ∂ ∂ ∂ ∂ ∂
− +            ∂ ∂ ∂ ∂ ∂ ∂       

      ∂ ∂ ∂ ∂∂ ∂
+ +             ∂ ∂ ∂ ∂ ∂ ∂       

 ∂  ∂
+    ∂ ∂ 

1 1 1
2 2 2

1 1 1 .
2 2 2

g ggx
x x x x

gg gx
x x x

σ σσµ
µ µσ
µ σ µ µ

σµ σ
µσ σ σ

σ µ µ

   ∂ ∂  ∂∂
−        ∂ ∂ ∂ ∂     

 ∂   ∂ ∂
−       ∂ ∂ ∂     

    (28) 

I get 
3

; ; ;
xx

x x x

µ
µ
µ µ µ µ µ µ

∂
− = −

∂ ∂ ∂
                    (29) 

in consideration of Definition 7 for (28). Because the second term of the right 
side of (29) doesn’t exist, 

3

; ; ;
xx

x x x

µ
µ
ν ν ν ν ν ν

∂
=
∂ ∂ ∂

                      (30) 

can rewrite (29) using Definition 4. I rewrite three existing index ν  in each 
term of (26), (27) in index µ  using Definition 2 and get 

3 2
; ; ; 1 1

2 2

1 1 1
2 2 2

1
2

g gx xx x
x x x x x x x x x

g g x gx
x x x x xx

g
x

x x

µ µµ σ
µ µ µ µ σ σ σ

µ µ µ µ µ µ µ µ µ

σ µ µ σµ
σ σ σ

σ
µ µ µ µ µ

µ
σ σ

σ
µ

      ∂ ∂∂ ∂ ∂ ∂
   = + +         ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

        ∂ ∂∂ ∂ ∂ ∂
   + −             ∂ ∂ ∂ ∂ ∂∂        

 ∂∂
− 
∂ ∂ 

21 1
2 2

1 1 1 1
2 2 2 2

1 1 1
2 2 2

gg x
x x x x

g g g gxx
x x x x x x

g g g
x

x x x

µσµ σ
σ

µ µ µ µ

σ µ σ µσ
σ σ σ σ σ

µ µ µ µ µ µ

σ σ µ
σ σ σ σ

µ µ µ

    ∂∂ ∂
  +        ∂ ∂ ∂ ∂    
        ∂ ∂ ∂ ∂∂ ∂
 + +               ∂ ∂ ∂ ∂ ∂ ∂        
     ∂ ∂ ∂ ∂

+ −          ∂ ∂ ∂     

1 1
2 2

gx g
x xx

µσ σµ
σ

σ
µ µ

   ∂∂
      ∂ ∂∂    

 

21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1
2 2

g gg x gx
x x xx x x

g gg x gx
x x x xx x

g g
x

xx

σ µσµ µ σµ
σ σ σ

σ σ
µ µ µµ

µ µσµ σ σµ
σ σ σ

σ σ
µ µ µ µ

σ µ
σ σ σ

σ
µ

      ∂ ∂∂ ∂ ∂
− −            ∂ ∂ ∂∂ ∂ ∂       

       ∂ ∂∂ ∂ ∂ ∂
− −              ∂ ∂ ∂ ∂∂ ∂        

  ∂ ∂
−    ∂∂  

1 1 1
2 2 2

gg x g
x x xx

σσµ µ σµ
σ

σ
µ µ µ

     ∂∂ ∂ ∂
+            ∂ ∂ ∂∂      
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21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

g g g x gx
x x xx x x

g gg x gx
x x x xx x

µ σ σµ µ σµ
σ σ σ

σ σ
µ µ µµ

µ µσµ σ σµ
σ σ σ

σ σ
µ µ µ µ

      ∂ ∂ ∂ ∂ ∂
+ −            ∂ ∂ ∂∂ ∂ ∂       

       ∂ ∂∂ ∂ ∂ ∂
 − −            ∂ ∂ ∂ ∂∂ ∂       

 

3 2

1 1 1 1 1
2 2 2 2 2

1 1 1
2 2 2

1
2

g g g x g gx
x x xx x x

g g gx
xx x

x g xx
x x x x x x xx

σ µ σµ µ σµ σµ
σ σ σ

σ σ σ
µ µ µ

µ σµ σµ
σ σ

σ σ
µ

µ µµ σ
σ

σ
µ µ µ µ µ µ µ

        ∂ ∂ ∂ ∂ ∂ ∂
− +             ∂ ∂ ∂∂ ∂ ∂       

    ∂ ∂ ∂
+       ∂∂ ∂    

  ∂ ∂ ∂ ∂ ∂
= + +   ∂ ∂ ∂ ∂ ∂ ∂ ∂∂  

2

1
2

1 1 1
2 2 2

1 1 1
2 2 2

g
x

g g x gx
x x xx x x

g g x gx
x x x xx x

µµ

σ

σµ µµ µ σµ
σ

σ σ σ
µ µ µ

µ σµ σ µµ
σ σ

σ σ
µ µ µ µ

  ∂
   ∂  

      ∂ ∂ ∂ ∂ ∂ ∂
 + −          ∂ ∂ ∂∂ ∂ ∂       

     ∂∂ ∂ ∂ ∂
 − +      ∂ ∂ ∂ ∂∂ ∂     

 

1 1 1 1
2 2 2 2

1 1 1 1 1
2 2 2 2 2

1 1
2 2

g g x g gx
x xx x x x

g g g x g gx
xx x x x x

g gx
xx

σµ µµ σ σµ µµ
σ

σ σ σ σ
µ µ

σµ σµ µµ σ σµ µµ
σ

σ σ σ σ σ
µ

σ σµ
σ σ

σ
µ

        ∂ ∂ ∂ ∂ ∂ ∂
+ +         ∂ ∂∂ ∂ ∂ ∂        

        ∂ ∂ ∂ ∂ ∂ ∂
+ −          ∂∂ ∂ ∂ ∂ ∂        

 ∂ ∂
−    ∂∂  

21 1
2 2

1 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

g x g
xx x x

g g x g gx
x x xx x x

g g g x gx
xx x x x

µµ µ σµ

σ σ
µµ

µ σµ σ µµ σµ
σ σ

σ σ σ
µ µ µ

σ µµ σµ µ σµ
σ σ

σ σ σ σ
µ

   ∂ ∂ ∂
−     ∂∂ ∂ ∂   

       ∂∂ ∂ ∂ ∂ ∂
− −            ∂ ∂ ∂∂ ∂ ∂       

     ∂ ∂ ∂ ∂ ∂
− +      ∂∂ ∂ ∂ ∂    

1
2

g
x

σµ

µ

  ∂
    ∂   

 

21 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

1 1 1
2 2 2

g g g x gx
x x x x x x

gg g x gx
x x x x x x

gg gx
x x

µ σµ σµ µ σµ
σ σ

σ σ σ
µ µ µ

µµµ σµ σ σµ
σ σ

σ σ σ
µ µ µ

µσµ σ
σ σ

σ σ

      ∂ ∂ ∂ ∂ ∂
+ −          ∂ ∂ ∂ ∂ ∂ ∂      

        ∂∂ ∂ ∂ ∂ ∂
− −           ∂ ∂ ∂ ∂ ∂ ∂        

   ∂∂ ∂
−   ∂ ∂   

1 1
2 2

1 1 1 .
2 2 2

gx g
x x x x

g g gx
x x x

σµ µ σµ
σ

σ
µ µ µ

µ σ σµ
σ σ σ

σ
µ µ

     ∂∂ ∂
+          ∂ ∂ ∂ ∂     

    ∂ ∂ ∂
+         ∂ ∂ ∂     

 

-End Proof- 

5. About a Coordinate Transformations Equation in Tensor 
Satisfying Binary Law 
Proposition 8 When all coordinate systems satisfy Binary Law,  
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x xx x x
x x

µ ν
µ ν ν
µ ν νν µ

∂ ∂
= =
∂ ∂

 is established for xµ
µ  components of a tensor satisfying 

Binary law of rank zero. 
Proof: When all coordinate systems satisfy Binary Law, I get 

x xx x x
x x

µ ν
µ ν ν
µ ν νν µ

∂ ∂
= =
∂ ∂

                     (31) 

from Definition 14. Because (31) accords in Definition 14, the components of a 
tensor of rank zero are equivalent with components of a tensor satisfying Binary 
law of rank zero. I rewrite (31) by consideration of ; ;,x x x xµ µ ν ν

µ µ ν ν→ → , (6), 
µ ν−  inversion form of (6) and get 

1 1
2 2

1 .
2

x xg x x gx x
x x x x x x

x gx
x x

νµ µ ν µν
µ ν

ν µµ ν µ ν
µ ν

µν
ν

µ ν
ν

 ∂     ∂∂ ∂ ∂ ∂
− = −       ∂ ∂ ∂ ∂ ∂ ∂     

  ∂ ∂
= −  ∂ ∂  

         (32) 

-End Proof- 

Proposition 9 When all coordinate systems satisfy Binary Law, 
xx x
x

µ
µ ν

ν

∂
=
∂

 

is established for xµ  contravariant components of a tensor satisfying Binary 
law of the first rank. 

Proof: When all coordinate systems satisfy Binary Law, I get 

xx x
x

µ
µ ν

ν

∂
=
∂

                          (33) 

from Definition 15. Because (33) accords in Definition 15, the contravariant 
components of a tensor of the first rank are equivalent with contravariant com-
ponents of a tensor satisfying Binary law of the first rank. 

-End Proof- 

Proposition 10 When all coordinate systems satisfy Binary Law, 
xx x
x

ν

µ νµ

∂
=
∂

 

is established for xµ  covariant components of a tensor satisfying Binary law of 
the first rank. 

Proof: When all coordinate systems satisfy Binary Law, I get 

xx x
x

ν

µ νµ

∂
=
∂

                         (34) 

from Definition 16. Because (34) accords in Definition 16, the covariant com-
ponents of a tensor of the first rank are equivalent with covariant components of 
a tensor satisfying Binary law of the first rank. 

-End Proof- 
Proposition 11 When all coordinate systems satisfy Binary Law, 

x xx x x
x x

µ ν
µν νµ νµ

ν µ

∂ ∂
= =
∂ ∂

 is established for xµν  contravariant components of a 

tensor satisfying Binary law of the second rank. 
Proof: When all coordinate systems satisfy Binary Law, I get 
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x x xx x x
x x x

µ ν µ
µν νν νν

ν ν ν

∂ ∂ ∂
= =
∂ ∂ ∂

                  (35) 

from Definition 17. xµν  isn’t contravariant components of a tensor satisfying 
Binary law of the second rank than (35). This is a problem. The dummy index has 
an invariable property for consideration of Binary Law. In other words, the in-
dex which was dummy index in Definition 17 is dummy index in (35). Therefore,  

I rewrite dummy index ν  in 
x x
x

ν
νν

ν

∂
∂

 of (35) in µ  and get 

x xx x x
x x

µ ν
µν νµ νµ

ν µ

∂ ∂
= =
∂ ∂

.                    (36) 

The kind of the optional dummy index is only two kinds of ,ν µ  in consider-
ation of Definition 6 here. A problem in (35) is solved in (36). If I assume estab-
lishment of 

( ), Falsex x x xµν µ νµ ν
µ ν= = .                  (37) 

I get 

( )Falsex xx x x
x x

µ ν
µ ν ν
µ ν νν µ

∂ ∂
= =
∂ ∂

                  (38) 

from (36), (37). I get 

( )Falsex xµ µ
µ µ=                        (39) 

from (31), (38). Because (39) isn’t established, 

,x x x xµν µ νµ ν
µ ν= =                        (40) 

is established. 
-End Proof- 
Proposition 12 When all coordinate systems satisfy Binary Law, 

x xx x x
x x

ν µ

µν νµ νµµ ν

∂ ∂
= =
∂ ∂

 is established for xµν  covariant components of a ten-

sor satisfying Binary law of the second rank. 
Proof: When all coordinate systems satisfy Binary Law, I get 

x x xx x x
x x x

ν ν ν

µν νν ννµ ν µ

∂ ∂ ∂
= =
∂ ∂ ∂

                   (41) 

from Definition 18. xµν  isn’t covariant components of a tensor satisfying Bi-
nary law of the second rank than (41). This is a problem. The dummy index has 
an invariable property for consideration of Binary Law. In other words, the in-
dex which was dummy index in Definition 18 is dummy index in (41). Therefore,  

I rewrite dummy index ν  in 
x x
x

ν

ννν

∂
∂

 of (41) in µ  and get 

x xx x x
x x

ν µ

µν νµ νµµ ν

∂ ∂
= =
∂ ∂

.                    (42) 

The kind of the optional dummy index is only two kinds of ,ν µ  in consider-
ation of Definition 6 here. A problem in (41) is solved in (42). If I assume estab-
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lishment of 

( ), Falsex x x xν µ
µν ν νµ µ= = .                  (43) 

I get 

( )Falsex xx x x
x x

ν µ
ν µ µ
ν µ µµ ν

∂ ∂
= =
∂ ∂

                 (44) 

from (42), (43). I get 

( )Falsex xµ µ
µ µ=                       (45) 

from (31), (44). Because (45) isn’t established, 

,x x x xν µ
µν ν νµ µ= =                       (46) 

is established. I rewrite (42) by consideration of ; ;,x x x xµν µ ν νµ ν µ→ → , (9), 
µ ν−  inversion form of (9) and get 

x x xx x
x x x x x

ν µ
µ ν ν
ν µ ν µ µ

∂  ∂ ∂∂ ∂    = =     ∂ ∂ ∂ ∂ ∂    
.                 (47) 

I rewrite (46) by consideration of ;
; ,x x x xν ν

µν µ ν ν ν→ → , (9), µ ν−  inversion 
form of (6) and get 

1
2

x x gx
xx x

µν
µ ν

µν ν
ν

∂   ∂ ∂
= −   ∂∂ ∂  

.                  (48) 

-End Proof- 
Proposition 13 When all coordinate systems satisfy Binary Law,  

x xx x
x x

µ µ
µ ν
ν µν ν

∂ ∂
=
∂ ∂

 is established for xµ
ν  components of the mixed tensor satis-

fying Binary law of the second rank. 
Proof: When all coordinate systems satisfy Binary Law, I get 

x x xx x x
x x x

µ ν µ
µ ν ν
ν ν νν ν ν

∂ ∂ ∂
= =
∂ ∂ ∂

                   (49) 

from Definition 19. xµ
ν  isn’t components of the mixed tensor satisfying Binary 

law of the second rank than (49). This is a problem. The dummy index has an 
invariable property for consideration of Binary Law. In other words, the index 
which was dummy index in Definition 19 is dummy index in (49). Therefore, I  

rewrite dummy index ν  in 
x x
x

ν
ν
νν

∂
∂

 of (49) in µ  and get 

x xx x
x x

µ µ
µ ν
ν µν ν

∂ ∂
=
∂ ∂

.                        (50) 

The kind of the optional dummy index is only two kinds of ,ν µ  in consider-
ation of Definition 6 here. A problem in (49) is solved in (50). I rewrite (50) by 
consideration of ; ;,x x x xµ µ ν ν

ν ν µ µ→ → , (16), µ ν−  inversion form of (16) and 
get 

x x x x
x x x x

µ µ µ ν

ν ν ν µ

   ∂ ∂ ∂ ∂
=   

∂ ∂ ∂ ∂   
.                    (51) 
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-End Proof- 
Proposition 14 When all coordinate systems satisfy Binary Law,  

x x x xx x x
x x x x

µ ν ν ν
µ ν ν
νν µµ µµν µ µ µ

∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂

 is established for xµ
νν  components of the 

mixed tensor satisfying Binary law of the third rank of the second rank covariant 
in the first rank contravariant. 

Proof: When all coordinate systems satisfy Binary Law, I get 

x x x xx x x
x x x x

µ ν ν µ
µ ν ν
νν νν ννν ν ν ν

∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂

                 (52) 

from Definition 20. xµ
νν  isn’t components of the mixed tensor satisfying Binary 

law of the third rank of the second rank covariant in the first rank contravariant 
than (52). This is a problem. The dummy index has an invariable property for 
consideration of Binary Law. 

In other words, the index which was dummy index in Definition 20 is dummy 

index in (52). Therefore, I rewrite dummy index ν  in 
x x x
x x

ν ν
ν
ννν ν

∂ ∂
∂ ∂

 of (52) in 

µ  and get 

x x xx x
x x x

µ µ µ
µ ν
νν µµν ν ν

∂ ∂ ∂
=
∂ ∂ ∂

.                      (53) 

The kind of the optional dummy index is only two kinds of ,ν µ  in consider-
ation of Definition 6 here. A problem in (52) is solved in (53). If I assume estab-
lishment of 

( )Falsex x x xx x x
x x x x

µ ν ν ν
µ ν ν
νν µµ µµν µ µ µ

∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂

.             (54) 

I get 

( )Falsex x x x x xx x
x x x x x x

µ µ µ µ ν ν
ν ν
µµ µµν ν ν ν µ µ

∂ ∂ ∂ ∂ ∂ ∂
=

∂ ∂ ∂ ∂ ∂ ∂
            (55) 

from (53), (54). I rewrite the right side of (55) using Definition 4, Definition 5 
and get 

( )
( )

( )
( )

( )False .

x xx x x xx x
x x x x x x

x x x x
x x x

µ µµ µ µ µ
ν ν
µµ µµν ν ν ν ν ν

µ µ µ
ν
µµν ν ν

∂ − ∂ −∂ ∂ ∂ ∂
=

∂ ∂ ∂ ∂ ∂ − ∂ −

∂ ∂ ∂
=
∂ ∂ ∂

            (56) 

Because (56) isn’t established, 

x x x xx x x
x x x x

µ ν ν ν
µ ν ν
νν µµ µµν µ µ µ

∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂

               (57) 

is established. If I assume establishment of 

( ), Falsex x x xµ ν
νν µ µµ ν= = .                 (58) 

I get 

( )Falsexx x
x

ν

µ νµ

∂
=
∂

                    (59) 
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from (57), (58). I get 

( )Falsex xµ µ=                      (60) 

from (34), (59). Because (60) isn’t established, 

,x x x xµ ν
νν µ µµ ν= =                      (61) 

is established. I rewrite (57) by consideration of ; ; ; ;,x x x xµ µ ν ν
νν ν ν µµ µ µ→ → , (23), 

µ ν−  inversion form of (23) and get 
2 2 2x x x x x x x

x x x x x x x x x x

µ µ ν ν ν ν ν

ν ν ν µ µ µ µ µ µ µ

∂ ∂ ∂ ∂ ∂ ∂ ∂
= =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
.            (62) 

I rewrite (61) by consideration of ; ;x xµ µ
νν ν ν→ , (23) and get 
2 x x

x x

µ

µν ν

∂
=

∂ ∂
.                         (63) 

-End Proof- 
Proposition 15 When all coordinate systems satisfy Binary Law,  

x x x xx x x
x x x x

µ µ ν ν
µ ν ν
ννν µµµ µµµν ν µ µ

∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂

 is established for xµ
ννν  components of the 

mixed tensor satisfying Binary law of the fourth rank of the third rank covariant 
in the first rank contravariant. 

Proof: When all coordinate systems satisfy Binary Law, I get 

x x x x xx x x
x x x x x

µ ν ν ν µ
µ ν ν
ννν ννν νννν ν ν ν ν

∂ ∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂ ∂

.              (64) 

from Definition 21. xµ
ννν  isn’t components of the mixed tensor satisfying Binary 

law of the fourth rank of the third rank covariant in the first rank contravariant 
than (64). This is a problem. The dummy index has an invariable property for 
consideration of Binary Law. 

In other words, the index which was dummy index in Definition 21 is dummy 

index in (64). Therefore, I rewrite dummy index ν  in 
x x x x
x x x

ν ν ν
ν
νννν ν ν

∂ ∂ ∂
∂ ∂ ∂

 of 

(64) in µ  and get 

x x x xx x
x x x x

µ µ µ µ
µ ν
ννν µµµν ν ν ν

∂ ∂ ∂ ∂
=
∂ ∂ ∂ ∂

.                   (65) 

The kind of the optional dummy index is only two kinds of ,ν µ  in consider-
ation of Definition 6 here. A problem in (64) is solved in (65). If I assume estab-
lishment of 

( )Falsex x x xx x x
x x x x

µ µ ν ν
µ ν ν
ννν µµµ µµµν ν µ µ

∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂

.           (66) 

I get 

( )Falsex x x x x x x xx x
x x x x x x x x

µ µ µ µ µ µ ν ν
ν ν
µµµ µµµν ν ν ν ν ν µ µ

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
=

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
        (67) 

from (65), (66). I rewrite the right side of (67) using Definition 4, Definition 5 
and get 
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( )
( )

( )
( )

( )False .

x xx x x x x xx x
x x x x x x x x

x x x x x
x x x x

µ µµ µ µ µ µ µ
ν ν
µµµ µµµν ν ν ν ν ν ν ν

µ µ µ µ
ν
µµµν ν ν ν

∂ − ∂ −∂ ∂ ∂ ∂ ∂ ∂
=

∂ ∂ ∂ ∂ ∂ ∂ ∂ − ∂ −

∂ ∂ ∂ ∂
=
∂ ∂ ∂ ∂

        (68) 

Because (68) isn’t established, 

x x x xx x x
x x x x

µ µ ν ν
µ ν ν
ννν µµµ µµµν ν µ µ

∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂

                 (69) 

is established. If I assume establishment of 

( ), Falsex x x xµ ν
ννν µν µµµ νµ= = .                  (70) 

I get 

( )Falsex x x xx x x
x x x x

µ µ ν ν

µν νµ νµν ν µ µ

∂ ∂ ∂ ∂
= =
∂ ∂ ∂ ∂

              (71) 

from (69), (70). I get 

( )Falsex xµν µν=                         (72) 

from (42), (71). Because (72) isn’t established, 

,x x x xµ ν
ννν µν µµµ νµ= =                        (73) 

is established. I get 

,x x x x x xµ ν ν µ
ννν µν ν µµµ νµ µ= = = =                   (74) 

from (46), (73). I rewrite (69) by consideration of ; ; ;x xµ µ
ννν ν ν ν→ , ; ; ;x xν ν

µµµ µ µ µ→ , 
(30), µ ν−  inversion form of (30) and get 

3 3 3x x x x x x x
x x x x x x x x x x x x x

µ µ µ ν ν ν ν

ν ν ν ν ν µ µ µ µ µ µ µ µ

∂ ∂ ∂ ∂ ∂ ∂ ∂
= =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
.         (75) 

I rewrite (74) by consideration of ;
; ; ; ;, ,x x x x x xµ µ ν ν

ννν ν ν ν µν µ ν ν ν→ → → , (9), (30), 
µ ν−  inversion form of (6) and get 

3 1
2

x xx gx
xx x x x x

µ µν
µ ν

µν ν ν ν ν
ν

∂   ∂∂ ∂
= = −   ∂∂ ∂ ∂ ∂ ∂  

.               (76) 

I get 
3 1

2
x xx gx M

xx x x x x

µ µν
µ ν

µν ν ν ν ν
ν

∂   ∂∂ ∂
= = − =   ∂∂ ∂ ∂ ∂ ∂  

            (77) 

from (76), Definition 8. 
-End Proof- 

6. Discussion 

About Proposition 8 
Because (31) accords in Definition 14, components of a tensor of rank zero 

accord in components of a tensor satisfying Binary law of rank zero. 
About Proposition 9 
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Because (33) accords in Definition 15, contravariant components of a tensor 
of the first rank accord in contravariant components of a tensor satisfying Bi-
nary law of the first rank. 

About Proposition 10 
Because (34) accords in Definision16, covariant components of a tensor of the 

first rank accord in covariant components of a tensor satisfying Binary law of the 
first rank. 

About Proposition 13 
I get 

[ ] [ ] [ ]
[ ]

1 1
11

11 1 1

x xx x
x x
∂ ∂

=
∂ ∂

, [ ] [ ] [ ]
[ ]

1 1
21

12 2 2

x xx x
x x
∂ ∂

=
∂ ∂

, 

[ ] [ ] [ ]
[ ]

2 2
12

21 1 1

x xx x
x x
∂ ∂

=
∂ ∂

, [ ] [ ] [ ]
[ ]

2 2
22

22 2 2

x xx x
x x
∂ ∂

=
∂ ∂

 

from (50) if I assume a dimensional number 2. 
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