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Abstract 
The study utilized continuous wavelet to explore the co-movement of equities 
of four countries: France, Germany, the UK and the US. The daily data were 
extracted from January 2000 to May 2020 but converted to weekly data to 
limit the computational burden. The paper established co-movement among 
the four equity markets. However, the strength of the co-movement varies 
across time horizons. Similarly, higher co-movement was found in the long 
run than in the short run. Regional differences were also established, with the 
European equity markets exhibiting similar dynamics with their US counter-
part. 
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1. Introduction 

The equity market is viewed as an important economic indicator. A considerable 
decline in equity prices is indicative of a future recession, while a massive rise in 
equity prices is suggestive of future economic growth. Despite its predictive 
power, equity prices exhibit volatility and often difficult to predict. However, li-
miting the volatility effect requires understanding the dynamic of risk relative to 
the expected returns of stock market investment [1]. This has spurred interest in 
the risk-return trade-off. However, financial theories emphasise a need to com-
pensate risk-averse investors for additional risk-bearing in the market. Similarly, 
[2] posited that the risk-return relation motivates theoretical models which ex-
plain observed volatility patterns of the equity market. 
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While this underpins the rational asset pricing models, the Capital Asset 
Pricing Model (CAPM) emphasises a positive link between returns and risk in 
the equity market. More so, the Intertemporal Capital Asset Pricing Model 
(ICAPM) emphasises that the conditional expected excess returns on the equity 
market have a positive link with the conditional market volatility [3] [4]. How-
ever, empirical studies on the risk-return trade-off have been mixed. [5] estab-
lished a negative link between risk and returns. In contrast, [6] established a 
positive link between risk and return. Additionally, a group of studies contended 
that the increasing globalisation of financial architecture has a substantial impact 
on the risk-return trade-off. 

This financial globalisation enables the ease of investment diversification from a 
risky environment to a lesser risky environment. This often leads to co-movement 
in the equity market based on the risk and returns in different markets. This co- 
movement assists in the international diversification of investments and the flight- 
to-quality for investors during financial crises. Despite its significance, empirical 
studies on the co-movement of equity markets largely utilised time series analy-
sis. However, time series analysis has some drawbacks. [7] argued that the equity 
market comprises heterogeneous trading agents with divergent investment ho-
rizons. While this might trigger a complex dynamic of equity prices at different 
periods, [8] claimed that this might propagate a long memory in stock return 
volatility. 

Similarly, financial markets involve heterogeneous investors with different 
investment horizons. [9] contended that risk-return trade-off is likely to be de-
pendent on the investment horizons of investors. With the inability of time- 
domain analysis to address these issues, some studies adopted Fourier analysis to 
mitigate these problems. However, Fourier analysis requires stable statistical 
properties to be appropriate for time series analysis, suggesting that it is suitable 
for the stationary time series. [10] posited that financial time series are typically 
non-stationary and exhibit complicated patterns, such as structural changes and 
volatility clustering. Similarly, time information is lost with Fourier analysis and 
would be difficult to distinguish transient relationship from a permanent one. 
Additionally, the loss of time information could hinder the opportunity to iden-
tify structural changes. 

Wavelet analysis refines Fourier analysis and offers a window of opportunity 
to see both the forest and the trees [11]. In wavelet analysis, the level of localisa-
tion is automatically adapted in time and frequency with only a narrow time- 
window required to examine high-frequency but allowing a wide time-window 
during the investigation of low-frequency components [12]. With the co-movement 
analysis accounting for the distinction between short- and long-term investors 
[13], this study used wavelet analysis to evaluate the co-movement of stock market 
returns in different countries. This offers opportunities to evaluate co-movement 
across timescale and explores the dynamics of different markets that are hidden 
in time series analysis. 
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2. Literature Review 

There is a huge body of literature exploring the risk-return relationship. While 
the studies used various models, they explored this link from multiple perspec-
tives. For instance, [14] used the risk and stock returns to evaluate the spillover 
effects between the stock market and global oil prices. The study found that the 
spillover is linked to shocks rather than volatility. [15] adopted the binormal 
GARCH model to risk-return tradeoff and established a positive risk-return link 
in eleven of the fourteen markets evaluated. [16] also explored the risk-return 
tradeoff and found a positive risk-return tradeoff for low volatility states. How-
ever, it established reduced or non-significant findings for high volatility states. 
[6] also utilised a model that allows the evolution of the relevance of the risk- 
return tradeoff and autocorrelation to explore the link between the aggregate 
stock return’s conditional mean and variance. Although the study reported a posi-
tive link between risk and return, the significance of the risk-return link fluc-
tuates with the information-flow level. Specifically, the study established increases 
in market-wide persistence returns during the low-volatility period. 

Similarly, [17] applied the fractionally integrated exponential GARCH-in-mean 
(FIEGARCH-M) model to investigate the effect of financial crises on the leve-
rage effect and risk-return tradeoff. While the study established a significant posi-
tive risk-return tradeoff during financial crises, this was insignificant during non- 
crisis periods. However, the leverage effect was negative during crisis and non- 
crisis periods but increased by approximately 50% in magnitude during crisis 
periods. [18] investigated the intertemporal risk-return link using the non-pa- 
rametric Bry-Boschan approach. The study revealed a significantly positive risk- 
return link in bull markets but a negative link in bear markets. While [19] uti-
lised a TSV-GARCH (p,q)-Risk-Mean model to evaluate the link between stock 
market risk and return premium, the study established four stock market dis-
plays of dynamic processes. Furthermore, [20] examined the risk-return tradeoff 
and found a strong time-varying risk-return tradeoff. 

While studies exploring the risk-return relationship typically utilised the time- 
domain analysis, they require stationary time series. However, economic and fi-
nancial time series are typically non-stationary. The time-domain analysis fo-
cuses on the time dimension of a series and limits the exploration of the fre-
quency dynamics. Wavelet provides the opportunity to see the hidden dynamics 
in such a series. 

3. Methodology 

Although this paper utilised wavelet analysis, Fourier analysis serves as a foun-
dation for wavelet analysis. The Fourier series is a vital component of the Fourier 
analysis and emphasises that any periodic function can be written as an infinite sum 
of sine and cosine functions. The Fourier representation of a square-integrable 
function [ ]2 ,g L∈ −π π 1 is given by 

 

 

1g belongs to the square-integrable function space [ ]2 ,L −π π  if ( )2 dg x x
−

π

π
< ∞∫ . 
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( ) ( ) ( )( )0
1

1 cos sin
2 n n

n
g x a a nx b nx

∞

=

= + +∑               (1) 

where na  and nb  represent Fourier coefficients of ( )g x . Based on the or-
thogonality of sine and cosine functions, na  and nb  are expressed as 

( ) ( )1 cos dna g x nx x
π

π−π
= ∫                     (2) 

( ) ( )1 sin dnb g x nx x
π

π−π
= ∫                     (3) 

The Fourier transform ( )X ω  of a complex-valued, continuous signal ( )x t  
is given by 

( ) ( )e di tX x t tωω
∞

−∞
= ∫                       (4) 

with the angular frequency 2 fω = π  and f is the frequency in Hertz. However, 
the Fourier transform lacks local information and only allows the evaluation of a 
signal in the frequency domain [21]. It is often important to investigate a signal 
in both frequency and time domains. A wavelet analysis augments the Fourier 
analysis by localising small-windowed basis functions in time and scale and 
enabling them to capture non-stationary and aperiodic signals. Wavelets func-
tions are defined over a finite domain and offer a suitable way of representing a 
complex signal and decomposing data into various frequency components for 
individual analysis. A wavelet function ,sτψ  is a function generated from dila-
tions and translations of a basis function ψ  called mother wavelet: 

,
1 , , , 0s

t s s
ss

τ
τψ ψ τ− = ∈ ≠ 

 
                  (5) 

where τ  is the scaling parameter measuring the extent of compression or scale2, 
and s is the translation parameter determining the time location of the wavelet. 
The function ( ),s tτψ  must satisfy some conditions to be considered a wavelet3. 
The continuous wavelet transforms of a time-series ( )2

tx L∈   concerning the 
wavelet function is defined by 

( ) *
, ,

1, , dx s t
tW s x x t

ss
ψ τ

ττ ψ ψ
∞

−∞

− = =  
 ∫             (6) 

with the * representing the complex conjugate. Although there are various types 
of wavelet, the Morlet wavelet is commonly used due to its optimal joint time- 
frequency concentration [23]. The Morlet wavelet is a complex wavelet that yields 
complex transforms and it is defined by 

2

0
0

1
4 2e e

t
i tω

ωψ
− −

π=                        (7) 

with 0ω  being the localisation parameter in the frequency domain. With the 

 

 

2With 1s < , the wavelet ( ),s tτψ  becomes smaller and corresponds mainly to higher frequencies. 

But with 1s > , the wavelet ( ),s tτψ  becomes larger and corresponds mainly to lower frequencies. 
3See [22] for details. 
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Euler’s relations, 0
0 0e cos sini t t i tω ω ω= + , Equation (7) becomes: 

( )
2

0

1
4 2

0 0cos sin e
t

t i tωψ ω ω
− −

π= +                  (8) 

The choice of 0 6ω = , resulting in 6 1
2

f
s sπ

= ≈ , is the commonest choice,  

and this yields some appealing results4. While this paper utilised continuous 
wavelet to detect hidden information in the traditional time domain, it used four 
continuous wavelet tools. The first tool is the wavelet-power spectrum or scalo-
gram ( ),xWPS sτ  which measures the local variance of the time-series, ( )x t , 
in the time-frequency domain. It is defined by 

( ) ( ) 2
,, ,x xWPS s W sφτ τ=                     (9) 

The wavelet-power spectrum is used to highlight the variability of equity re-
turns in each of the countries in the sample. While wavelet coherency is the 
second tool used in the study, it is analogous to covariance. It is used to detect 
and measure the relationship between two variables. The wavelet coherency be-
tween two series, ( )x t  and ( )y t  is computed as 

( )( )

( ) ( )( ),

,

,

xy
xy

xx s yy

S W s
R

S W S W sτ

τ

τ
=                  (10) 

where xW  and yW  represent the wavelet transform of x and y, respectively; 
( ),xyW sτ  represents the cross-wavelet power of ( )x t  and ( )y t ; ( ),xxW sτ  

and ( ),yyW sτ  represent the wavelet power of ( )x t  and ( )y t , respectively; S 
signifies a smoothing operator in time and scale. In the paper, the degree of co-
herency between stock returns of two countries is evaluated, with the coherency 
considered for the typical business cycle band: fluctuations lasting for more than 
two years but less than eight years. The wavelet phase-difference is the third tool 
used, and it identified the lead and the lag variables between two variables under 
considerations. The phase-difference ( ), ,x y sφ τ  between two series x and y is 
calculated from both the imaginary ( ).ℑ  and the real part ( ).ℜ  of the cross- 
wavelet transform. It is expressed in radians with possible values,  

( ) [ ], , ,x y sφ τ ∈ −π π , and calculated as5 

( )
( )( )
( )( ),

,
, arctan

,
xy

x y
xy

W s
s

W s

τ
φ τ

τ

 ℑ
 =
 ℜ 

                (11) 

 

 

4See [24] for a detailed description. 

5 ( ), ,
2x y sφ τ −

− < ≤
π

π  implies that x and y are anti-phase with x leading. ( ), , 0
2 x y sφ τ−π
≤ <  implies 

that x and y are in-phase with y leading. ( ),0 ,
2x y sφ τ ≤
π

<  implies that x and y are in-phase with x 

leading. ( ), ,
2 x y sφ τπ
≤ < π  implies that x and y are anti-phase with y leading. At the margin, 

( ), , 0x y sφ τ =  implies that the series are totally in-phase while ( ), ,x y sφ τ π=  implies the series are 
totally anti-phase. 
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The increasing integration of equity market [25] has seen the impact of one 
market on another. In evaluating the co-movement between two equity markets, 
this study used a fourth continuous wavelet tool—partial wavelet coherency—to 
evaluate the link between two markets after eliminating the effects of other mar-
kets. The complex partial wavelet coherency between x and y after eliminating 
the effect of z is given by 

( )( )
.

2 2
.

1 1

xy xz yz
xy z

xz yzR R

ρ ρ ρ
ρ

−
=

− −
                   (12) 

The partial wavelet coherency .xy zR  of x and y after eliminating the effect of z 
is the absolute value of the complex partial wavelet coherency. Similarly, the par-
tial phase-difference .xy zφ  of x over y is the phase-angle of .xy zρ 6. 

4. Data and Empirical Results 

The data consists of equity market indexes in four countries. These countries in-
clude three European countries—France, Germany and the UK and one in North 
America—the USA. These countries were chosen due to their financial market 
size and similar market architecture. The data was downloaded from Datastream 
website7. Daily equity index data was used for each country and covered the pe-
riod January 2000 to May 2020. However, the data was converted to weekly data 
to reduce the computational burden. Table 1 provides descriptive statistics for 
equity indexes for sampled countries. 

Germany and the USA recorded the maximum (13,699.48) and minimum 
(695.19) weekly stock returns, respectively. While the mean index hovers be-
tween 1603.09 and 7525.42, the USA registered the lowest mean index while 
Germany had the highest mean. The UK FTSE 100 exhibited the highest varia-
bility, as shown with a variance of 1,028,867.91. However, USA S & P 500 exhi-
bited the lowest volatility. All indexes, except UK FTSE 100, are positively skewed 
based on their positive skewness values. This implies that they are associated 
with long-right tails and comprised higher values around their means. Similarly, 
all indexes are platykurtic, with Kurtosis lower than 3. This implies that they 
have fewer outliers and thinner tails than a normal distribution. 

Figure 1 presents the wavelet power spectrum for equity indexes for four  
 

Table 1. Descriptive statistics. 

Country Observations Minimum Maximum Mean Variance Skewness Kurtosis 

France 1065 2540.96 6822.74 4453.57 855,181.23 0.20 −0.80 

Germany 1065 2318.96 13699.48 7525.42 8,524,529.93 0.42 −0.93 

UK 1065 3452.91 7794.426 5894.22 1,028,867.91 −0.27 −0.71 

USA 1065 695.19 3368.68 1603.09 376,897.69 0.98 −0.12 

 

 

6See [24] for the general formula for n variables. 
7The following indexes are used to represent each country: France CAC 40, Germany DAX, UK 
FTSE 100 and US S & P 500. 
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Figure 1. Equity indexes and their wavelet power spectra. 
 

countries in our sample. The power spectrum is akin to present the descriptive 
statics in the time-frequency domain. The horizontal axis represents the time 
horizon for the series, while the vertical axis shows the period. With the inverse 
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relationship between the period and frequency, a low period corresponds to high 
frequency while a high period reflects low frequency. Similarly, the black conical 
line is the cone of influence (COI) and represents the region where edge effects 
are essential. This is the region where unavoidable artefacts appear when ex-
ecuting the continuous wavelet transform. The results are very unreliable outside 
this line and must be interpreted with a caution (See [24] for more details.. With 
the wavelet-power spectrum measuring the local variance, the variability level is 
differentiated by a colour spectrum. The colour spectrum spans blue, which sig-
nifies low variability, while red indicates high variability. While the white lines in 
power spectra signify local maxima, the black and grey contours signify 5% and 
10%, respectively. The high variability is experienced as from 1.5 years for all the 
countries. The high variability is visible in the three European countries, imply-
ing that stock market indices experienced huge swings. While it is shown be-
tween 2004 and 2014 in France and the UK, it extended until 2016 in Germany. 

The high synchronised variability in three European countries explains the 
steady increasing convergence in the European equity market. Similarly, high 
volatility explains the volatile nature of the European equity market. In particu-
lar, it reflected the various shocks within this period, culminating in the global 
financial crisis of 2007/2018 and the European financial crisis of 2010. Addition-
ally, the Euro adoption in the Eurozone resulted in the convergence of the equity 
market in the zone and synchronisation with the non-Eurozone country, the 
UK. In contrast, the US equity market exhibited a different dynamic compared 
to the other three countries—France, Germany and the UK. Although the S & P 
500 index showed some level of variability, it is more stable than the other three 
indices, except around 2014. 

Figure 2 shows the wavelet coherency and phase difference between France 
and the other three countries in the sample. While the interpretation of the 
wavelet coherency is similar to that of the wavelet power spectrum, the latter fo-
cused on the variance of a series while the former emphasised variance of the re-
lationship between two series across timescale. Although the regions of high co-
herency vary across countries, there are many regions of high coherency be-
tween France and these countries. The coherency between France and Germany 
is statistically significant in almost all regions. While the same applies to the co-
herency between France and the UK, the level of coherency is relatively weak 
between 2013 and 2018 and within six months and a four-year period. In con-
trast, the high coherency between France and the USA covers limited regions, 
which essentially covers the period 2002 and 2014. Despite the varying coheren-
cy regions, Figure 2 shows that France mostly leads all three countries within 
the lower periods (2 - 4 years) between 2002 and 2014 in phase relation. The 
phase relationship implies that two stock market indices follow the same direc-
tion. With France being the leading market in this relation, it suggests that it fa-
cilitates the market dynamics. Precisely, an increase in CAC 40 index will propel 
an increase in other indices, while a decline in CAC 40 index will cause a decline  

https://doi.org/10.4236/jmf.2021.114035


R. A. Bello 
 

 

DOI: 10.4236/jmf.2021.114035 659 Journal of Mathematical Finance 
 

 
Figure 2. Wavelet coherency between France and other countries. 
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in other indices. Within this period, the phase difference lies between 0 and 
2
π . 

However, France lags other countries afterwards, implying that the other three 
indices drive the CAC 40 direction. 

There is a contrasting scenario in the higher periods (4 - 8 years) compared to 
the lower periods (2 - 4 years). While lower periods represent the short-run dy-
namics, higher periods signify the long-run dynamics. In higher periods, France 
lags other countries in phase relations, with the phase difference lying between 0  

and 
2
π . Although France and Germany exhibited these relationships between  

2002 and 2014, France and the UK exhibited anti-phase relations in the entire 
sample space. An anti-phase relation shows that the two indices move in differ-
ent directions. Specifically, increases in France CAC 400 will lead to decreases in 
the UK FTSE 100 and vice versa. While the relationship between France and the 
USA reflected the same, it only lasted until 2014. 

Figure 3 shows the wavelet coherency and phase difference between Germany 
and two other countries—the UK and the USA. The region of high coherency 
mimics that exhibited between France and other countries. Essentially, it covers 
various regions from three months. Prior to this period, there was a lot of noise 
in the coherency. However, the coherency between Germany and the UK covers 
a bigger region than the one between Germany and the USA. The relation in 
lower periods (2 - 4 years) is essentially an anti-phase relation, but they exhibited 
a mixed relationship in higher periods (4 - 8 years). In lower periods, Germany 
lags the UK in an anti-phase relation between 2002 till the end of the sample  

period, with the phase difference lying between 
2

−
π  and 0. However, Germany  

and the USA have a mixed relationship in lower periods. The USA led Germany 
in an anti-phase relation between 2002 and 2005, but both countries’ equity in-
dexes synchronised between 2006 and 2012, with the phase difference of 0. The 
relationship reverted to an anti-phase relation after 2012, with the USA leading. 
The dynamic in lower periods repeat itself in higher periods. Like lower periods, 
the UK leads Germany in an anti-phase relation. On the other hand, the USA 
leads Germany in an anti-phase relation between 2002 and 2012, while Germany 
leads in a phase relation afterwards. 

Figure 4 shows the wavelet coherency and the phase difference between the 
UK and the USA. The UK leads the USA in a phase relation after 2004 in the 
lower periodic band (2 - 4). However, the USA leads the UK in a phase relation 
in the higher periodic band (4 - 8) before the financial crisis of 2007/2008, with  

the phase difference lying between 
2

−
π  and 0. However, the UK leads the US 

after the financial crisis in a phase relation, with the phase difference lying be-

tween 0 and 
2
π . 

Although the wavelet coherency is between a pair of countries, the increasing 
integration of global financial architecture requires eliminating the effect of other  
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Figure 3. Wavelet coherency between Germany and other countries. 
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Figure 4. Wavelet coherency between the UK and the USA. 
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countries in the coherency between the two countries. Figure 5 shows the partial 
coherency between France and each country after eliminating the effects of other 
countries. One noticeable feature of partial coherency is that the regions of 
higher coherency reduced after eliminating the effects of other countries. This 
suggests that the wavelet coherency reflects the increasing globalisation of finan-
cial markets. There will be reduced coherency between two financial markets, as 
shown by the partial wavelet coherency, without such a globalised financial 
market. The partial coherence in the lower periods (2 - 4 years) shows that Ger-
many leads France in a phase relation between 2010 and 2016. However, France 
and the UK synchronised with the phase difference lying at zero between 2006 
and 2012. While there is synchronisation in the lower periods between France 
and the UK, this occurred in dispersed small islands of regions. However, there 
was synchronisation between France and Germany and France and the UK in 
higher periods (4 - 8 years) between 2004 and 2016. In contrast, France and the 
US exhibited an anti-phase relation in higher periods between 2004 and 2016, 
with France leading. 

Figure 6 shows the partial wavelet coherency between Germany and two oth-
er countries—the UK and the US. The partial wavelet coherency between Ger-
many and these two countries departs from the previous wavelet coherency be-
tween Germany and these countries. After controlling for the effects of other 
countries, the wavelet partial coherency showed that Germany and the UK are in 
phase relation between 2002 and 2004 and 2011 and 2016 in the lower periods (2 
- 4 years). In the same lower periods, Germany and the US synchronised be-
tween 2003 and 2007 and between 2014 and 2016. However, most of the time, 
Germany and the UK exhibited an anti-phase relation in higher periods (4 - 8 
years). They synchronised between 2005 and 2016, with the phase difference ly-
ing at zero. 

Figure 7 shows the partial wavelet coherency between the UK and the USA. 
In the lower periods (2 - 4 years), UK synchronised with the USA until 2005 be-
fore it evolved into a phase relation with the USA leading. However, the two 
countries were in phase relation in higher periods (4 - 8 years) with the UK 
leading in the relation. 

The wavelet coherency and the partial wavelet coherency were used to eva-
luate the link between the equity indexes of the two countries. However, the par-
tial wavelet coherency offers a better perspective on the dynamics of equity 
markets in two countries as it removes the effect of other countries. Apart from a 
few exceptional cases, the partial wavelet coherency shows either synchronisa-
tion or phase relation between two markets. In the case of synchronisation, the 
phase difference lies at zero. This implies both equity market increases or de-
creases at the same time. While the phase relation shows that two markets evolve 
in the same direction, the equity market in one country triggers this relation. 
The implication of this result is that there is a huge co-movement in the four 
markets. However, there is a higher co-movement in the higher periods than in 
the lower periods. 
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Figure 5. Partial wavelet coherency between France and other countries. 
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Figure 6. Partial wavelet coherency between Germany and UK and US. 
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Figure 7. Partial wavelet coherency between UK and USA. 
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This suggests that the four markets co-move in the long run. This is expected 
considering the market size and their influence in the respective geographical 
locations. The four markets capitalise on the quality of their economies, as they 
typically enjoy a flight-to-quality from investors from weaker economies. This 
result corroborates the findings of [26] who established stronger co-movement 
at lower frequencies (higher periods), and this increases during the turbulent pe-
riod of the last global financial crisis of 2007/2008. Such co-movement was 
equally established during the Eurozone crisis. Similarly, the result aligns with 
[27] who established that co-movement is frequency-dependent and affirmed a 
stronger co-movement at lower frequencies. 

The long-run higher co-movement in the four markets reignites the debate 
about the effectiveness of portfolio diversification strategy across different mar-
kets. Portfolio diversification helps to minimise the overall risk of the portfolio. 
Diversification strategy across these four markets might not be effective since the 
four markets have phase relations in the long run. This implies that a decrease in 
one market will lead to a resultant decline in other markets, maximising the 
overall risk of the portfolio. Although [28] established the benefits of investing 
across countries, they found that gains from cross country portfolio diversifica-
tion are large for high-risk countries. However, the four countries utilised in this 
study are relatively low-risk countries. 

5. Conclusion 

The study used continuous wavelet tools to evaluate the co-movement of market 
returns in four countries. The paper utilised the market indexes in these four 
countries and used four wavelet tools—wavelet spectrum, wavelet coherency, 
partial wavelet-coherency and phase difference—to evaluate the co-movement. 
While the wavelet coherency explored the link between equity markets in two 
countries, the link did not disentangle the effect of other countries. The partial 
wavelet coherency was used to remove the effects of other countries in the link 
and the study found co-movement among equity indexes in the four countries. 
However, market co-movement is dependent on the investment horizon. The 
paper particularly established higher co-movement in the long run, suggesting 
that the four markets either synchronise or move in the same direction with one 
market championing the movement in the long run. 
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