/
oo Resmurch
0.00 Publishing

Journal of Mathematical Finance, 2020, 10, 27-34
https://www.scirp.org/journal/jmf

ISSN Online: 2162-2442

ISSN Print: 2162-2434

Application of G-Brown Motion in the Stock

Price

Chuankang Chai

University of Shanghai for Science and Technology, Shanghai, China

Email: 568280557@qq.com

How to cite this paper: Chai, C.K. (2020)
Application of G-Brown Motion in the Stock
Price. Journal of Mathematical Finance, 10,
27-34.
https://doi.org/10.4236/jmf.2020.101003

Received: December 1, 2019
Accepted: December 17, 2019
Published: December 20, 2019

Copyright © 2020 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

Abstract

We use the G-geometric Brownian motion and G-quadratic variation process
to describe the price change of the asset. We prove that American call options
do not pay dividends under G-framework. Finally we can simulate the stock
price under the numerical simulation of G-brown motion and G-quadratic
variation process.
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http://creativecommons.org/licenses/by/4.0/ 1. Introduction

Asset pricing theory is one of the themes of the financial economy. Lévy and
Paras [1] proposed an uncertain volatility model, but the study could not give a
dynamic option price. Peng [2] [3] defines G-expectation and G-Brown motion
to provide a solution to this problem. Describing the theoretical basis of the
option price. Yang and Zhao [4] simulate the G-normal distribution, and study
the numerical simulation of G-Brown motion and the simulation of the second
variation of G-Brown motion, then the finite difference method is given to solve
the G-heat equation. Xu [5] [6] study the European call option price formula and
Girsanov theorem under G-expectation. Wang [7] study the G-Jensen inequality
under G-expectation. Wang [8] study the comparison theorem and Asian option
pricing under G-expectation. Kang [9] study the Brownian motion martingale
representation theorem under G-expectation.

The main purpose of this paper is to introduce the price change of the asset
driven by G-geometric Brown. First we give the martingale property of discount
value under G-framework. We simulate the stock price S (t) . We compare the

stock price under normal B, with the stock price under G- B,. And we give the
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stock price under different G- B,. Then we study the G- <B>t influence on S,

under G-framework.

2. The G-Martingale Property of Discount Value
Definition 1 [2]: B, is G-brown motion, 0=t" <---<t} =t is a division
on [0,t], when ,u( )—> 0, we denote G-quadratic variation process by (B),:

(8),=X 8,

j=0 jH

_R2 t
—Bth) = B; —2joBSst. (1)

Definition 2 [2]: A nonlinear expectation Eg is a function H — R satisfying
the following properties:

1) Monotonicity: If X,Y e H and X =Y then Eg[X]>Eg[Y];

2) Preserving of constants: Eg [c]=¢

3) Sub-additivity Eg[X]-Eg[Y]<Eg[X-Y], VXY e H;

4) Positive homogeneity: E;[AX]=AE;[X], VA20, X eH;

5) Constant translatability: Eg[X +¢]=Eg[X]+c.

Definition 3 [2]: The canonical process B is called a G-Brownian motion
under a nonlinear E_ defined on L?p (F) ifforeach T>0, m=12,-- and
foreach ¢e Iip(Rm), 0<t <t, <--- <t <T, we have

Es [¢(Bt1'Bt2 - Btl’“" BtM - Btm_l ):| :¢m

Lemma 1 [2] [G-It6 formula]: for B, is G-brownian motion, (B)t is quadratic
variation process of G-brownian miton, ¢(t, X) is a function about (t, X) , and

&, ¢y, ¢y arecontinuous function, we have

#(1,B,) M u)du+j:¢;(u,5u)d8u+%js‘¢x"x (u,B,)d(B), .

Lemma 2 [7] [G-Jensen inequality] 4 is a continuous function defined on R.
Then the following two conditions are equivalent:
1) Ais a convex function;
2) For VX el (F),if h(X)e Ly (F), we have
h(Es[X])<Es[h(X)].
Lemma 3 [6] [Girsanov under G-framework]: for H (S, a)) e Mg (O,T ) , if

existing &, >0 and satisfying:

= H%+gojepr‘JH (s,w)d(B)s} <o

we have
®(B,)=exp[ H (s,)dB, ——J' H?(s,0)d(B),,

®(B,) isa symmetrical martingale under E; for Vte [O,T] ,
©(B)e s (%)
In this section, we introduce the American call option, give a G-geometric

Brownian motion asset. And we prove that the American call price is the same as
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the European call price.

Considering a stock whose price process S(t) is given by
dS(t)=rS(t)dt+oS(t)dB,, )
where the interest rate r and the volatility o (o” <o <&°) are positive and

B, isa G-brownian motion.

Now we compute (2) through G-It6 formula, in [5] the result is:

lfio'z <B>I+O'Bt)

S(t) = S(O)e(r : (3)

where S(0) is the stock value at current moment.

Theorem 1: h(x)=(x- K)+ is a nonnegative and convex function, K >0,
h(0)=0. Then the discount value e"h (S (t)) of American option h (S (t)) is
a G-submartingale.

Proof: h(X) isa convex, for 0<A<1 and 0<x <X,,we have

h((1-2)% +2%,) < (1=2)h(x )+ Ah(x,). (4)
h(S(t))=(S(t)- K)+. Taking X =0, X, =X, and using the fact A4(0)=0, we

obtain

h(Ax)< h(x), forallx>0,0<A<1 (5)
for 0<u<t<T,wehave 0<e "™ <1, by (5) and G-expectation property
Ee [e"n(S (1)1 7 (u)]2 B [n(e s (1)1 7 (u) | (6)
According to Lemma 2,
Ee [ (s (1)1 7 (u)]= h(Ee[e s (1)1 F (u)])
=h(e"Es[es ()| F (u)]),
by Lemma 3 we know that e™"S(t) is a G-symmetrical martingale, which implies
h(e"Eg[e S (1) F (u)])=h(S(u)). (8)
So we conclude that

Es[e"h(s(1)1 7 (u) |2 h(S(u)), ©)

(7)

and
Es[eh(s(t))| 7 (u)]=e™h(S(u)),
the e"h (S (t)) is a G-submartingale.
The Inequality (9) implies that the European derivative security price always
dominates the intrinsic value of American derivative security. This shows that

the option to exercise early is worthless, so the American call option agrees with

the price of European option under G-framework.

3. Numerical Simulation

(r‘f—%¢72<B>t +UBJ

We mainly simulate stock price S(t)=S(0)e under G-B, and
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G- (B)t . The G- B, and G- <B>t values are simulated in [4]. Yang and Zhao [4]
mainly simulate the G-brownian motion by solving a specific HJB equation. Then
they give four finite difference methods to solve the HJB equation. Finally they
give the numerical algorithms to simulate G-normal distribution, G-brownian
motion G-quadratic variation process. The following we give three algorithms.
Algorithm 1 [4] (simulation F, (a) and p(a)):
* Forrandom g € A", calculating approximation IF’(ai ; gz,c?z);
e For aeD', calculating the difference IhfF(ai;gz,Ez);
* By IhfF(ai o’ 52) calculating density function p(a)’s approximation 5(a).
by the G-heat equation defining the G-normal distribution T, (a) and the density
function p(a). By Algorithm 1 simulating the R, (a) and p(a), then we apply
these in Algorithm 2 and Algorithm 3.
Algorithm 2 [4] (G-brownian motion numerical simulation):
* Forrandom & e A", using algorithm 1 compute F(ai;gz,c?z);
* Produing N random numbers in [0,1] obey uniformly distribution ;
e For aeD', calculating IhfF(ai);
* By Ih]li‘(ék):uk ,solving &, k=1---,N;
* By zl}ﬂﬁj ,approaching B, , k=1 N.

We simulate the values of G-brown motion B, . By simulating the B,, we use
it in Algorithm 3 to get the (B)t .
Algorithm 3 [4] (numerical simulation <B>t ):

* Forrandom & e A", using algorithm 1 to compute I@(ai ; gZ,EZ);

* Generating N random numbers {Uk}kzl- in [0,1] for ae D', calculating

Ihﬁ?(ai);
By I,F(g)=u,,solving &, k=1--,N;
* By Zi;zléjz,approaching <B>rk’ k=1---,N.

N

(3ot (E) som

The following we simulate the stock price S(t)=S(0)e under

the G- B, and G- (B)t values.

Example 1: we consider stock price S(t) at time ¢ immediately, where
interest rate r=0.2, the volatility o =0.3, $(0)=100.
(rt—%az<8>1+aBlJ

Figure 1 denotes the comparison between S(t)=S(0)e under

(rt—%aZHUB[ j

G-framework and S (t) =S (0) e under classical framework. In Figure 1

(rt*%UZI‘FD’B[ ]

we can know that the blue line is simulated by S(t)=S5(0)e , the red

rt—-o(B),+oB ]

line is simulated by S(t)=S$ (O)e( 2 . Figure 2 simulates the price of

—102 +o
S(t)=S (O)e[ 2 BIJ based on three different G- B, in Figure 3. Figure 3

is about G- B, of simulation. In Figure 3, the three lines are respectively under
(c’=1, 5°=1), (¢’ =08, &°=1), (¢° =05, &°=1). Figure 4 is about
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Figure 1. Comparing stock price of simulation between G-ex-
pectation framework and classical framework.
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Figure 2. Comparing stock price under different G- B, .
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Figure 3. The G- B, of simulation.
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B, of simulation under classical framework. We can know the G- B, is different
from the B, according to Figure 3 and Figure 4. And the stock price S(t) is
a about G- B, G- (B)t , tfunction under G-framework. The stock price S(t) is
a function about B, and & That is the main reason to cause the difference. We
can know that the G- <B>t influence on S, under G-framework from Figure 5.
The blue line is function S(t)=S(0) e""“®) The red line is function

[rt—%#(B)‘wBtJ

S(t)=S(0)e . From Figure 6, we can know the G- <B>t of simu-

. . . 3 (n—%az<B>t+(rB‘]
ation values. According to Figure 6 when we replace the S(t)=S5(0)e

Lo
with the S(t):S(O)e(t 28

price fluctuations.

under G-framework, it has no impact on stock

03 'HKRM’JM\
l "
0 i w‘ ”fw’y\ Pﬁ g
) A | /\ f L\ M
;é 05t \L"‘\‘AMA*(,, LA "
5 \ »
A1F w/ﬁ
-5 krm'\r 1
2

0 0.1 02 03 04 05 0.6 07 08 09 1

Time

Figure 4. The normal B, of simulation.

the <B> influence on S, under G-framework
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Figure 5. The <B>t influences on S(9).
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Figure 6. The (B)t of simulation.

4. Conclusion

This article mainly proves that American call options that do not pay dividends
under the G-framework are equal to European call options and simulate the G-
B, image. Comparing stock price images under different B,, G- B,. There is a
restriction on G- B,. When ¢ is smaller, the G-B, of simulation shows a
downward fluctuation. We need to find the appropriate range of ¢’ to simulate

the stock price.
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