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1. Introduction

Let Vbe a finite-dimensional linear space over the field K (in generally skew-
field K), GL(V) be the group of all invertible transformations of space V; and
V> ¥, betwosmooth curvesin V.

Curves y, and y, in Vare said to be G-equivalent if G()/l) =y, for some
o € G, where Gis a subgroup of the group GL(V ).

It is known that the problem on the G-equivalence of curves lying in V; ‘e, to
fiend necessary and sufficient conditions that guarantee the G-equivalence of the
curves y and y,, is an important problem in the differential geometry of
curves.

One version of this problem was posed by E. Cartan at the beginning of the
20th century and it is now known as Cartan’s problem. This problem consists of

the search for all motions of the space that superpose the given curves y and
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7, (see [1]). A thorough study of this problem was carried out by E. Cartan
himself by using the method of moving frame (see [1] [2]).

In the work of many other scientists, including Yu. Aminov [3], Blaschke [4],
Pommaret [5], one can see a geometric approach to the solution of this problem.
The solution of this problem using geometric methods will be clearly described
by certain geometric notions (for example, curvature, torsion, an arc length, etc.).
However, it is difficult to use geometric methods for the solution of the problem
of G-equivalence of systems consisting of a large number of curves. This requires
the use of methods of invariant theory. The methods of invariant theory are very
useful, in particular, in solving the problem of G-equivalence of finite path sys-
tems (infinitely differentiable vector-valued functions). For this, it is necessary to
establish the finite generators of the differential field of all G-invariant differen-
tial rational functions and find the explicit form of a rational basis of this field.
This formulation of the problem was considered by D. Khadjiyev [6] [7], K.K.
Muminov [8] [9], V.I. Chilin [10], R.G. Aripov [11], with respect to the action of
various classical groups of transformations and was discussed in detail, in the
monographs [6] [12]. In these articles, the authors obtained the effective criteria
of G-equivalence paths with respect to the action of certain classical groups
G < GL(V), for example, orthogonal, symplectic and pseudo-orthogonal groups.
Currently, the results are used solution for some problems of non-euclidean
geometries, and solution of problems in computer vision and vision-based ap-
plications, (see [13] [14] [15] [16]).

In all the works listed above, the posed problem was studied for finite-dimen-
sional real and complex spaces. It is known that in the classical theory of inva-
riants, in addition to real and complex spaces, linear spaces over the skew field of
quaternion numbers are also considered and invariants with respect to the ac-
tion of subgroups invertible linear transformation in such spaces are studied.
This is represented a special case of the theory of non-commutative invariants
(see, for example, [17] [18] [19] [20]).

In this article, we will consider questions of G-equivalence of paths for the
case when G was the group of the real representation of a symplectic transfor-
mation in an n-dimensional quaternion vector space; also we show its solution
using a G-invariant matrix function and d-generators of the d-field of a G-invariant
d-rational function. This article is organized as follows: In Section 2, the group
of symplectic transformations in quaternion space, the group of their real repre-
sentation, and the problem of G-equivalence of paths are introduced briefly. Al-
s0, the solution of this problem will be given by G-invariant matrix functions. In
Section 3, the ring of G-invariant polynomial is studied, and the system of its
generators is described. Using the results of Sections 2 and 3, the system of ge-
nerators of a differential field of G-invariant differential rational functions is
restored and expounded in detail in Section 4. Section 5 is the conclusion part, in
which all the results obtained are summarized and necessary and sufficient con-

ditions for G-equivalence of paths are given.
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2. Preliminaries

This section is devoted to the main concepts of the paper, which describe the
group of symplectic transformations and its group of real representations, as

well as the problem G-equivalence of paths.

2.1. Symplectic Group

Let H" be an n-dimensional linear space over the skew-field A, (multiplication
of numbers is defined on the left), where H is a skew-field of quaternion num-
bers. Denote by GL( H ”) the group of all invertible linear transformations of
the space H". Let (X, y) be a mapping of the Cartesian product H"xH"

onto A and satisfies the following conditions:

(aX+ﬁy,Z>:a(x,z>+ﬂ(y,z>, a,BeH, x,y,zeH";

(% y)=(y.x): (1)

(x,x)>0, forevery xe H", x=0

where @ means the conjugate of a quaternion g=a+bi+cj+dk, ie
g=a-bi-cj—dk, i*=j"=k*=-1, ij=—ji=k, jk=—kj=i, ki=-ik=j,
a,b,c,d eR.

We obtain the linear form

<X1 y>=lel+X272+'“+XnVn (2)

as a metric function <X, y) . Then the symplectic group Sp(n) with respect to
the metric function is defined as a subgroup of GL ( H" ) as follows:

Sp(n):{oeGL(H”):(ox,ay)z(x, y)} 3)

It is plain that for VxeV and Voe GL(H ”) the relation ox <> xg is true,
where g eGL(n,H). In this case, the symplectic group Sp(n) is defined as
follows

Sp(n):{g eGL(n,H):g*gzgg*zE} (4)
where the matrix ¢" is hermitian conjugate of the matrix g i.e, g =G', Eis
identity element of the group GL(n,H), (see, [21]).

It is known that the space H" can be considered as to a 41 dimensional real
space using the following operation:
X :(Xl'xz""’xn)

:(X11+X12i +X13j +X14k,---,Xn1+Xn2i+Xn3j +Xn4k)

= (Xn +X12i + X13j + X14k)e1 +"'+(Xn1 + ani + anj +Xn4k)en

= X018+ X, (18) + X, (8 ) + Xyq (Key )+
+ X, + Xy, (18, )+ X3 (T, ) + X4 (Key)

~ (Xll’ X127X13’Xl4"”7Xn1'Xn2’Xn37Xn4) =X,

where X, €R, |:1,_n, m:1,_4.

We conditionally call the realification of this operation and denoted by “=”,
(see, [22]). We are denoted by V'the space of the realification H".
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It is obvious that as a result of applying the operation “=”, the sum of arbitrary
vectors X,y e H" turns into the sum of vectors X,y eV, where X,y are real
vectors corresponding to the vectors X,y . However, this property does not hold
for the operation of the multiplication (on the left) of an arbitrary vector
xeH" by a number AeH . Therefore, when realification the space, the con-
cepts associated with the operation of scalar multiplication are defined with the
help of certain conditions through their equivalent concepts. For example, i-
nearly dependent, orthogonally and other. Accordingly, we introduce the fol-
lowing definition.

Definition 1. Vectors X,X,,---,X, €V are called a strongly linearly inde-
pendent if the vectors X, X,,---,X, € H" corresponding them by realification,
are linearly independentin H".

Note. Any set of the strongly linearly independent vectors in V'is of course

linearly independent, but the converse is not always true.

The Group of Real Representations of the Symplectic Group Sp(n)
Let V be a space that the realification of the space H". Then every element
ge GL(H ”) defines a linear transformation ' €GL(V), and GL(H " ) can
be regarded as a subgroup in GL(V) using the isomorphism in 9 — 9'. Then
Sp(n) can be regarded also a subgroup in GL (V). This subgroup is called the
real representation Sp(n), (see, [20]). Now let’s define the definition of the
real representation Sp(n).
Let Q (X, V),Qi (7(, )7),Qj ()?, Y),Qk ()?, V) coefficients 1,i, j,k in “metric
form” (X,y) respectively:
(X y)= (%,¥)-Q (% 7)i-Q; (%) i - (X, ¥)k, (5)

where X,ye H", X=(X.%,%)> Y=(Yi.¥2r""s¥n)> B
X :ﬁ1+x|zi+xlsj+xl4k s N =Y Yl H Yl Yk s X YimeR, m=14,
I=1n, i, jk—imaginary units of quaternion numbers.

Then, as is easily seen, €, (respectively Q;, Q,, €, ) is a symmetric (re-

spectively skew-symmetric) real-valued bilinear form on the real vector space V.

Moreover, ), is positive defined and the bilinear forms Q;, Q;, Q;, Q

are defined as follows:

QI(X' )7) = Z(Xllyll XY T X3Yi3 t+ X|4Y|4);
Q (7(' Y) = Z(Xu)’lz —X2Yi1 T Xi3Yia _X|4y|3);

Q; (X’ V) = Z(Xllyla —XizYin T X4 Y12 _X|2y|4);

Obviously, a symplectic transformation is a transformation that leaves inva-

riant the bilinear form (X, y) . Then the corresponding real transformation to it
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be a transformation that leaves invariant those bilinear forms Q,, @, Q,,
Q, . From this property, we will have in following definition.
Definition 2. The group of linear transformations ' €GL(V) is called a
group of the real representation Sp(n) if it satisfies the following conditions:
FeGL(V):Q (9%,3Y)=0 (X, ¥),Q (9%, 3Y) = (X, V),
Q;(9%,97)=Q;(%Y),Q, (¥%9Y) = (X,Y)

It is known that each transformation ¢ e GL(V) can be uniquely represented
by the matrix g € GL(4n,R). This allows us to define the group of real repre-
sentations Sp(n) using matrices g € GL(4n,R). To do this, we use from De-

finition 2 and the following equalities

Q,(%,3)=%(9)" 5 (%, 9) =% (¥)"; ©
Q;(%,9)=% (7)1 (%.5) = %K (y)"
where
L, 6 0 J 0 0 K, 6 0
|:0 I 9,\]:6 J; 4:9’K:6 K, 49’
0 6 - | o6 0 - ] 6 6 - K
here @ is 4th ordered zero matrix, also
01 0 O 0 0 10 0 0 01
|- -1 0 0 O 3 < 0 0 0 1 |0 0 10
oo o0 1|1 0 0 0o * |0 -10 0
0 0 -1 0 0 -1 0 O -1 0 0O

As a result, we have the following definition of the group of real representa-
tion Sp(n) given by the matrices g € GL(4n,R):
Definition 3. The group of matrix g e GL(4n,R) is said to be group of the

real representation Sp(n), if it satisfies the following conditions:

{geGL(4n,R):99" =E,glg" =1,0d9" =J,0Kg" =K,detg =1}  (7)

where Eis 4nth ordered unit matrix.
In what follows, we consider only the group of real representation of Sp(n),
and denote it by Sp(4n).

2.2. Equivalence of Paths under the Action of the Group 6p(4n)

Let R be the field of real numbersand T = (a, b) be an open interval in R.
Definition 4. A vector-valued function X(t)={x (t)}linl T > R" iscalled a
pathin R* if all of its coordinate functions X (t):T — R are infinitely diffe-
rentiable (see, [6] [12]).
The &-th deriva}ltive of a path X(t)= {Xl (t)}:‘:nl is the vector-valued function
x) (t)= {X,(k) (t)}|—n1 , where x*) (t) is the k-th derivative of the coordinate
function x, (t), teT, I=14n, keN. The vector-valued function X" (t)
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is also path forall k=1,2,---.
Definition 5. A path X(t) in R*" will be called regular if first derivative of
the path X(t) isnon-zeroforall teT (see, [6] [12]).

For any path X(t)={x (t)}?:l , we denote by M (X(t)) the matrix

()
Definition 6. A path X(t) is said to be strongly regular if the determinant

detM (i(t)) is non-zero forall teT (see, [6] [12]).

It is easily seen that each strongly regular path X(t) is obviously a regular

4n

I,m=1

path, but the opposite is usually not true. Let G be an arbitrary subgroup of the
group GL(4n, R) )

Definition 7. Two paths X(t) and y(t) are said to be G-equivalent if
there exists an element geG such that y(t)=X(t)g forall teT (see, [6]
[12]).

In this case, it is obvious that y") (t)= K (t)g, reN, and therefore the
G-equivalence of the paths x(t) and y(t) is equivalent to be equality
M(¥(t))=M(X(t))g forall teT.

Usually the problem of finding necessary and sufficient conditions for the G-
equivalence of paths X(t) and y(t) is called the problem of G-equivalence
of paths. The following we prove a theorem expressing the solution to this prob-
lem, which is in the case when G =&p(4n) and X(t),y(t)eV are strongly
regular paths.

Theorem 1 Two strongly regular paths X(t) and y(t) are Sp(4n)-equi-
valent if and only if the equalities

D M'(x(t»[[M(x(t))]l?M'(y DM (y(t)]
 (x()

6) detM (x(t))=detM (y(t))
are valid forall teT.

Proof. Suppose that the paths X(t) and y(t) are equivalent with respect to
the action of the group &p(4n). Then the equality M (¥)(t)=M (X)(t)g is
hold for them, where gis an element of 6p(4n) . In this case, it is no difficulty
in showing that Equalities 1 - 6 hold, using the equality above. For example,

v - -1 - ' - -1
M’ ()M (1) =(M(x)(t)g) (M (%)(t)g)
_ ’ _ - -1 _ 4 _ -1
=(M(X)(®) g™ (M (N)(1) =M (%)(1)) (M (X)(1)) -

Suppose now that Equalities 1 - 6 be true for the paths X(t) and y(t), on
all teT. Itis plain that the equality (A"l) =—A"A'A" s true for any non-
singular matrix A. From this statement and the operations defined matrices,

Egqualities 1 - 6 can be written as

vy (M (D)D) M(9)(1)) =0
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6) det((M (x)(1)" M (7)(1)) -
sing Equality 1’ we get (M ()a()(t))il M (¥)(t)=g eGL(4n,R); from this and
Equalities 2’ - 6, it follows the following
09" =E, glg" =1, 9Jg" =J, gKg" =K, detg=1.

The above equalities are true, if and only if the matrix gis an element of 6p(4n) .
Hence, the equality (M ()—()(t))_1 M (¥)(t)=g e&p(4n) is true. From here we
get M(Y)(t)=M(X)(t)g, geSp(4n). This equality shows that the paths
X(t) and y(t) are equivalent with respect to the action of the group Sp(4n).
Theoerem 1 is proved. O

It is easily seen that, the matrix functions
W (RO) M (x(0)] M (x(O)[M (x(0)] s M (=) [M ()]
M ((0)3 [ (R(0)]: M (%(0)) K[ (%(0))] ; cetm (3(1)

which given conditions of Zheorem 1, is represented an invariant functions with

respect to the action of the group Sp(4n), and denote by

At)= (alrn (t))inmzl P B(t)= (b|m (t))ir.;:l :C(t)= (Clm (t))inm:l ,
D(t) = (din (V)11 E(V) = (8 (), .5 F(1);

of them, respectively. Also, we define elements of this function. To do this, we
use from the action, which a multiplication of the matrix and from the equality
[M (7( (t))]i1 M (X(t)) = E . After some calculations, we would have the formula
in the following

0, if equality I # m—1is hold for | =1,4n—land m=1 4n;

1, if 1 =m-1is hold for | =1,4n-1and m =1 4n;

O g, (1)
Qy4n (t): detM ()?(t))

where [7( £ %@ ... "] s a determinant of the matrix M (X(t))
As well, the bilinear forms Q, ()'('(') , X(m)) , a€{l,i,jk} represents of inva-
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riant differential polynomial with respect to the action of the group Sp(4n).
This makes it possible to show the solution of the problem of G-equivalence of
paths also through G-invariant differential polynomials or G-invariant differen-

tial rational functions. In follows will be express just about this.

3. The Ring of Invariant Polynomials with Respect to the
Action of the Group Sp(4n)

In this section, we study the ring of G-invariant polynomials under the action of
the group Sp(4n) and describe its generators. Moreover, we define the rela-
tionship between them.

Let V'be a 4n dimensional real vector space, which the realification of H".
The elements of the space V will be represented as 4n dimensional row-vector,
and denoted by X. Let be G = GL(4n,R). As an action of the group G to the
space Vis defined as right multiplication of the matrix g G to the row-vector
XeV,ie, (9,X)=Xg.Let R[X,%, " %,]| be the ring of real polynomials in
4nvector arguments, where X,X,, -+, X,, €V .

Definition 8. The polynomial function f[%,X,,--+,%,,| is called G-invariant,
if the equality

f [Xlgvizgx"'ax4ng] =f [21!221"")?@]
istrueforany geG.

We denote the set of all invariant polynomials with R[X,%,,--, )?An]e. It is
plain, this set is a subring of the ring R[X,%,,--,%,, ]G with respect to opera-
tions defined on the ring R[%,%,, -, %,, |, Ze,

S - 16 I o
R[%.: %0+ Xgn | € R[%, %00 Xy |-

Let the set X = {€|}|€A

where A is a finite ordered set natural numbers.

consists of the certain elements in R[X,X,,--,%,,],

Definition 9. The elements &,¢,,---,&, €X are called algebraical depen-
dent, if such that exist polynomial P[X’l, Xy, X ] in R[Xl, X0, )?4n] , then be
P(&.&, &) =0, otherwise these elements are called algebraical indepen-
dent (see, [6]).

The set T={g},_,

if an arbitrary element

is called a system generators of the ring R[%, %, %, ]G ,

F[%, %y Ran ] € R[%0, Koo, R |
can be generating by applying a finite number of operations of the ring
R[%, %0 v, 7(4”]@ to the elements in X ={g} _ . A system of algebraical inde-
pendent generators is called a integrity basis of the ring R[X,%,, -, %, ]G .In
the following, we consider the problem of describing a system of generators in
R[%, %, %, | for G=&p(4n).
Let there be given several G-invariant polynomials of some vector arguments

Uy, Uy, -+, L€,

7 LUPLUPPER e [V APRE) PR (8)
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System (8) will be a complete table of typical basic invariants for m arguments, if
it changes into an integrity basis for invariants of m arguments X,X,,-:-,X, , by
substituting for u;,u,,--- these arguments in all possible combinations (repeti-
tions included). Also, for the table of typical basic invariants of a linear group of
n-th degree to be complete with respect to any m argument, it is sufficient that it
is true for n arguments (see, [23]). Using these facts, we prove the following
theorem.

Theorem 2. Let Gbe group Sp(4n). Any GSp(4n) -invariant polynomial is

expressed an integrally rational manner by the elements of the system
Q,(%.&,), <L ik}, ©)

where % €V, & V", V" is the adjoint space for the space V.

Proof. To prove Theorem 2, it suffices to show that, according to the above facts,
the statement of the theorem is true for the sets of vectors X,X,,:--,X,, €V and
£,&,---,&, €V . In other, suffices to show that arbitrary Gp(4n) -invariant
polynomial of these vector arguments, be generated through forms (9).

l

Obviously, we can express any polynomial p [xl Xy, |§1, g, J by the form

ol

Let p[)“(l,)"(z,---,)"(m

g >} , where <7(,

Em> = Xlgm =§X|n§mn .

ﬁ,fz,-'-,fmJ be any Gp(4n) -invariant polynomial.
Using the transformation g € Gp(4n), we can pass the set of vector arguments
X, X5, ., %,, €V to the set of vectors &,&,, -, , which the set of standard
basic of vectors in V.

Letbe g e&p(4n). Then we have the system of equations %9 =&, (1 =1,4n).

Also, considering that &,,, =€,,;1, €43 =€, &4 =€, K, (t=0,n-1)
and g eGp(4n), we get the system of equations

X4t+2 = X4t+1|’ X4t+3 = X4t+1J’ X4t+4 = X4t+1K' (10)

In this case, the coordinates of each vector of the set vectors {X, %1, %, %5}

are determined by the coordinates of the vector X, , where |1=4t+1, t=0,n-1.
In what follows, we denote by X the matrix in the form (X, )f?n:l. Then, the

matrix X with the help of Equations (10) is defined in the following form
X1 X5 X

1(4n-3)
X = Xs1 Xss X5(4n—3)
X(4n—3)l X(4n—3)5 x(4n—3)(4n—3)

where X, will be as follows:

le le+1 le+2 le+3
le _ Xims1 Xim “Xim+3 Xim+2
Xim+2 Xim+3 Xim Xims1

Ximiz "Xmez Ximu Xim

In addition, we have the equality g = X" from the equation Xg =E . Also,
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we obtain to the equality g=X' from ge®p(4n). In turn, during the

transformation the set {X,X,,---,X,,} to the set {&,6,,---,€,} respectively

the set of vectors {gzl,fz,---,fm} will changed into the set of vectors
{8;?1' & an} and defined them as follows.

We denote of the matrices (&, )i?n:l and (&, )i?n:l respectively by = and
Z'. Then, we have to the equation Z'=g'Z= XZ. From this equation fol-

lowed of the equality &, =Q, (7(5 & ) , where I,m=14n,

1, if 1=4s-3, then be s=1,
i, if | =4s-2, then be s=

1
a= ’_’ (11)
j, if 1=4s-1 then be s

k, if 1 =4s, then be s=1,n.

:I;_I

Then, we can see that each vector &' is defined as an algebraic expression of
the bilinear form Q, (X, X, ) . In addition, the equation

P % Ren G 1B | = P8 8 G | = P&,
is true for any &p(4n) -invariant polynomial p[)?l,---, X4 5.""’54n1' Then it

X4n |§1"" §4n:| alge'
braically expressed by the forms Q, (X, %, ). Theorem 2 is proved. 0

follows that any &p(4n) -invariant polynomial p|:)—(l, e

It is known that the second main problem in the course of invariant theory is
the definition of the relationship the between generators of the ring of
G-invariant polynomials. Accordingly, below we define the relationship be-
tween the elements of System (9).

Let the scalar product in the space H" be given by the form (,) . In this case,

consider the product

<X1,X2><X3,X4>--~<X2n71,X2n>, (12)

l=1,2n.
Replacing each (,) bilinear form given in Product (12) by (5), we obtain a

corresponding to the vectors X;,X,,X;,-:,X,, € H", where X #8,

formula of the following form

<X1, X2>.”<X2n—1’ X2n> — F”‘lv'"xan + Fﬂlv"'xﬁn i+ F}’lv"'an J + F"l:'“v"n k' (13)

where
Foorom =% c,Q, (%,%) - Q, (Xp41%), -0 --a, ==,
E Ao =ZCﬂQﬁ1 (Xll)zZ)"'Qﬂn(XZn—l'XZn)’ BBy B, =1i;
F 7 :ZCan (7(1,)*(2)...(27” ()*(ZHJ“(Zn), Vi ¥y 7. =%j;
Frn =ZCVQV1()?1,)?Z)---QVH (Kong1Xan )y V3 -Vy ooeeov,y = 2K;

/—\/\

CV — (_1)q Sign(j/l Yy )
a,B,7V, e{l,i,j,k}, ¢: the number of imaginary units in the product
{o-w, ot o, €la, By, v}, £=1n.
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For example, (see, [24])
(%% ){(%.%,)
= [ (%) Q) (X0 %) = (%% ) Dy (X5 %) = Q2 (%0, %,) Q5 (X5, X, )
—Qk(xi,xz)Q Xs0 g ) 1] =0 (%0 %) Q) (X5, %) =94 (%, % ) Q4 (X5, %, )
Q) (%% ) (X% ) = Q4 (X0 %) Q5 (X5 %, ) |+ 5[~ (%%, ) Q5 (X5, %, )
= (%0 %, ) (X0 %, )+ (X0 %, ) (X5 %) =5 (%% ), (%5, %,) |
+k[_ (%% ) 4 (Xa0 %) = (X0 % ) Q4 (Xgs Xy ) + €2 (%0, %, ) Q5 (X X,)
Q; (%% ) (%5, ) |

= F % (X, Xy, %50 Xy )+ B2 (%0, %00 X, X, ) T4 F72 (X, X, X3, %, )
FFY2 (X, X, X3, %y )

Using the above definition and formulas, we will define the relationship between
the elements of system (10). To do this, we use an n linear independent vectors
X+, X, € H" and the properties of the determinant of the Gram matrix com-
posed of them. Further, let us denote the Gram matrix as T'(X,-,X,). It is
known that the Gram matrix F(Xl, e Xn) is a Hermitian quaternion matrix of
order nand its determinant defines with formula in the following

det, T(%,,%, )= 3 (<1)"" <X| e ><x,ml K >"'<X'nm : x|>

oeS, (14)
X"'X<leK , le,(+l>“.<xlm,(+5,( ,Xn>,

where S 1isa group of the permutation of the set {1, 2, n} , | is number of

rows,

O_=(I’Iml'|ml+l’”"|ml+(>‘1)"'(ImK’ImK+1""' m,(+§,()esn’

kx is number of cyclic; in addition, the following properties hold for the Gram
determinant:

Proposition 3. The vectors {X,X,,---,X,} is linearly independent in H",
then the relations det, I'(x,,---,X,)€ R and det, I'(x,---,X,)#0 hold, where
| is the number of rows;

Proposition 4. Let { Xp,oo ,Xn,X} be a set of the first n linearly independent
vectors in the space H". Then for the Gram matrix consisting of them the
equality det, F(Xl,-- X X) 0 istrue, where

1 Mp
X=X + 4%+ +A4,X, 5

Proposition 5. Let {X,,**,X,,3,X,,,| be a set of the first n linearly indepen-

' M4l Mns2

dent vectors in the space H". Then, the minor determinant M, ,, of order
(n+1)-thof det, I'(Xy, -, X, Xy, Xy,2) is equal zero, Le,

' Ao Bt Bns2

MMM: Z (_l)n+17;< <X1’le><xlm’x'm+1>'..mm

o1eSny
x <le,( ! le,(+1 > v .<le,(+(>',( ! lek. >
=0
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where the permutation o] and theset S, are obtained as follows:

Let o'eS,,, beapermutation in form as the follows

o-’:(n+2 11, - |m1+51)--.(|mx by o1 |mm);

n+2

denote by o, that the decomposition

(l 1y, |m1+51)...(|mx by Imk.wa-)

Also, we denote by S, that the set of all the decomposition o7 ;
<x,mMl : xl> = <le1+§1 : xn+2> .

Proposition 3 - 5 follows from the properties of Hermitian quaternion ma-
trices (see, [25]).

Now, we define the relations corresponding to Propositions 3 - 5 for the set of
strongly linearly independent vectors X,---,X, given in space V.

Let a set B :{1, 2,---,n} and a permutation group S, consisting of ele-

ments of the set B, be given. It is known that any permutation

{1 R S T M n)
O = I eSn

mo me m,

can be represented as a decomposition

(1’Irn1"”’|m1+51>(|m2’Im2+1""’|m2+b‘2 )”‘(Im,(’lm,(+1""'n) (15)

_ N _
ms, =LN, O,€Zy, s=lx, |

cyclic. We denote by v the set of ordered pairs corresponding to decomposi-

tion (15), Ze,
{(1’Imi)’.”’(Imﬁfi’l)’”.’(lmk’Imk.+1)""1<n’|mk_ )}

and denote by p a bijective mapping from B, to v. We also denote the set

where |

my <l <<l , & is number of

of all mappings o by A, andby F**"“ the product

Q, (lesl X )Qaz (xImsz K ) ..... Q, (x,msn X )

’
mg 2

m, B, z=1nl!.

Lemma 6. Let {X,%,,---,X,} be a set of strong linearly independent vectors

where -+, a, €{L,i, j,k}, {I I }:pr’l(ms), Iy, <1

ITIS’ mg

in V.If the condition o, - o, =1 holds, then the relation

F(ilvizv"'x)zn)= z (_l)nfl( ch Fpéjltlz»-..,an 7&0 (16)
preh,
is valid for the set of vectors X,X,,---,X, where x is number of the permuta-

tion o, (v, &0, ),also

¢t =(-1)"sign{ay -, -+ at, }

g is number of imaginary units in the product o, -a, -+ a,.
Proof. To prove Lemma 6, we use Proposition 3 and equality (14). According

to Proposition 3, the relations det, I'(X,,X,,---,X,) € R and
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det, (X, X,,-++, X, ) # 0 are valid for the linearly independent vectors
X, Xy,0+, X, € H"; from equality (14) we have that, for | =1, the formula

detll"(xl,---,xn)zcz (-1)"" <X1'XIM><XIM’XIW> ----- <x,mx+é_k_ ,xn>. (17)

Taking into account the definition of the mapping p and the equality

Q (x,mK Ky ) =Q, (XInHK Xy ) Q, (leK Xy ) =-Q, (xlr,ﬂ’( X )
(al e{i, ], k}) we obtain the following relation by applying equality (14) to the
right of formula (17):
det, (X, %)= > (<1)" "cs Faen 4i . (<1)" " ch FA/h

preh, preh,

+ J Z (_1)n—/< sz Fpilyn +k Z (_l)n—K C;T Fp‘;lm”v",

prehy preh,

(18)

where the vectors X,---,X, corresponds to the vectors X;,---,X, with respect

n

to the action of realification.

In this case, since the vectors X,---,X, are linearly independent, it is clear

n
that the vectors X,---,X, are strongly linearly independent; since
det, (X, X,) € R, in equality (18) the coefficients in front of the imaginary

units i, j,k are equal to zero; From det, I'(x,,--,%,)# 0 it follows that state-

ments of Lemma 6. U
Lemma 7. Let {7(, }In:ll be a sequence of vectors X, X,, -+, X, ,X,,;, the firs n of
which are strongly linearly independent. If the condition ea, - o, =%1

holds, then the relation
F (R )= 3 () o Fie o 19)

P,

. . ! . .
is valid for the sequence {X, }In+ , where x is a number of cycles in permuta-

tion o, which the corresponding to the mapping p,, also
cy = (_1)q sign{at, -+ oy, } X Sign {Qal (X,m X ) ..... Q, (xlmn+1 Ky )}

The statement of Lemma 7 follows from Proposition 4, equalities (14) and

(18). Only in this case is considered the permutation of o €S ,;, the corres-

n+1>
ponding set v that it, and the set of mapping p:{1,2,---,n+1} > v.
Let us now define the relation that follows from Proposition 5.

Let a set B,={1,2,---,n+1,n+2} and a group S,,, be the permutation

n+2
group consisting of the elements of B, be given. We obtain the elements of the
group S,,, in the following form

n+2 1 2 - n+1
S I T T TR '

My Msp Msns1

Also, we can be represented of this permutations in form decomposition of in-

dependent cycles, ie,
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=Ln+2, 5,eZ;, s=1«, |, <l <--<l , x is the num-

where | my <In,

mg +0J
ber of cycles.
We denote by v the set of ordered pairs corresponding to Decomposition

(20), e,

(0 +20)(10 ) (s 0+ 2), s (ot ) oo (e o )

also, denote by o' that the subset v in the form

{(1,|m1),...,(|mﬁ§l,n+2),...,(|mx,|mx+1),...,(|mk+5r,|mx )}

Further, we denote the bijective mapping from the set {l, 2,---,Nn +1} to o' by
p',andalsoby A the set of all mappings p' that define.

Lemma 8. Let {X,}r:lz be a sequence of vectors X,X,, -, X,,;,X,,,, the first
n of which are strongly linearly independent. If the product wm®, - @®,,, is
equal to one of the values +1;+i;% j;+k, then the relation

)= XY e Eeei 0 )

pre Ay

F (%%

x|

n+1?

_yn+2
is valid for the sequence {X| }|n:1 , where

¢t =(-1)"sign{w - @, - @,.,}

x sign {Q o (S(]ms1 , X"mgl ) ..... Q, . (X'msm , X'ﬁnsm )}

g is the number of imaginary units in the product @, -@, -+-+- 1)
o, € {Li,jk}, {0 b =(p) (M), 1, <li, r=Ln+1l, m =1n+l.

Lemma 8 proves by Proposition 3, formula (14), and the definition of the bi-

jective mapping p, € A, . From in above theorem and lemmas, we obtain a co-
rollary the following:

Corollary 1. System 9 is a complete table of typical basic invariants for the
group G = 6p(4n) and the statements of Lemmas 6-8 are represented the rela-
tions between of them.

4. The Differential Field &Sp(4n)-Invariant Rational

Functions

In this section, we study the differential ring that the corresponding to the ring

- 4n
R[%, %, 4n] """
d-generators and finding the relations in between of them.

. Also, we solve the problems describing the system of

Let K be acommutative ring and da derivation in K, ie,
d(x+y)=d(x)+d(y), d(x-y)=d(x)-y+x-d(y)

forany x,yekK.

It is known ([13]) that a derivation d in an integral domain K admits a
unique extension to a derivation of the corresponding field of fractions.

A commutative ring K with unity (respectively, a field P) in which a fixed
derivation is specified is called a differential ring (d-ring), (respectively a diffe-
rential field, d-field). A subfield F in a d-field P is called a d-subfield if
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d(F)cF.

We will use the following examples of d-rings and d-fields.

We fix a natural number 4ne N and consider the ring of polynomials of
countable number of variables

0)

X x(O  xD x  x D D ) r 20,12,

of the form

R[x}o),xgo),---,xﬁ?]),xfl),xgl),---,xgln),~--,><1(r),xgr),---,xg?,---}

with coefficients from the field of real numbers R; we denote this ring by R{X}
(we assume that X, =Xx\”, 1=1,4n). We set d (X,(r))z X", d(c)=0, ceR,
forall 1=1,4n, reZ;.The mapping dcan be uniquely extended to a differen-
tiation 0 in the ring R{X}. Then this ring becomes a differential ring, its ele-
ments are called d-polynomials; we denote them f {X}, where X={x, }|4:1 ev.

We denote by R(X) the field of fractions for the ring by R{X}, ie, R(X)
is the field of all rational functions of the same variables X|(r) , rezy, I= m
Also, the differentiation 9 can be naturally extended from the ring R{X} toa
differentiation on the field R(X) Then this field becomes a differential field,
and elements of the d-field R()?) are called d-rational functions; we denote
them f (7() .

Let Gbe a subgroup of the group GL(4n,R).

Definition 10. A differential polynomial f {X} (respectively, a d-rational
function f <)?> ) is said to be G-invariantif

f{xg} =1 {x}, (f(xg)= (%))
forall geG, (see, [14]).

The set of all G-invariant d-polynomials (respectively, G-invariant d-rational
functions) is denoted by R{X}G (respectively, R()?)G ). It is known that
R{X}° cR{X} (respectively, R(X)° = R(X)).

Let the set X' = {8,’}IEL is consisted from elements of R{X}G , where Lis a
set in finite number, the ordered of natural number.

A subset ¥’ of R(X)G is called a generating system of the d-field R()?)G
if an arbitrary element f (7() of R(X)G can be generating by applying a finite
number of operations of the d-field R(X)G to the elements of X', and the ele-
ments of X' are called d-generators of the d-field R<)?>G .

Elements {¢],&,,--,&,} of L' are said to be d-algebraical dependent over
d-field R()?)G if there exists a non zero d-polynomial P {yl, Youoes ys} eR {)—(}

’

such that P{g],&;,--, &/} =0. Otherwise, the system of elements &/, &, -+, &,

is said to be d-algebraically independent over R(Y()G. Also, a finite system of
d-generators in R(X)G that is d-algebraically independent is called d-rational
basis of the d-generators of the d-field R (X)G (see, [14]).

We consider the following problem constructing a finite system of d-gene-
rators of the d-field R (X)G in case G =Gp(4n).

Theorem 9. A system of d-generators of the d-field R(X)Gp(4n) is formed be
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the polynomials

o, (x, %), @, (XX, (r=0n-1 & e{i, j k}). (22)

Proof. To prove Theorem 9, we use the following claims and propositions.

Claim 1. Any &p(4n) -invariant d-rational function is the ratio of two
Sp(4n) -invariant d-polynomials.

This claim follows from Proposition 1 in [6] (see, also the proof of Theorem
2.1.11n [14]).

Claim 2. Any Gp(4n) -invariant d-polynomial is represented by the d-poly-

nomials
0, (2, x"), (@ {1,i, j,k}).

Claim 2 is differential analogy of Theorem 2.
Claim 3. If « e{l,i, j,k} and X eV, then the following affirmations are

hold for the Sp(4n) -invariant d-polynomials Q, (X(l), )?(m)) :

h) any d-polynomial Ql()?(l), X(m)), I,meZ, is expressed in terms of the d-
polynomials €, ()?(rl), )'('(rl)) with use of finite number of operations in the d-ring
R{)?}Gp(m) , where r, < [H_Tm}

L) any d-polynomial ( () gl )) is expressed d-rational by the d-polyno-
mlalsQ(())‘(()wherer1 4n, r'=0,4n-1;

L) any d-polynomial Q, g g ), IbmeZ;,l<m is expressed in terms of
(%2 ) z(2+1)

the d-polynomials Q, (X

) with the use of finite number of operations
{ }6p(4n)

in the d-ring R , where 1+m2>2r, +1;

L) any d-polynomial Q, (X( 2) (rﬁl)), r,>24n is expressed d-rationally in
)

term of the d-polynomials ©, (%), x(**), where r’—O 4n-1;

5) any d-polynomials Q; (X('),X(m)) and Q, x() JdmeZ;,1<m are
expressed in terms of the d-polynomials Qj( ( ),X(r“l)) and O, (x™ % (r2+1))
with the use of finite number of operations in the d-ring R{X} P40 where
l+m2>2r,+1;

is) any d-polynomial Q. ( %), (r“l)) and Q, (3, x%Y) r,>4n is ex-
pressed d-rationally in term of the d-polynomials Q. ( (%) %l ré*l)) and

Q, (X(r3),x(r3+1 ) where 1, =0,4n-1.

Parts #) and &) of Claim 3 have been proved by Aripov R.G and Xadjiyev Dj
[11] in case generally; parts 5) and i) was proved by Muminov K.K [14]; parts z)
and %) are follow by applying the equalities

Qj(x('),x(m))zgi()z(l)p&')—((m)pﬁ) and Qk(X(I)'x(m))=9i(Y((')AZ,X(’“)AZ)

to the proof of parts 5) and ).

Note. Since the equality Q, (X(l), X(m)) =-Q, (X(m) \ )?(')) is hold, the case
| >m ofparts i) - i) follows from those case | <m . From Claims1 - 3, we get
the following corollary for the Sp(4n) -invariant d-polynomial Q, ()?('), X(m)) .

Corollary 2. Any &p(4n) -invariant d-rational function is expressed d-ration-

ally with d-polynomials
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o, (x5, @, (X, x"Y), r'=0,4n-1 e e{i, .k} (23)

@

It follows from Corollary 2 that to prove Theorem 2 it suffices to show that
elements of System (23) will be d-rationally expressed by elements of system (22).
In other words, we study the problem of minimizing the number of elements of
the system (23). To do this, we widely use the following propositions:

Proposition 10. For any non-zero 6p(4n) -invariant d-polynomial
Q, ()?(l), X(m)) , (a IS {1, i J, k}) , the following equality holds:

d |:Qa (X(I), g™ )j| ey (X'(”l), )-('(m)>+Qa (5('('), ;('("”1)); (24)

where (a e{L,i, ,k}).

Proposition 11. For any sequence of the strong linear independent vectors

%, %Y ..., " in V the following relation is true:
F(xXY, x) = 3 () el e 20, (25)
pIEAp

where o -a,--a, =1, a, €{l,i, jk},

¢t =(-1)"sign{e, - a, -...~an}xsign{§2a1 Q, Qan};

Pr 2

Proposition 12. Let be a set {7(, )?(1),-~-, )?("_1)} of strong linearly independent

vectors in V. Then, the following relation

F ()?, xY ... 5('(”)): z (_1)’”1”‘ c- FpalvG‘Zv”‘v”nA -0 (26)
Prehy o
is true for any sequence of vectors X, xW TS %" in V, where

al'az ..... an+1=il’ (ZSE{l,i,j,k},

¢t =(-1)"sign{e, -a, - an}xsign{Q Qe Qan};

Pr ! 2

Proposition 13. Let be a set {)?, )”((l),'--,)*(("fl)} of strong linearly independent
vectors in V. Then, the following relation
= (7(, )—(-(1), <@ . )*((”“)) _ Z (_1)"*1"( CZ F:;"lvwzf”vwml -0 (27)
/’;EA/J'

is true for the %,x%,...,x" %"

Be{#l,%i, %] £k},

in V, where W, -W,---- w, =/,

c¥ =(=1)" sign{w, -w, W, } x sign{QWl Qe QWM}.

Pr

Proposition 10 follows from definition of the operation differential; Proposi-
tions 11 - 13 represents the differential analogy of Lemmas6 - 8.

We first minimize the number of d-polynomials € ()"((r'), ) ) ,(r'=0,4n-1)
using the above propositions and claims. To do this, we use the method of ma-
thematical induction:

Step 1. Let be r'= m Then the d-polynomials €, ()‘(’(r'), )”((r')) is ele-
ments of System (22);

Step 2. Let be r’=n. There expressing equality (26) of Proposition 12 in the

form
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0, (x",x") = _\Br ) (28)

where the expression F )?,---,)?(n) will be the sum of such terms of the ex-
pression F (X,---, X(n)) that it doesn’t contain d-polynomial (X’(”) X ) ;itis
known from Proposition 11 that F ()‘(,---,)ﬂ((”fl)) isn’t equal to zero; therefore the
fraction is well defined, which on the right side of formula (28); also the expression
F ()?,---, )?(n)> and F (X, e )‘((H)) consist of d-polynomials Q, (7(('), )?(m)) ,
Im=0,n, ae {1, i, k} ; In this case, under the conditions 1), %), i) of Claim
3, we have that the Ql()?(ﬁ), X(ﬁ)) , Qm1 (X(rZ), )”((wl)) , (g € {i, J, k} ) are ex-
pressed d-rationally in terms of elements of System (22), since
I+m<max{l+m}=2n-1,

qs[ﬁ}:{n—l}zn—l:qzo,n—k
2 2

2 +1<2n-1=r,<n-1=r,=0,n-1

Hence, the expressions Fl()"(,-‘-,)"((")) and F()‘(,---,)"(("fl)) are also expressed
d-rationally in terms of elements of System (22). From this and the equality (28)
follows that d-polynomial QI(X("),X(")) is also expressed d-rationally by the
elements of System (22);

Now, we shall show that the &p(4n) -invariant d-polynomials

Qa1 (X("), X(ml)),(a1 = {i, i, k}) are expressed d-rationally in terms of elements
of the system (22). To do this we use Equality (25), as a result we have the sys-

tem,
n+l-x .
S (O R =0, gy =
ﬂl"EAp'
n+l-x o .
> ()T FE =0, B By = 4
pLEAp' (29)
n+l-x .
z (_1) CZ}FP? e =0, N }/n+1:ij7
pl"EAp'
n+l-x
3 ()G R =0y = ok
P;EAp'

where «,,f,,7,,v, €{Li, j.k}, | —1,n+1.

Let us system (29) with respect to the polynomials Q, (S('("), S('("”))
(a 1S {1, ij, k}) To do this, denote by p; a bijective mapping that satisfies the
conditions (p! )(_1) (n+1)={n,n+1}, and we obtain the following

Fpagl"“'wnﬂ _ Fpa;;lwn Q,uml (X(n) , X(n+1))

where @, €{a,,B,.7,,v,};

Also, we introduce notations in the following:

Z, = Ql()*((”)]y((nﬂ)), z, =0, (y((n), )?("*l)),
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2,=Q,(x",x"), 7, = (x",x")

D1 = z (_1)n+17’( CZ; Fpﬂ?w-uan ’ (0‘1 ..... a. = il),

ﬂ;eAp,

D,= > (-1)" LA (B By = H);
prehy

D, = Z (_1)n+1fx ng pr;l,..-,yn , (7/1 ..... y. :ij);
,D;EA/J,

D4 = z (_1)n+1J( C,‘;Z va;vn , (Vl ..... v, = ik),
prehy

Moreover, we denote by N;, N,, N, N, the sum of the products F*“
corresponding to the mapping p] € A, that satisfies the conditions
(p! )(_1) (n+1)#{n,n+1} . From these notations and from system (29), we have a
system of the following form:
-D,z, +D,z,+D,z, + D,z, = N,
D,z +D,z,+D,z,—D,z, = N, (30)
D,z, -D,z, + D;z; + D,z, = N,
D,z, + Dz, -D,z, + Dz, = N,.

It is easily shown that a determinant of coefficient matrix of System (30) is de-
fined by formula

A'=—(DE+D?+D2 +D2)
where A’ is determinant of coefficient matrix.

Hence, the equal A’=0 is true if and only if D, =D, =D, =D, =0. Ac-
cording to Lemme 6, at least one of the coefficients D,, D,, D,, D, isnon-zero.
Hence, A’#0, and System (30) has a unique solution. In this case, we can be
represented by d-polynomials Q ()?("), )"(“””), (a) e{li,j, k}) in terms of D,,
D,, D,, D, and N, (t :l,_4) in a unique form. It is easily shown that the
conditions I+m<2n is hold for the d-polynomials in these expressions. From
this and from 5) it is follows that d-polynomials € (X(') , X(m)) R (a) IS {1, i, J, k})
are expressed d-rationally in terms of the elements of System (22). This shown
that the d-polynomials Q, (X(n), )?(n+1)), (a) IS {1, i J, k}) are also expressed d-
rationally by the elements of System (23).

Step 3. Letbe r'=n+ S,(S = m) . In this case, we assume that the state-
ment of Theorem 9 is true;

Now, we prove that the statement of 7heorem 9 is true by using the above as-
sumption, for r'=n+s+1=4n-1. To do this, we write of equality (26) in

Proposition 12 for a set of vectors gD L glant

F (3, 3 )
= 1()“((3n71)’.,,’ )-('(4n71))+Ql(X—(4n—1)’)—(—(4n—l)) = (X»(3n—l),”.’)_(.(4n,2))

=0

) , and have to the following

From the above equality, it follows
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F (X(3n71) e X.(4n71) )
= (X'(3”—1) e X(4”—Z)) '

(F()‘(“”’l),--- x(“7-2) )¢o)

Q, ()‘(’(4”*1)l )‘(*(4”*1)) -

The d-polynomials Q, (X('),X(m)) in the expressions Fl( (3n- 1),---,)‘((4”1)) and
F (7((3”_1),---, z4n-2) ) , are expressed d-rationally in terms of the elements of Sys-
tem (22) under Claim 3 and the assumption, because |,m=3n-1,4n-1. This
implies that the d-polynomials ( x4 X(4"71)) is also expressed d-rationally
in terms of the elements of System (22);

As above, it can be shown that the d-polynomials Qa1 (X(An_l), )?(An)) are also
expressed d-rationally of the elements of System (22) in accordance with Claim 3
and assumption. To do this, it suffices to repeat the calculation for d-polynomial
Q, (X(n), )?(n+l)) by a set of vectors %G L
Mathematical Induction, it follows that the d-polynomials Q, ()”((r'), x(") ) R
Q, ()"((r'), () ) are expressed d-rationally of the elements of the System (22)

, x4 Hence, from the principle of

for all values of r’=0,4n-1. That is exactly what we wanted to show. Theorem

9 is proved. U

5. Conclusions

In conclusion, we can state the following corollary from Theorems1 and 9.
Corollary 3. Two strongly regular paths X(t) and y(t) are Sp(4n)-equi-

valent if and only if the equalities
D o (x(1),x" (t)):Q (v (0).9"(t )
2) 0, (x"(1).x(1))=0, y“ (1).5" (1))

are valid forall teT ,where r=0,n-1, ¢ € |,j,k}.
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