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Abstract 
In this paper, we observe the generalized Harmonic numbers ( ), , ,n k rH α β . 
Using generating function, we investigate some new identities involving ge-
neralized Harmonic numbers ( ), , ,n k rH α β  with Changhee sequences, Dae-
hee sequences, Degenerate Changhee-Genoocchi sequences, Two kinds of 
degenerate Stirling numbers. Using Riordan arrays, we explore interesting 
relations between these polynomials, Apostol Bernoulli sequences, Apostol 
Euler sequences, Apostol Genoocchi sequences. 
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1. Introduction 

The harmonic numbers play an important role in combinatorial problem and 
numbers theory, and they also frequently appear in the analysis of algorithms 
and probabilistic statistical calculation. The objective of this paper is using 
Riordan arrays and generating function to discover identities on the generalized 
harmonic numbers. The harmonic numbers ( )0nH n ≥  are defined by  
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The first few harmonic numbers are 3 11 25 1371, , , , ,
2 6 12 60


. The harmonic numbers  

nH  have been generalized by several authors. For other generalizations of the 
harmonic numbers, one can consult [1] [2]. One of them is the generalized 
harmonic numbers ( ), , ,n k rH α β  defined by see [3] [4]: , 1k r ≥  are integers, 

,α β  are real numbers, and 0αβ ≠ .  
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For convenience, we recall some definitions involved in the paper as following 
[5]-[17]. 

High order Changhee polynomial of the first kind ( ) ( )k
nCh x  and the second 

kind ( ) ( )ˆ k
nCh x  has the following generating function  
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when 0x = , ( ) ( ) ( )0k k
n nCh Ch=  and ( ) ( ) ( )ˆ ˆ 0k k

n nCh Ch=  are called the high order 
Changhee numbers of the first kind and the second kind. 

High order Daehee polynomial of the first kind ( ) ( )k
nD x  and the second kind 

( ) ( )ˆ k
nD x  has the following generating function  
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when 0x = , ( ) ( ) ( )0k k
n nD D=  and ( ) ( ) ( )ˆ ˆ 0k k

n nD D=  are called the high order 
Daehee numbers of the first kind and the second kind. 

High order Apostol Changhee polynomial ( ) ( ):k
nCh x λ  has the following 

generating function  
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when 0x = , ( ) ( ) ( ) ( )0 :k k
n nCh Chλ λ=  are called the high order Apostol Chang-

hee numbers. 
High order Apostol Daehee polynomial ( ) ( ):k

nD x λ  has the following gene-
rating function  
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when 0x = , ( ) ( ) ( ) ( )0 :k k
n nD Dλ λ=  are called the high order Apostol Daehee 

numbers. 
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High order Apostol Bernoulli polynomial ( ) ( ):k
nB x λ  has the following ge-

nerating function  
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when 0x = , ( ) ( ) ( ) ( )0 :k k
n nB Bλ λ=  are called the high order Apostol Bernoulli 

numbers. 
High order Apostol Euler polynomial ( ) ( ):k

nE x λ  has the following generat-
ing function  
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when 0x = , ( ) ( ) ( ) ( )0 :k k
n nE Eλ λ=  are called the high order Apostol Euler 

numbers. 
High order Apostol Genocchi polynomial ( ) ( ):k

nG x λ  has the following ge-
nerating function  
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when 0x = , ( ) ( ) ( ) ( )0 :k k
n nG Gλ λ=  are called the high order Apostol Genocchi 

numbers. 
When 1λ =  in (10), we get the generating function of high order Genocchi 

polynomials ( ) ( )k
nG x   
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The degenerate Changhee polynomials of the second kind ( ),nCh xλ  have the 
following generating function  
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The degenerate Euler polynomial ( ),nE xλ  has the following generating func-
tion  
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The degenerate Genocchi polynomial ( ),nG xλ  has the following generating 
function  
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The degenerate Changhee-Genocchi polynomial of the second kind ( ),nCG xλ  
has the following generating function  
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The degenerate stirling numbers of first kind and second kind have following 
generating function  
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Generalized Harmonic polynomial ( ) ( )r
nH z  has the following generating 

function  
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with ( ) ( )0 1rH z = , and we also obtain when 0, 0r z= = , ( ) ( )0
1 0n nH H− =  ( )1n ≥ . 

Let n k r≥ + , the combinatorial numbers ( ), ,P r n k k+  has the following 
generating function  
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2. Some Identities Involving Generalized Harmonic Numbers  
( )n k rH , , ,α β   

In this part, using generating functions and coefficient method we discuss some 
interesting relationships of generalized harmonic numbers ( ), , ,n k rH α β .  

Theorem 2.1. Let n is a nonnegative integer, we have  
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Proof. By (1) and (2), we get  
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Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity. (22) can be obtained in the same way. 

Corollary 2.1. For 1m =  in Theorem 2.1, we obtain the following identities  
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Corollary 2.2. For β α=  in Corollary 2.1, we obtain the following identities  
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Theorem 2.2. Let n is a nonnegative integer, we have  
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Proof. By (1) and (2), we have  
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Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity. (28) can be obtained in the same way.  

 Corollary 2.3 For 1m =  in Theorem 2.2, we obtain the following identities  
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Theorem 2.3. Let n be a nonnegative integer, we have  
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Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity. (33) can be obtained in the same way.  

Corollary 2.4. For 1m =  in Theorem 2.3, we obtain the following identities  
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Corollary 2.5. For β α=  in Corollary 2.4, we obtain the following identities  
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Theorem 2.4. Let n be a nonnegative integer, we have  
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Comparing the coefficients of nt  in both sides of the last equation, we get the 
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identity. (39) can be obtained in the same way.  
Corollary 2.7. For 1m =  in Theorem 2.4, we obtain the following identities  
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, , 1

0 0

ˆ1 ,
!

1, 22 !
, 2 .

! 1

n h j hn k
j h k r n j

j
j h

H Dk
h n j

s n rr
s n r

n n

β α β
α

+ −
− + −

= =

− 
  − 

 + ++
= − +  + 

∑ ∑
             (43) 

Theorem 2.5. Let 1n r≥ ≥  be a nonnegative integer, we have  

 ( ) ( ) ( ) ( )

( ) ( ), ,
0

1 2
, .

!

n r i k rn in r
i n r i

n k r
i

Ch Dn r
H

i n r
α β

α β
− −−

− −

=

−− 
=  − 

∑         (44) 

Proof. By (1), (2) and (4), we get  

( )
( )( )

( )
( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

, ,
0

0 0

0 0

0

ln 1 ln 11,
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2
! !

1 2
!
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.

!

r rk
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n k r k
n

n nn n
rk r

n n
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n rn n i k rn r i
i n i

n i

n r i k rn in r
i n r i n

n r i

t t
H t t

t tt

t t
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n n
n tCh D
i n

Ch Dn r
t

i n r

α α
α β α

β αβ

β α
α

α β

α β

∞

=

∞ ∞

= =

+∞
+ −

−
= =

− −∞ −
− −

= =

− − − −  
= =   −−    

− −
=

 
= − 

 

−− 
=   − 

∑

∑ ∑

∑∑

∑∑

 

Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity.  

Corollary 2.9. For 1k rα β= = = =  in Theorem 2.5, we obtain the follow-
ing identities  

 ( )
( ) ( )
11

1
1

0

1 21
, 1 , 0.

1 !

n in
i n i

n
i

Ch Dn
H n H

i n

−−
− −

=

−− 
= > =  − 

∑           (45) 

3. Identities about Generalized Harmonic Number  
( )n k rH , , ,α β   

In this part, using Riordan arrays, we derive some new equalities between Gene-
ralized Harmonic number ( ), , ,n k rH α β  and Apostol Bernoulli polynomials, 
Apostol Euler polynomials, Apostol Genocchi polynomials.  

Theorem 3.1. Let n be a nonnegative integer, we have  
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

, ,
0 0

1
1

0

1 :
,

!

:1
1 .

!

j mn k h j
j h k r

j h

n mn
m nn l

n
l

B xk
H

h j

D xl m
H x l

l n

λ
β α β

α λ
α λ

−
= =

−
−

=

− 
− 

 

−+ − 
= + + = 

 

∑ ∑

∑
      (46) 

Proof. An interesting Riordan arrays, associated with the ( ), , ,n k rH α β  are 
defined by  

 ( ) ( ) ( )( ), ,
0

, 1, ln 1 .
k h

j h k r
h

k
H t

h
β α β α−

=

   ℜ − = − −  
   
∑          (47) 

On the one hand, by (8), (47) and Lemma 1, we get  

( ) ( ) ( ) ( ) ( )

( )

( )
( ) ( ) ( ) ( ) ( )

, ,
0 0

1 :
,

!

e | ln 1
e 1
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1 .

1 1 !
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m
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H
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λ
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α
λ
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α
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−
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−
−

− 
− 

 
 −  = = − −    −   

 − −
 = − =    − − 

∑ ∑

 

On the other hand, we get  

( )
( ) ( )

( )( )
( )

( )( )

( )( )
( )

( )( )
( )

( ) ( )

0

1

0

1
1

0
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1 1
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1 1

1
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1
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1

1
1 .
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m
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m
m
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l

m
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t
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t
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t
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α
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α
λ

α

α
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−

−
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=

−
− −

=

−
−

=

 −
  −    − − 

− −
 = − −  −

− − + −  =    −  

− − + −  =    −  

+ − 
= + + 

 

∑

∑

∑

 

which completes the proof.  
Corollary 3.1. For 1λ =  in Theorem 3.1, we obtain the following identities  

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
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0 0
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,

!

1
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!
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−
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−
−

=
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− 

 

−+ − 
= + + = 

 

∑ ∑

∑
       (48) 

Corollary 3.2. For 1m =  in Corollary 3.1, we obtain the following identities  

 
( ) ( ) ( ) ( )
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1
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!
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−
= =
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=
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 
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= + + =

∑ ∑

∑
           (49) 
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Corollary 3.3. For 0x =  in Corollary 3.2, we obtain the following identities  

 ( ) ( ) ( ) ( ) ( )
, ,

0 0 0

1
, .

! !

j nn k nh j l nn
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j h l

B Dk
H H

h j n
α

β α β α −
−

= = =

− − 
− = = 

 
∑ ∑ ∑   (50) 

Theorem 3.2. Let n be a nonnegative integer, we have  
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=
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∑ ∑

∑
         (51) 

Proof. By (8), (47) and Lemma 1, we get  
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( ) ( )
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=
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 
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 −
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∑ ∑
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= − =  −  
∑ ∑

 

which completes the proof.  
Corollary 3.4. For 1λ =  in Theorem 3.2, we obtain the following identities  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), ,
0 0 0

2
, .

! !
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= = =
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   
∑ ∑ ∑ (52) 

Corollary 3.5. For 1m =  in Corollary 3.4, we obtain the following identities  
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2
, .
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∑ ∑ ∑ (53) 

Corollary 3.6. For 0x =  in Corollary 3.5, we obtain the following identities  

 ( ) ( ) ( ) ( )
, ,
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2
, .

! !
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α
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= = =
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   
∑ ∑ ∑     (54) 

Theorem 3.3. Let 1n i≥ ≥  be a nonnegative integer, we have  
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∑ ∑

∑
     (55) 
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Proof. On the one hand, by (9), (47) and Lemma 1, we get  
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On the other hand, we get  
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∑

 

which completes the proof. 
Corollary 3.7. For 1λ =  in Theorem 3.3, we obtain the following identities  
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        (56) 

Corollary 3.8. For 0x =  in Corollary 3.7, we obtain the following identities  
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Corollary 3.9. For 1m =  in Corollary 3.8, we obtain the following identities  

 ( ) ( ) ( ) ( )
, ,

0 0

1
, .

! !2

j nnn k h j n
j h k r n

j h

E Chk
H

h j n
ααβ α β−

= =

− − 
− = = 

 
∑ ∑     (58) 

Theorem 3.4. Let n be a nonnegative integer, we have  
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∑
         (59) 
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Proof. By (10), (47) and Lemma 1, we get  

( ) ( ) ( ) ( ) ( )

( )

( )
( ) ( )

( ) ( ) ( )
( )( )

( ) ( )

, ,
0 0

1

0

1 :
,

!

2 e | ln 1
e 1

2ln 1
1

1 1

ln 12 1 1
1 1 1

21
1 1

j mn k h j
j h k r

j h

m
n xy

y

m
xn

mm
x mn

nm n i

i

G xk
H

h j

yt y t

t
t t

t

t
t t

t t

t
t

λ
β α β

α
λ

α
α

λ α

α
α

λ α α

λ α

−
= =

−
−

+

−

=

− 
− 

 
 −  = = − −    +   

 −
 = −    − + 

− − 
 = − −    − + − 

 
 = −    − + 

∑ ∑

∑ ( )
( )( )

( ) ( ) ( ) ( )
( )

1

0

ln 1
1

1

1, , 1
1 .

!

mm
x i

n mnm n i

i

t
t t

t

Ch x H i m
n i

α
α

α

α λ

+

−

=

− −
 −   −

− + −
= −

−∑

 

which completes the proof.  
Corollary 3.10. For 1λ =  in Theorem 3.4, we obtain the following identities  
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           (60) 

Corollary 3.11. For 1m =  in Corollary 3.10, we obtain the following identi-
ties  
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Corollary 3.12. For 0x =  in Corollary 3.11, we obtain the following identi-
ties  
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Theorem 3.5. Let n be a nonnegative integer, we have  
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Proof. By (11), (47) and Lemma 1, we get  
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∑ ∑
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( ) ( )

( ) ( ) ( ) ( )

22 ln 1
1

2

ln 12 1 1
2

m
xn

mm
x x mn

t
t t

t

t
t t t t

t t

α
α

α

α
α α α

α α

− 
 = −   − 

− −   = − − −    −   

 

          

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

( )
( )
( )

( ) ( ) ( ) ( )

0

0

0

ln 12 1 1
2

ln 12 1 1
2

! !

.
!

mm
m x xn m

mmnm x xi n m i

i

m mn n i n m i

i

n n m
m m

i n m i
i

t
t t t

t t

t
t t t t

t t

Ch x D x
i n m i

n m
Ch x D x

in m

α
α α α

α α

α
α α α

α α

α

α

−

− −

=

− −

=

−

− −
=

−   = − − −    − −   

−     = − − −     − −   

= −
− −

− − 
=  −  

∑

∑

∑

 

which completes the proof.  
Corollary 3.13. For 0x =  in Theorem 3.5, we obtain the following identities  

( ) ( ) ( ) ( ) ( )
( )

( ) ( )
, ,

0 0 0

1
, .

! !

j nmn k n mh j m m
j h k r i n m i

j h i

Gk n m
H Ch D

h ij n m
α

β α β
−

− − −
= = =

− − −   
− =   −   

∑ ∑ ∑ (64) 

Corollary 3.14. For 1m =  in Corollary 3.13, we obtain the following identi-
ties  

 ( ) ( ) ( ) ( )
( )

1

, , 1
0 0 0

1 1
, .

! 1 !

j nn k nh j
j h k r i n i

j h i

Gk n
H Ch D

h ij n
α

β α β
−

− − −
= = =

− − −   
− =   −   

∑ ∑ ∑   (65) 

4. Identities about Generalized Harmonic Number  
( )n k rH , , ,α β   

In this part, using generating functions and coefficient method, we derive the 
new identities involving Generalized Harmonic number ( ), , ,n k rH α β , with De-
generate Changhee polynomials, Degenerate Genocchi polynomials, Degenerate 
Changhee-Genocchi polynomials, Two kinds of degenerate Stirling numbers and 
so on.  

Theorem 4.1. Let n be a nonnegative integer, we have  

 ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ), ,
, ,

0 0

1
, .

! !

n j n rr rnn k h n j n
j h k r

j h

Ch x CG xk
H

h n j n
λ λα α

β α β
− +

−
−

= =

− − 
− =  − 

∑ ∑  (66) 

Proof. By (1) and (12), we get  

( ) ( ) ( ) ( ) ( )
( )

( )( )
( )( )

( )( )

,
, ,

0 0 0

1

,
!

2ln 1 1 ln 1
1 1 ln 1

n j rn k h n j n
j h k r

n j h

r

xr

Ch xk
H t

h n j

t t
t

λ

λ

λ

α
β α β

α λ α
λ α

−
∞

−
−

= = =

− 
−  − 

 
 = − − + − 
 + + − 

∑ ∑∑
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( ) ( )

( )( )
( )( )

( ) ( ) ( ) ( )

1

,
0

2 ln 1
1 1 ln 1

1 1 ln 1

1 .
!

r

x
r

n
r r

n
n

t
t

t

t
CG x

n

λ

λ

λ

α
λ α

λ α

α∞

=

 
− = − + − 

 + + − 

−
= − ∑

 

Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity.  

Theorem 4.2. Let n be a nonnegative integer, we have  

 

( ) ( )

( ) ( ) ( )
( )

( ) ( )

, ,
0 0 0

,, ,

,

1
.

! ! !

jn k h
j h k m

j m h

m n j n
n jm n

k
H

h

x CG CG x
m n j n

λλ λ

β α β

α α

−
= = =

−
−

 
− 

 

− − −
=

−

∑ ∑ ∑
          (67) 

The λ -analogue of falling factorial sequence is given by  
( ) ( ) ( )( ) ( )1 , 0mx x x x m mλ λ λ= − − − ≥ , ( )0, 1x

λ
= . 

Proof. By (14), we get  

( ) ( )

( )

( )( )
( )( )

( )

( ) ( ) ( )
( )( )

,
0

1

,
0 0

,
,

0 0

!
2 ln 1

1 ln 1
1 1 ln 1

( ) ln 1
!

1
ln 1

! !

n

n
n

x

n
m m

n
n m

mn
mm

n
n m

t
CG x

n
t

t
t

x
tCG t

n m

xt
CG t

n m

λ

λ

λ

λ

λ
λ

α

α
λ α

λ α

α λ αλ

α
α

∞

=

∞ ∞

= =

∞ ∞

= =

−

−
= + −

+ + −

 
−  = −  

 

−−
= − −

∑

∑ ∑

∑ ∑

 

( ) ( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( )

( )

,
, , ,

0 0 0 0

,
, , ,

0 0 0 0

,,
, ,

0 0 0 0

1
,

! !

1
,

! !

1
,

! !

mn k hm n
n n h k m

n m n h

mn n k h m n
n n h k m

n n m h

m n j
jn k n jh m n

j h k m
n j m h

xt k
CG H t

hn m

xt k
CG H t

hn m

x CGk
H t

h m n j

λ
λ

λ
λ

λλ

α
β α β

α
β α β

α
β α β

∞ ∞ ∞

−
= = = =

∞ ∞

−
= = = =

−
∞ −

−
= = = =

−−  
= − 

 

−−  
= − 

 

− − 
= −  − 

∑ ∑ ∑∑

∑ ∑ ∑ ∑

∑∑ ∑ ∑ .

 

Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity.  

Theorem 4.3. Let n be a nonnegative integer, we have  

 

( ) ( ) ( )

( ) ( ) ( )( )

1
, , 1,

0 0

, ,

1 ,

!

1
.

2 !

m h hn k n h k n mm

m h

n
n n

x Hk
h m

CG x CG x
n

λ

λ λ

β α β

α

+ +
− + +

= =

− 
 
 

− + +
=

∑ ∑
           (68) 

Proof. By (14), we get  

https://doi.org/10.4236/jamp.2022.105111


R. Wang, Wuyungaowa 
 

 

DOI: 10.4236/jamp.2022.105111 1615 Journal of Applied Mathematics and Physics 
 

( ) ( )( ) ( )

( )

( )( )
( )( )

( )

( )( )
( )( )

( ) ( )( )

, ,
0

1

1

1

1
!

2 ln 1
1 ln 1

1 1 ln 1

2ln 1
1 ln 1

1 1 ln 1

2ln 1 1 ln 1

n

n n
n

x

x

x

t
CG x CG x

n
t

t
t

t
t

t

t t

λ λ

λ

λ

λ

λ

λ

α

α
λ α

λ α

α
λ α

λ α

α λ α

∞

=

+

−
+ +

−
= + −

+ + −

−
+ + −

+ + −

= − + −

∑

 

( ) ( )

( ) ( )( )

( ) ( )
( ) ( )

( ) ( ) ( )

0

11

0

1
,

, , 1
0 0 0

1
, , 1,

0 0 0

2 ln 1 ln 1

2 1 ln 1

1
2 ,  

!

1 ,  
2 .

!

m m

m

mmm

m

m
k hm n

n h k m
m n h

m h hn k n h k mm n

n m h

x
t t

m

x
t

m

x k
H t

hm

x Hk
t

h m

λ

λ

α λ αλ

λ αλ

β α β

β α β

∞

=

∞ ++

=

+
∞ ∞

− +
= = =

+ +
∞ − +

= = =

 
 = − −  
 

 
 = − − −  
 

−  
= − 

 

− 
=  

 

∑

∑

∑ ∑∑

∑ ∑ ∑

 

Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity.  

Theorem 4.4. Let n be a nonnegative integer, we have  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), ,
, ,

0 0

1
,  .

! !

m nl ln k h m n
n h k m

m h

E x Ch xk
H

h m n
λ λα

β α β−
= =

− − 
− = 

 
∑ ∑    (69) 

Proof. By (1) and (13), we get  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( )

( )( )
( )( ) ( ) ( )

,
, ,

0 0 0

, , ,
0 0 0

, ,
0 0

,1
0

1
,  

!

1
,  

!

1 ln 1
ln 1

! !

2 1 ln 1
1 1 ln 1

m ln k h m n
n h k m

n m h

m k hl n
m n h k m

m n h

m m
ml l

m m
m m

l

x
l

n
n

E xk
H t

h m

k
E x H t

hm

t
E x t E x

m m

t Ch x
t

λ

λ

λ λ

λ
λ

λ

β α β

β α β

α
α

λ α
λ α

∞

−
= = =

∞ ∞

−
= = =

∞ ∞

= =

∞

=

− 
− 

 

−  
= − 

 

− −
= − − =

 
− = + − = 

 + + − 

∑ ∑ ∑

∑ ∑∑

∑ ∑

∑
( )

.
!

n nt
n
α

 

Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity.  

Theorem 4.5. Let n be a nonnegative integer, we have  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), ,
, ,

0 0

1
,  .

! !

m nl ln k h m n
n h k m

m h

G x CG xk
H

h m n
λ λα

β α β−
= =

− − 
− = 

 
∑ ∑    (70) 

Proof. By (1) and (14), we get  
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( )

( )

( )( )
( )( )

,
, ,

0 0 0

, , ,
0 0 0

, ,
0 0

1
0

1
,  

!

1
,  

!

1 1lnln 1
! !

2 ln 1
1 ln 1

1 1 ln 1

m ln k h m n
n h k m

n m h

m k hl n
m n h k m

m n h

m m
ml l

m m
m m

l

x

n

G xk
H t

h m

k
G x H t

hm

t
G x t G x

m m

t
t CG

t

λ

λ

λ λ

λ

λ

β α β

β α β

α
α

α
λ α

λ α

∞

−
= = =

∞ ∞

−
= = =

∞ ∞

= =

∞

=

− 
− 

 

−  
= − 

 

− −
= − − =

 
− = + − = 

 + + − 

∑ ∑ ∑

∑ ∑∑

∑ ∑

∑ ( ) ( ) ( )
, .

!

n n
l

n

t
x

nλ

α−

 

Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity.  

The combined inversion relations are introduced below (see [19]):  

 ( ) ( )
0 0

, , .
n n

n k n k
k k

f S n k g g s n k f
= =

= ⇔ =∑ ∑                 (*) 

where nf  and ng  are two sequences, expressed as following  

0 0
,   .

! !

n n

n n
n n

t tf f g g
n n

∞ ∞

= =

= =∑ ∑  

Theorem 4.6. Let 1m r≥ ≥  be a nonnegative integer, we have  

 ( ) ( ) ( ) ( ) ( ) ( )1,
, ,

0 0

! ,
, ,

n rm k h r
n h k r m rn r

n h

n s m nk
H m D

h
λλ

β α β
α

−

− −
= =

− 
− = 

 
∑ ∑    (71) 

 ( ) ( ) ( ) ( ) ( ) ( ), , 2,
0 0

!
,  , .

m rk mh r
n h k r n rm r

h n

m
H n D S m nλ

λ
β α β

α

−

− −
= =

−
− =∑ ∑     (72) 

Proof. Let 
( )1 1 t

t
λ

α
− +

= , by (1) and (16), we get  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

( )

1,
, ,

0 0 0

, , 1,
0 0 0

, ,
0 0

, ,
0 0

! ,
,  

!

!
,  ,

!

1 1 1!
,  

!

n mm k h
n h k r n

m n h

n mk h
n h k r n

n h m

n

nk h
n h k r n

n h

k h
n h k

n h

n s m nk tH
h m

nk tH s m n
h m

tnk
H

h n

k
H

h

λ

λ

λ

λ
β α β

α

λ
β α β

α

λ λβ α β
α

β

∞

−
= = =

∞ ∞

−
= = =

∞

−
= =

∞

−
= =

− 
− 

 

− 
= − 

 

 + − −   = − 
 

 
= − 

 

∑ ∑ ∑

∑∑ ∑

∑∑

∑∑ ( ) ( )

( )( ) ( ) ( ) ( ) ( ) ( )

1 1
,  

ln 1
ln 1 .

!

n

r

r m
r r r rr

m rr
m r

t

t tt t m D
t m

λ

α β
α

λ λ λ
∞

−
=

 − +
 
 
 

+ 
= − + = − = − 

 
∑

 

Comparing the coefficients of 
!

mt
m

 in both sides of the last equation, we get the 

identity. 
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In addition, from the inversion formula (*), we can get (72).  
Theorem 4.7. Let 1n k≥ ≥  be a nonnegative integer, we have  

 ( ) ( ) ( ) ( ) ( ) ( )1,
, ,

0

,1
,  , ,

! !

nl l kn k h
n h k l

l k h

s n kk
H S l k

h l n
λαλ

β α β
−

−
= =

−− 
− = 

 
∑ ∑    (73) 

( ) ( ) ( ) ( ) ( ) ( )1,
, ,

0

, 1
, ,  .

! !

l n n kn k h
n h k l

l k h

s l k k
s l k H

hl n
λα λ

β α β
−

−
= =

− − 
= − 

 
∑ ∑     (74) 

Proof. By (16), we get  

( ) ( ) ( )( ) ( )( )

( )
( )( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

( ) ( ) ( )

ln 1

1,
0

, ,
0 0

, ,
0 0

1 1 1 e 11,
! ! !

ln 1 1 ,1 , ln 1
! !

1 ,
,  

!

1
,  

k
ktn n

k
n

l l l k
l

k
l k l k

l l k k h n
n h k l

l k n h

n k h
n h k l

n l k h

tt
s n k

n k k

t S l k
S l k t

l l

S l k k
H t

hl

k
H

h

λ
λ α

λ

αα λ
λ

λ α λ
α

λ

λ
β α β

β α β

−
∞

=

−∞ ∞

= =

−∞ ∞

−
= = =

∞

−
= = =

 − −  −−  = =

− −
= = − −

−  
= − 

 

− 
= − 

 

∑

∑ ∑

∑ ∑∑

∑∑∑
( ),

.
!

l l k
nS l k

t
l

λ −

 

Comparing the coefficients of nt  in both sides of the last equation, we get the 
identity. 

In addition, from the inversion formula (*), we can get (74).  
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