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This work is licensed under the Creative 1. Introduction
Commons Attribution International

License (CC BY 4.0). The present problems emerging from the pandemic of the so-called covid-19 vi-
hitp://creativecommons.org/licenses/by/4.0/ 1y¢ [1] have motivated many researches of different areas to participate in
[okoks - B .

= searching for a better understanding of their various features. In particular, it

becomes attractive to see in deep details how the RNA of the virus interacts with
the DNA molecule contained in the nucleus of the cells [2]. In this sense, it may
be helpful to introduce new mathematical tools for the study of the DNA struc-
ture.

In this work, we show that the so-called Grassmann-Pliicker coordinates [3]
may be connected with the DNA structure. We argue that this link may be help-
ful for a building, a more complete bridge between the many mathematical and
physical scenarios related with Grassmann-Pliicker coordinates and the DNA
molecule.

It turns out that Grassmann-Pliicker coordinates are one of the key concepts
to study chirality in some chemical molecules such as tartaric acid. In fact, this
kind of molecule admits a description in terms of three distinct molecular forms,
known as dextro, levo, and nueso. Moreover, this can be illustrated by tetrahe-

dron around the carbon atom (see Ref. [4] for details). Here, we are concerned
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with the fact that the chirality of this kind of chimical molecule eventually leads
to the concept of chirotope of oriented matroid theory [4] (see also Refs. [5] [6]
and [7]). In turn, the chirotopes can be understood as generalization of the
Grassmann-Pliicker coordinates. Specifically, one considers the chirality of the
tartaric acid in terms of a chirotope which assigns a + or — sign whether the four
neighbors in a certain order have right-handed or left-handed orientation. Thus,
the associated chirotope may be regarded as a mathematical-chemical concept of
chirality (see Refs. [4] [5] [6] and [7] for details). Our novel contribution in the
context of these developments is that we associate the Grassmann-Pliicker coor-
dinates (chirotopes) with the DNA structure.

Technically, this brief note is organized as follows. In Section 2, we start with a
brief review of the DNA structure. While in Section 3, we briefly comment
about the Grassmann-Pliicker coordinates. In this way in Section 4, we estab-
lish a connection between the Grassmann-Pliicker coordinates and the DNA
structure. We finish this work giving a number of comments about a possible
link between the DNA and oriented matroid theory [4] (see also Refs. [8]-[14]),
(4 + 4)-dimensions [15] [16] [17] [18] and surreal numbers [19] [20] (see also
Refs. [21] and [22]).

2. A Brief Review of the DNA Structure

In general, one can say that the DNA structure is a nucleic acid that lives in the
interior of the nucleus of a cell, and it is one of the four major groups of biologi-
cal macromolecules. In fact, all nucleic acids are made up of nucleotides. In
DNA, each nucleotide is made up of three parts: a sugar molecule, a phosphate
group, and a nitrogenous base. Moreover, the DNA structure forms part of the
interior of the cell as a mass of genetic material known as chromatin and by a
special compactification of the DNA structure during de cell division a special
compactification of the DNA structure a chromosome is formed which of course
also live in the interior of a nucleus. The well known form of the DNA is two
strands of double helix stair shape with 4-bases, adenine (A), thymine (T), cyto-
sine (C) and guanine (G) forming the stairs rungs and sugar and phosphate
forming the stairs poles. The interesting thing is that, because is chemical prop-
erties, adenine can only be combined with thyamine and cytosine with guanine
(see Ref. [2] and references therein). Schematically, we can consider these 4 op-

tions in the form;

A-T,
T-A

1
c-a, (1)
G-C.

We observe that the bases on the two strands of a DNA structure are comple-
mentary or dual. The reason for this seems to be that adenine and thymine form
two hydrogen bonds, while the cytosine and guanine form three hydrogen
bonds.
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Just to have an idea, in a nucleus of human cell there are 46 chromosomes and
roughly speaking each of the chromosomes is made of 10° pair of bases, accord-
ing to (1). Moreover, a gen is defined as a sector of the DNA with various num-
bers of stair rungs, a estimate could be around 10* stairs rungs. This means that
each gen is made of about 10° pair bases. Of course, each chromosome and each

living being have many possible variants.

3. Brief Comments about the Grassmann-Pliicker
Coordinates

Consider a matrix A4 of the form

ab ¢ d
Az[e f g h]' @)

This is a 4 x 2-matrix, that is a matrix with 4-column and 2-raw. Instead of (2),

one may introduce the notation

1 2 3 4

v/l — V1 Vl Vl Vl (3)

[ viov2 o8 VA ’
2 2 2 2

The identification of each term in (1) and (2) is straightforward. For instance

one may see that V3 = g. Now we introduce the quantity

J N | N T vu
FA=evivy =-F". (4)
Here, we are using the convention in tensor analysis that repeated indices
mean a sum. Moreover, the only non-vanishing terms of the &-symbol &’ = —&”
are
12
& =1,
" ©)
g7 =-1

Using the properties of & it is not difficult to show that F** satisfies the
Grassmann-Pliicker relations
FHvEaf] — 0, (6)
where [va] means totally antisymmetric. Indeed, one can prove that (4) is sa-
tisfies if and only if (6) holds. Of course, the algorithm can be generalized in sever-
al fronts. The reference [11] provides a number of generalizations of this result. In
particular, if one introduces the totally antisymmetric e-symbol with 4 indices
g% one can write the Grassmann-Pliicker coordinates as

Fra i = gil'“ikvii‘l "'Vifk , )

which implies
Fm"'[#k |:V1"'Vk] =0. (8)

Of course, one must require that the dimension where the indices ,v,---

etc. “live” is greater than &

4. Link between the Grassmann-Pliicker Coordinates and
the DNA

At first sight it seems an impossible task to relate (1) with (4). But in what fol-
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lows we shall show step by a step that this is in fact possible. Let us start rewrit-
ing the squematic relation (1) as

AT T,

T > A,

C' > G,

G"'—>C.

€

In this form one is considering that the letters A", T",C* and G* are in the
right and A7, T7,C” and G~ are in the left. Instead of letters one can equally
put numbers in the form

1" —>2,
2" 51,
3" >4,
4" -3,

(10)

For further change, let us consider the combinations
I"\71,
2" 2
3INT
4t 4
So, in this way we have identified two well defined matrices, namely

AN
(2* J 2} (12)

(11)

and
N3 . (13)
4t 4
One can even write (10) and (11) in more abstract terms. Consider the defini-
tions
X1+ El+'X2+ = 2+,X3+ = 3+ and X4+ = 4+,
(14)
X =1,x =2 ,x* =3 and x* =4".

With this new notation we can rewrite the matrices (12) and (13) in the form

X x7 00
v/ = (15)
(x“ x> 00
and
0 0 x* x*
VY = . 16
2 (0 0 x* X4J (16)
respectively. This suggests to write a complete matrix of the form
X x7 0 0
X x> 0 0
vy = (17)
o 0 X X
0 0 x* x*
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Now, we would like to argue that main conditions in the bases of the DNA
can be found in the expression (17). The first observation is that (17) has the
form of two diagonal 2 x 2-diagonal matrix. This means that there are not mixture
between the bases (A, T) and (C, G) bases. Now the specific combination in (1)
can be associated with the requirement that determinance of such a block-diagonal
matrice is different from zero. Let us be more specific, if

det M Edet(xh Xl_}ao, (18)

X2+ XZ—

then only the first two combinations in (1) are possible, that is, one has A-T,
with A and T in the first and the second column, respectively and also T-A, with

T and A in the first and the second column respectively. Similarly, if

3+ 3-
detN = [X4+ X4_J -0, (19)
X X

then only the last two combinations in (1) are possible that is C-G, with C and G
in the first and the second column, respectively and also G-C, with G and C in
the first and the second column respectively. On the other hand if we call V'the
space generated by (12), then one must write

V=M®N, (20)

where the symbol ® denotes direct product, indicating that there is not mix-
ture between the bases (A, T) and (C, G).

Thus, one can introduce two dual Grassmann-Pliicker coordinates

F =g =-F" (21)
and
TFH = iy = =T, (22)
with the dual relation
* 14 1 v a,
F =2 7. (23)

Assuming that F*” cannot always be written as (21) one obtains an ex-
tended notion of the Grassmann-Pliicker coordinates which lead eventually to

one of the possible definitions of oriented matroids [3] and [4].

5. Final Remarks

Summarizing, we have shown that the so-called Grassmann-Pliicker coordinates
[3] may be connected with the DNA structure. Our main argument is that the 4
options of the DNA structure in (1) can be properly expressed in matrix form,
which properties can be naturally put in a frame of Grassmann-Pliicker coordi-
nates. Moreover, to see one possible implication of this result, by noting that the
adenine and thymine form two hydrogen bonds, while the cytosine and guanine
form three hydrogen bonds, we prove that the bases on the two strands of a

DNA structure are complementary or dual, in agreement with the dual property
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of the Grassmann-Pliicker coordinates.
The formalism developed in this work may motivate to consider different
routes for further research in the study of the DNA structure. For instance,

2+ 3+ 4+ 4-

looking at the coordinates X oxF 3 x* and X, X%, %3, x* in (14) one

may have the idea that geometrically one can associate the line element
ds® = +(dx“ )2 +(dx2+ )Z +<dx3+ )2 +(dx4+ )2

o (e e (e
which in the context of special relativity refers as a theory of four space and four

times ((4 + 4)-dimensional spacetime) background (see Refs. [15] [16] [17] [18])
and references therein).

(24)

On the other hand, since the Grassmann-Pliicker is connected to many ma-
thematical and physical scenarios, the bridge proposed in this work may help to
better understand the DNA structure. Among such many options let us choose
oriented matroid theory, but in principle Grassmann-Pliicker relations are
linked to topology theory among others. As we mentioned in the introduction,
this mathematical notion has already been considered to describe some aspect of
chemical molecules (see Ref. [4]). And in fact, it turns out that the Grass-
mann-Pliicker coordinates can be used to introduce one of the many possible
definitions of oriented matroids [4]. Indeed, we would like to emphasize that a
generalization of the Grassmann-Pliicker relations can be used to define the
so-called chirotopes, which is a key concept in oriented matroid theory (see also
Refs. [8]-[14] and references therein). In this sense we believe that the present
work may be useful for finding a more formal link between chirotopes and the
DNA structure. It is worth mentioning that in oriented matroid theory one finds
the mathematical concept of mutation [4]. Roughly speaking this means that,
spontaneously, a basis in a given matroid changes sign. We may ask: is this cu-
rious coincidence of matroid mutation be related with the mutation dynamics in
the DNA?

If one thinks in the matrices (18) and (19) one observes that such matrices can
be considered as elements of the so-called SL(2,R) group. This is a Lie group
which the corresponding Casimir operator k(k—1) has an interesting relation
with the so called surreal number theory. In fact, the lowest eigenvalues satisfy

the formula

3
k(k-1)+-—=0. 25
(k-1)+ 7 (25)
The solutions of this equation are two of the surreal numbers L and E If

one further extend this argument to higher eigenvalues one obtains the equation

2 11 105
k(k-1)) +—=k(k-1)+—=0, 26
which lead to the two equations
7
k(k-1)=—— 27
(k-1)=— @7)
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and

k(k-1)=—=. (28)

Thus, one finds that (27) admits the solutions % and g, while (28) leads to

the values g and % All these values %,%,l,gé and % are of the type

m
o with m an integer and n is a positive natural. It turns out that the numbers

m . . .
—- are the so called dyadic rationals and are the key numbers in the structure

of the so called surreal numbers [19] and [20] (see also Refs. [21] and [22]).

Of course, our algorithm (15)-(17) corresponds to a very simplified sector of
genome which is very long stretch of DNA. But the idea will be to extend the
present work to the complete genome contained inside the nucleus of a cell.

Eventually, this may help to have better understanding of the genome dynamics.
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