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Abstract

In two previous papers [1] and [2], a structure for vector products in n di-
mensions was presented, and at the same time it was possible to propose the
existence of a vector analogous to the curl of a vector field, for a space of four
dimensions. In continuation of these works, the objective is to develop,
through dimensional analogy, the idea of a hypothetical vector field, asso-
ciated with the classical electromagnetic wave. This hypothetical field has a
possible mathematical existence only when considering a space of four di-
mensions. The properties of the electromagnetic wave are preserved and equ-
ations with mathematical forms analogous to those of Maxwell’s equations

are presented.
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1. Introduction

In [1] the concept of vector products in spaces of n dimensions was developed.
In particular, for a space of four dimensions (/R*), we define the product of three
linearly independent vectors represented in terms of quadruples
F =mé +ne, + pe, +qe, asfollows:

Let ¢ =(1,0,0,0), ¢é,=(0,1,0,0), & =(0,0,1,0) and ¢, =(0,0,0,1). In
symbolic terms, this product of vectors in Euclidean space IR* is obtained start-

ing from the development of the determinant
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[FleFs]:ml nop 4 1)
m, n, p, 4
my Ny Py 4,
so that
[EF.E ]| =|F|E|| £k 2)
whit
1
1 cosq;, C€OSQy; (2
k =|cosa,, 1 COS &y, (3)
cosa,, COSdy, 1

In Equation (3), cosq; represents the angle between two of the generating vec-
tors of [F,F,F,],and naturally cosa, =cosa;, so that k> is the determinant of
a symmetric matrix. In addition, ithas tobe [F F,F,]-F, =0(i=1,2,3).

In [2], it was proposed to introduce an analog to the curl vector in /R'. Given
two vector fields represented by F, =mé, +né, + pé, +¢,é, and
F, = m,é, +n,é, + p,é, +q,é,, the vector product [VFF,]|=Vx(F,F,) is con-
sidered represented by the symbolic determinant

e & & ¢
o 90 0o 4
Vx(F,F,)=|0x, 0Ox, 0Ox; Ox, (4)

m.n b 4q,

m, n P, 4

, .0 L, 0 .0 . 0 . . .
with V=¢ —+¢é, —+é, —+¢,— being the operator del in four dimen-
) ox, Ox, ox, X,
sions.

The analogy with the curl vector is based on its symbolic notation obtained
based on the determinant structure and relationship with the vector del.

With the application of (4), for example, it was possible to demonstrate that,
for example, the geometric frameworks that relate the vectors r, @ and v
in a circular rotational motion with constant frequency are equivalent in three
and four dimensions (see [2]).

The objective of this paper is to apply the results obtained in a triad of vectors
with similar relationships to those in between r, @ and1 v . Specifically, the
idea is to apply the results in relation to the equation B=—axE between the

c
magnetic induction B, electric field E, and vector directional of propagation of

electromagnetic wave, represented by #.

2. Classical Electromagnetic Wave and Maxwell’s Equations

Initially, it is intended to summarize some known results on the classic electro-
magnetic wave, which will be important in the development of this article. Con-
sidering the monochromatic wave represented in Figure 1, the relationship be-

tween the magnetic induction vector B, the electric field E and the directional
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Figure 1. Classical electromagnetic wave, with schematic representation of the orienta-
tion of the vectors E, Band # .

vector of electromagnetic wave propagation, represented by #, can be summa-

rized in the equation

B:lﬁxE (5)
c

where:

c= represents the speed of light in a vacuum [3].

1
The density of electromagnetic energy Uis given by the expression [3]
U=U{ug=l%E?wl—Bz (6)
2 2p,
while the Poynting vector [3]
S = LE xB (7)
Hy
represents the current density of electromagnetic energy. In a flat classical wave,
the densities of electric and magnetic energy are equal
(Up=Uy,=>U=2U, =2U,).

This work develops analogies essentially with the equations related to a wave
propagating in a vacuum, in the absence of charges and currents. Maxwell’s eq-
uations in these conditions are given in [3]:

OE

VxB=¢g,uy— 8
oHo o (8)
vxE=-28 (©)
ot
V-B=0 (10)
V-E=0 (11)
Still from Figure 1, we will represent the unit vectors of the canonical base as
follows:
. » E E
e =i=—=— 12
| E] " E (12)
. ~ B B
e, = = — = — 13
é,=k=n (14)
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Note that equation

i j ok
B=—iaxE=B=0 0 1:5}' (15)
C C C
E 0 0

: EB
implies =Lt o B* === = EB=cB’, thatis:

c c c

cB?

EB=1°" (16)
lEZ
c

i j ok

Also note that # = a(E X B) =alE 0 0|=aEBk , where ais a constant.
0 B O

But 12=I€:>0!EB=1:>0{=L and then:
EB
1

A ~ 1 oy ¢
u:E(ExB)Qu:E(ExB)Qu:E(ExB) (17)

Regarding the Poynting vector:

S:LEXB:LEx(lﬁxEj:LEX(ﬁxE)
1o e cty

Ho
=—"8°”°[ﬁ(E.E)—E(E-ﬁ)] =8 =\/§E2ﬁ
Hy Hy

At the same time:
. 2U, . R
S = /8_0 2= |20 e p s - el (19)
/Uo IuO 80
1 1 1

. o1
i=—(ExB)=—uS=—S=>ia=—3_§ 20
EB( ) B T cU (20)

(18)

The results (19) and (20) are consistent, and are useful in obtaining and sim-
plifying the results shown in the next sections, that represent the true purpose of

this paper.

3. Hypothetical Vector Field Associated with Classical
Electromagnetic Wave in a Four-Dimensional Space

Equation (15) can be represented from vector products in four dimensions, as
shown in [1] and [2].

Defining the unit vector i :

i j ok
A 110 0 1 0 -1 A
cB°|0 B 0 0 cB
E 0 0 O
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where é, =1 . There is then

v=—oI (22)

with

—=1 (23)

It is important to note that (23) is in agreement with the theory:

E B’ 1 1

— =1 E =B = E = >—gE=—PB=>U,=U, (24
cB Eolly 2 2u,

COROLLARY: Considering the monochromatic flat wave, the relationship
between the magnetic induction vector B, the electric field vector E, and the
vector # in the direction of propagation of the electromagnetic wave can be

represented in the following equation developed for a 4-dimensional space:

B=L[iEy]= Klﬁ) Ey?} (25)
C C
PROOF:

i j ok I
00 Lo 1)

B- - Z—(——EijBZ—J (26)
E 00 0 ¢ ¢
000 1

It is important to note that even here

E
|B|=B=—=E*="B*=>U, =U, (27)
c

which is in agreement with the theory.

PROPOSITION:
3GelR'|G :l[ﬁBE] = KlﬁjBE}
C C
PROOF:
=] [ﬁBE]—L LilBe|5y=-"Lc (28)
v cB’ B*|\c v B’

which naturally implies:
G=BYy<G=RI (29)
The vector G has the same direction as I, being orthogonal to all the vectors
of the electromagnetic wave. This can be synthesized by:
GLlu

G i GLE (30)
GLlB

At the same time:
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BZ
G|=G=8"= 9 (31)
2py 24,
And also:
E® E?
_G _% :>G:golu0E2:>G:— (32)
24, 2 c?

1
A possible assumption is that the term U =2—G represents the energy
Ho

density associated with the hypothetical field G. One can speak of an energy
density of the “electromagnetic wave with the inclusion of the field G”, treated
here as a G-electromagnetic wave. Such an energy density would be
U =U+U, =U,+U,+U,, and the portion U, has no effect on the xyz sys-
tem.

The total “G-electromagnetic energy density” is

B’ + !
2u, 2u,

*

U =lgOE2 +
2

G (33)

4. Analog of Maxwell’s Equations for the Four-Dimensional
Space

In what follows, for simplicity, it is considered:
E:E(z,t); B:B(z,t); GZG(z,t) (34)
where
E=Ei; B=Bj;, G=G, (35)

In (35) the index A refers to the A-axis, which is orthogonal to the axes of the
xyz system, and has the same direction as the unit vector ¥ . The following
identities will also be used, which can be proved with the development of deter-
minants of order 4 and 3 respectively, from the concept of the analog of the curl

vector defined in [2].

Vx(E,y)=VxE (36)
Vx(B,y)=VxB (37)

All developments have essentially the following mathematical characteristics,
not speculating possible physical interpretations of the results. The equations re-
lated to the divergence of the magnetic and electric fields (10) and (11) are not of
particular interest, since their representation in four dimensions would only re-
quire the addition of a fourth component. Therefore, developments and demon-
strations are focused on analogies with Equations (8) and (9), which involve the
curl vector of fields Band E. Using (4):

1) Developing the relationship for E:

OFE » OF , oB OB -

VXx(E,2W)=—j——k=VxE=—"=—— 38
(Ey)=" Y a o’ (38)

Therefore:
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Vx(E,y?):——t, with —+—=0 (39)

2) Developing the relationship for B:
OB OB , oE OF »

Vx(Byw)=——i+—k=VxB=¢cu —=¢c,,—1I 40
(B.y)=—Z01+ % ot Ta, T Sty (40)
Therefore:
N oE . OB OE
Vx(B,w)=¢c,u,—, with —+ &, 14, — =0 41
(B.y) = &4 o o ook (41)

3) Developing the relationship for G
Vx(G,y)=0 (42)

Equation (42) is obvious, since G // ¥ , noting that y = % .

An important result can be obtained by combining Equations (39) and (41).
Also note that these results relating fields B and E were obtained from the
four-dimensional model.

Differentiating (39) with respect to ¢ and (41) with respect to z

O’E  9’B
-+ —=
ozot Ot
o’B O’E

-+ & — =0 44
o2 o oo (44)

(43)

Noting that &, = iz

OB, [ 6ZBJ_ B 1 0B
oMo | T - A2

and replacing (43) in (44):

— — —_——= (45)
oz* ot ozt ¢t o
Differentiating (39) with respect to zand (41) with respect to #
0’E 0°B
~+——=0
0z~ 0Ozot
o’B e O’E
ozor g

(46)

(47)

Noting that & 4, = iz and replacing (47) in (46):
c

2 2 2 2
ok ( an_oza_E 12 _

+| =gty — | = - = 48
o ot o o & o (48)

Equations (45) and (48) show that even in the four-dimensional model, the

components of the electric and magnetic fields satisfy the one-dimensional wave
1

Jeotty

5. Results Involving the Hypothetical Vector Field G

equation, with speed of propagation ¢ =

o . s E »_B . . E?
Considering the unit vectors E = z and B= 3 and relations G=B"=—-:
c
. oG
VX(G.E)=-—] (49)
(6.8)=-2)
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This equation can be rewritten, showing a direct relationship between fields £

and G
R R o(E?) . R
va(a.5)--2(£) _ 1), 2o,
0z \ ¢? ¢z oz c? oz
-2 o) 2w
c? Ot c? ot
' .\ 2E —c? .
.VX(G,E)=—?(VxE)©vXE=EVX(G,E)
VxE="Svx G,£ (50)
2FE |E|
There is a similar way:
~ oG
Vx(G,B|=—Ii 51
0.)- o

This equation can be rewritten, showing a direct relationship between fields B
and G

B ; an¢_ 2B OF
c* ot

Vx(G,B) =§(32)2 =28~ = 23[—50%5 i=

4
- Vx(G,B)=-2B(VxB) < V=B =—$VX(G,I§)

VXBI—LVX G,E (52)
2B B|

It is known that G =B? < B=+/G . Differentiating this relation separately in

relation to tand =z

6ZB_L62G_L(8G)Z (53)
o 2B o 4B\ o
o5 _LaZG_L(a_GT (54)
0z* 2B oz° 4B\ oz

Replacing (53) and (54) in the wave Equation (45):

LazG_L(a_sz L LazG_L(a_sz ~0
2B ¢ 4B\ oz c? Bor 4B\ o

L0616 _ 1 (aﬁ) 1 (6_GJ (55)

o F ot 2 az) 2B\ ar
As U, =U,, wehavethat E’=c’B?,and so:

) 2 22 2 2 2
32253432(8_3j _AE (‘Z—f) 3(238—BJ =c2(£a—3) (56)
C

2 ot 4 ot ot

c &

2F OB oG 0B

Noting that ——=—-— by (49) and (50), and ZB—za—G because of
¢ ot 1574 ot ot

G =B?,and replacing in (56):
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(acjz 2( 8G]2 1 (an 1 (aaj
= T T T o 2
ot oz 2B°\ 0z 2¢°B*\ ot

1 (6GY 1 (6G
: =0 57
232(('52] 2c32[atj (57)

This important result shows that the second member in (55) is zero, and

therefore:

G 10°G _

Y7 - 58
oz o (58)

The hypothetical vector field G also satisfies the one-dimensional wave equa-

1
\éoky '

The same result is obtained using the wave Equation (48).

tion, with speed of propagation ¢ =

Some more additional results are presented involving the hypothetical vector
field G. As previously, all of them result from the product of vectors defined by
Equation (1), from the vector analogous to the curl one given by Equation (4),

and from the other results obtained in the previous sections:

OB
Vx(E,G G +2B* 59
(E.G)=—( )5 (59)
G+2B* \0E
Vx(B,G)=| —— |=— 60
()< T3] (50
Since G +2B* =G+2G =3G, the results above can be written as:
Vx(E,G 2
vup - EO) Ly ¢ _vx(E,G) (61)
3E
Vx(B,G) 1
VxB=——"—-&VxB=—>Vx(B,G) (62)
3G 3B

E
Note that the displacement current &,u, aa— it is related to Vx B also in
t
the model in four dimensions.
Since E’=E’ and B’ = B’, the “energy density” U" can be written and
manipulated as follows:
Ut =2 2 +—B2 +5
2 2y 24,
ou 0E BOB 1 oG
—=¢, - —
ot ot pu, Ot 2u, ot

oU :E(VX(B,W)_JJ_EVX(E,¢)+ 1 oG

s

ot Ho Hy 2u, ot
6U 1 oG
=J-E+—|B-Vx(E E-V - —
o i [ “(Ev)- X ] 2u, Ot
_ai_.] E+—V (E B)_LG_G
ot Hy 2u, ot
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—aL:J~E+V-S—6UG (63)
Ot Ot

In the absence of current and charges, would be simply:

Wo U _y.s (64)
ot ot
Writing U, —U" = -V, it results that:
vs+Z o (65)
ot

This is the local form of the Energy Conservation Law.

6. Conclusions

Through the previously developed concepts regarding vector products in higher
dimensions, as well as the use of the vector analogous to the curl vector for a
four-dimensional space, it was possible to study the classical electromagnetic
wave equations with a focus on a dimensional space larger than three.

In this context, it was shown that the inclusion of a hypothetical vector field G
to the electromagnetic wave does not alter the wave representations for fields B
and E, known for the /R’ space, at the same time that they are fully equivalent in
the IR space.

Still in relation to the vector field G, it was possible to show that it meets equ-
ations analogous to Maxwell’s equations for the classical electromagnetic wave.
Although it was never intended to make physical interpretations for the hypo-
thetical vector field, it was visible that it retains fundamental mathematical
properties, such as satisfying the one-dimensional wave equation, presenting an
expression for a kind of “energy density” that is consistent with the results al-
ready known for the electromagnetic wave, and complies with the energy con-

servation law.
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