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Abstract 
In this paper, the numerical solution and its error analysis of quasilinear sin-
gular perturbation two-point boundary value problems based on the principle 
of equidistribution are given. On the non-uniform grid of the uniformly dis-
tributed arc-length monitor function, the solution of the simple upwind scheme 
is obtained. It is proved that the adaptive simple upwind scheme based on the 
principle of equidistribution has uniform convergence for small perturbation 
parameters. Numerical experiments are carried out and the error analysis are 
confirmed. 
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1. Introduction 

We consider a quasilinear singularly perturbed two-point boundary value prob-
lem:  

( ) ( ) ( )( ) ( )( ) ( )
( ) ( )

: , , 0, 0,1 ,

0 1 0,

Tu x u x b x u x c x u x x

u u

ε ′′′= − − + = ∈

 = =

       (1) 

where, 0 1ε<   is a sufficiently small positive perturbation coefficient, b and c 
are sufficiently smooth functions, and for any [0,1],x u∈ ∈R  satisfies  

*0 ( , )ub x uβ β< ≤ ≤ , 0 ( , )xb x u C≤ ≤  and *0 ( , )uc x u γ≤ ≤ , 0 ( , )xc x u C≤ ≤
respectively where β , *β , *γ  and C is a generic positive constant, independent 
of the perturbation parameter ε . In this case, the above problem contains a unique 
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solution u, and u has an exponential boundary layer at 0x =  (see [1] [2] [3]). 
Linß considered the problem (1) with ( )( ) ( ),c x u x f x= −  in [4]. The prob-

lem was discretized using a simple upwind finite difference scheme on adapted 
meshes using grid equidistribution of monitor functions. Kopteva and Stynes 
considered the same case in [5]. In [6], Jugal and Srinivasan considered a linear 
problem and proved the uniform first-order convergence of the numerical solu-
tion on adapted meshes by equidistributing the arc-length monitor function. In 
[7], Linß, Roos and Vulanović considered the problem (1), which was discre-
tized using a nonstandard upwinded first-order difference scheme on genera-
lized Shishkin-type mesh. Linß considered the problem (1) on Bakhvalov-type 
mesh in [8], on BS-type mesh in [9]. Zheng, Li, and Gao proposed a class of hy-
brid difference schemes with variable weights on Bakhvalov–Shishkin mesh in 
[10] and the parameter-uniform second-order convergence of approximating to 
the solution and the derivative on BS-type mesh and that of nearly second-order 
on Shishkin mesh were proved. 

In this paper, we consider the problem (1) in the general case. The problem is 
discretized using a simple upwind finite difference scheme on adapted meshes 
using grid equidistribution of the arc-length monitor function. We will prove 
the uniform first-order convergence and the numerical experiments verify our 
analysis. 

2. Simple Upwind Scheme and a Posteriori Error Estimate 

We set: 

0
( ) ( ) ( , ( )) ( , ( ))

x
Au x u x b x u x c x u x dxε ′= + − ∫               (2) 

So, the problem (1) is equivalent to: 

( ) [ ( )]Tu x Au x ′= − . 

For any nodes on interval [0, 1], 0 10 1nx x x= < < < = , we set: 

1i i ih x x −= − , 

1

1 1

( ) / 1, , ,

( ) / 1,

,

, , .
i i i i

i i i i

D u u u h i N

D u u u h i N

−
−

+
+ +

= − = …

= − = …
 

The simple upwind scheme is: 

( ): 0, 1, 2, , 1,N N N N
i iT u D A u i N+= − = = −              (3) 

where 

( ) ( )1 11: , , .iN N
i i i i j j jjA u D u b x u h c x uε −

− −=
= + −∑            (4) 

{ }N
iu  is the solution computed on the mesh { }ix .  

For any grid function ( )v x , we define the norm: 

( ) [ ] ( )0,1max xv x v x∈∞
=  and ( ) ( ):*

minV V vv x V x′= ∞
= . 

Easily get: *v v
∞

≤ , and 
*

2D v v−
∞

≤ . 
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Define the linear case of the problem (1): 

( ) ( ) ( ) ( ) ( ): 0, 0,1 , 0 1 0Lu x Mu x x u u′= − = ∈ = =   .        (5) 

where 

( ) ( ) ( ) ( ) ( ) ( )
0

,
x

Mu x u x b x u x c x u x dxε ′= + − ∫            (6) 

( ) ( )( )1

0
,ub x b x w s v w ds= + −∫  and ( ) ( )( )1

0
,uc x c x w s v w ds= + −∫ . 

where v and w be two arbitrary functions. 
To simplify some arguments, we assume that: 

0, 0c c b′≥ − ≥ .                         (7) 

The operators L and T are related as follow:  

( )L v w Tv Tw− = − .                        (8) 

Lemma 1: Suppose that operator L satisfies inequality (7), then equation (5) 
has a unique solution [0,1]u∈  and *u C Lu

∞
≤ . 

Lemma 2: Let 1, (0,1)v w H∈ , and (0) (0)v w= , (1) (1)v w= , ( ) 0L v w− = , 
then *v w C Tv Tw

∞
− ≤ − . 

Lemma 3: There exists a constant C such that 
*

1maxN N N
i i ii

u u C u u Chβ −∞
 − ≤ − +  . 

From Lemma 3, we get: 

( )2
max 1N N

i i iu u C h D u−
∞

− ≤ + .                 (9) 

The approach to prove the above lemmas is similar to that in [2], where 
( ) *

12 / maxN N N
i i i

i
u u u u CHβ β −∞

 − ≤ − +   with ( )( ) ( ),c x u x f x= −  was de-
rived. 

3. First-Order Uniform Convergence 

The adaptive mesh method based on the principle of equal arc-length distribu-
tion is applied here. 

Define the discrete operator NL  of operator L by 

( ): 0, 1, 2, , 1,N N N N
i iL u D M u i N+= − = = −  

where 

1 1
1

: .
i

N N
i i i i j i i

j
M u D u b u h c uε −

− −
=

= + −∑  

Let *,NL  denote the operator adjoint to NL  with respect to ( ),⋅ ⋅ , i.e., 

( ) ( )*, 1, , , .N N N N N N N N N
i i i i i iL v w v L w v w −= ∀ ∈R  

Then 
*, *, 0, 0,1, , ,N N

i i i i i iL u D D u b D u c u i Nε + − −= − + + = =   

where ( )*,
1 1/i i i iD u u u h−
− += − . 
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Let ,i jG  denote the discrete Green’s function associated with the mesh node 

ix , i.e., 
*,

, , , 1, 2, , 1,N N
i j i jL G i Nδ= = −  

and 

0, , 0, 1, 2, , 1,j N jG G j N= = = −  

where 

1,

1 ,

0 .

N
ii j

i j
h

otherwise
δ +

 == 


 

We have ,
10 , 0, , ; 1, , 1i jG i N j N
β

≤ ≤ = … = … − , which can be proved by dis-

crete comparison principle. 
For any mesh function we have the representation 

1

1 ,
1

.
N

N N N
i j i j i

j
u h G L u

−

+
=

= ∑  

It’s easy to prove that *,NL  is an M-matrix. It follows that ,i jG  is an in-
creasing function of i, for 1,2, ,i j=  . Similarly ,i jG  is a decreasing function 
of i, for , 1, ,i j j N= +  . 

Thus, for each { }1, , 1j N∈ … −  we have 

, 1, ,
1

22 .
N

i j i j j j
i

G G G
β−

=

− = ≤∑  

We have 

( )2

11 1 11 1 1 ,N N NN N N N N
i i i i i ii i ih D u h D u u u− −

−= = =
 = + ≤ + = + − ∑ ∑ ∑   (10) 

where N  is the arc length of discrete solution { }N
iu . 

Set 1, (0,1)v w H∈ , and 0 0v w= , N Nv w= , ( ) 0N
i iL v w− = , when 

( )( )1

0
,i u i i i ib b x w s v w ds= + −∫ , ( )( )1

0
,i u i i i ic c x w s v w ds= + −∫ , 

we have 

( ) .N N N
i i i iL v w T v T w− = −  

For 1, , 1i N= … −  one has 

( ) ( ) 00 0 0 , 0.N N N N N N N N N N
i i i Ni

L u L u T u T T u u= − = − = − = =
  

      (11) 

Thus, from (10) (11), we have 

( )
1

1 , 1,
1 1

1

1 , 1,
1 1

1 0

2 0
1 0 1 .

N N
N N

j i j i jji j

N
N N

N
j i j i j

j i

h T G G

T
T h G G

β

−

+ −
= =

−
∞

+ −∞
= =

≤ + − ⋅ −

≤ + − ≤ +

∑ ∑

∑ ∑









 

Because the adaptive mesh is equally distributed according to the arc length of 
the solution, so the arc length from ( )( )1 1,i ix u x− −  to ( )( ),i ix u x  is /N N . 
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So: 1 1/ /N
i i ih x x N C N−= − ≤ ≤ . 

Theorem 4: Set { }N
iu  is the solution of (1) under the grid { }ix  that satisfies 

arc-length equidistribution, then: 1Nu u CN −

∞
− ≤ .  

Proof: Because ( ) ( ) ( )2 22
1 1 1N N N

i i i i i i il x x u u h D u−− −= − + − = +  and { }N
iu  

satisfies arc-length equidistribution, so: ( )2
/ 1N N

i i il N h D u−= = + . 

According to Lemma 3 and (9) (10), we have 

( )
1

2 1max 1
i N

N N
i iu u C h D u CN

≤ ≤

− −

∞
− ≤ + ≤ . 

4. Numerical Experiment 

Example 1 (see [11]): We study the following quasilinear singularly perturbed 
two-point boundary value problem: 

( ) ( ) ( ) ( )

( ) ( )

2: sin 0, 0,1 ,
2 2

0 1 0,

u uxTu x u x e e for x

u u

π πε ′′′= − − + = ∈

 = =

 

The exact solution of this problem is: 

( ) ( ) ( )Au x u x O ε= +  

where ( ) /21ln 1 cos 1
2 2

x
A

xu x e επ −   = − + −      
. 

For any grid function { }iv  we define the following discrete maximum norm: 

1,2, , 1
: max ii N

v v
= −

=


 

In order to verify the error estimate, the numerical convergence rate of the 
solution is calculated as follows: 

2 2
log ,

N
AN

A N
A

u u
r

u u

 −
 =
 − 

 

where, we use the maximum node error : N
Ae u u= −  approximately replaces 

Nu u− , 0e  is the maximum nodal error of the numerical solution obtained 
from the initial mesh. Under the simple upwind difference scheme, the results of 
the adaptive method with the Bakhvalov-Shishkin grid as the initial grid are 
shown in Table 1. 

From the numerical example, we can see that the adaptive mesh can converge 
faster and be more accurate when the number of grid points is small in Figure 1, 
and the convergence result reaches the first-order uniform convergence in Fig-
ure 2. 

5. Conclusion 

In this paper, we consider the general problem (1). A simple upwind difference 
scheme is used to discretize on adaptive meshs based on grid equidistribution of 
the arc-length monitor function. The uniform first-order convergence of the al-
gorithm is proved, and numerical experiments verify our analysis. 
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Figure 1. The maximum node errors of numerical solutions in Example 1 with ε = 10−5. 

 

 
Figure 2. Rate of Example 1 with ε = 10−5. 

 
Table 1. The maximum node errors of numerical solutions in Example 1. 

N 
ε = 10−5 ε = 10−7 

0e  e N
Ar  0e  e N

Ar  

8 0.1931 0.1320 0.4747 0.1931 0.1320 0.4748 

16 0.1108 0.0950 0.7245 0.1108 0.0950 0.7247 

32 0.0600 0.0575 0.9082 0.0600 0.0575 0.9086 

64 0.0314 0.0306 0.9337 0.0314 0.0306 0.9343 

128 0.0161 0.0160 0.9518 0.0161 0.0160 0.9535 

256 0.0082 0.0083 0.9648 0.0082 0.0083 0.9681 

512 0.0042 0.0042 0.9732 0.0041 0.0042 0.9796 

1024 0.0021 0.0022  0.0021 0.0021  
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