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Abstract

One of the significant problems of molecular spectroscopy is the determina-
tion and detailed analysis of how molecular vibrations are dephased. The
dephasing of infrared-active (IR-active) vibrations of molecules was investi-
gated by IR absorption spectroscopy. Pulse methods were used to investigate
IR-vibrations as well. These methods revealed such coherent nonstationary
effects as optical nutation, damping of the free polarization, photon echo, etc.
New means of studying dephasing processes were uncovered by the method
of nonstationary (time-domain) coherent anti-Stokes Raman scattering (CARS)
spectroscopy. However, there are some aspects of CARS that still are not fully
covered. One of them is related to Raman scattering by polaritons in di-
pole-active crystals whereas the second one is the increase of efficiency of
CARS (minimization of the wave mismatch, the relationship between pulse
width and the relaxation time, etc.). The purpose of the present research to
study the case of “extreme” coherency between all interacting pulses (the du-
ration of each pulse is smaller than characteristic times and those pulses are
traveling with the same speed) in dipole-active crystals. In this research, we
analyzed the process of simultaneous propagation of three waves (anti-Stokes,
Stokes, and the pump) under CARS by polaritons. We have found some solu-
tions modeling such simultaneous propagation. We also found the expression
for the gain factor for such scattering. The gain factor was evaluated under the
assumption of a given stationary pump field. It was shown that the typical
values of the relative intensities were consistent with the experimental results.

Keywords

Coherent Anti-Stokes Raman Scattering, Spectroscopy, Polaritons, Stimulated
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1. Introduction

Maker and Terhune were first who demonstrated the CARS technique [1]. In [1]
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was also shown that the efficiency of the CARS generation is the function of the
third-order susceptibilities which were extensively studied in the experiments of
the nonlinear properties of solids and liquids [2] [3] [4]. Since then CARS spec-
troscopy has become a powerful technique in many fields of knowledge such as
physics, biology, chemistry, healthcare, etc. [5] [6] [7] [8] [9]. The CARS imag-
ing proved its efficiency in cancer diagnosis as well [10] [11]. Begley et al were
among the researches who summarized the important advantages of vibrational
spectroscopy based on nonlinear anti-Stokes generation [12] [13] [14]. This
technique went to the next level when the ultrashort laser pulses resulted in the
possibility of the coherent excitation of multiple Raman modes [15] [16] [17].
For example, the method of nonstationary (time-domain) CARS spectroscopy
permitted direct observation of vibration dephasing in an ensemble of atoms or
molecules or even in the simplest system-molecular hydrogen [18]. The further
increase in efficiency would result from simultaneous propagation in the me-
dium of all interacting waves. In [19] [20] [21] we considered the cases of Raman
scattering by polaritons in dipole-active crystals. In this paper, we considered the
theoretical modeling of the processes of nonstationary CARS by polaritons in

dipole-active crystals.

2. Basic Principles and Equations

In this paper, we consider the nonlinear interaction of four electromagnetic
waves: anti-Stokes, Stokes, pump (laser), and polariton. Those waves are assumed
to be linearly polarized plane waves. It is also assumed that the nonlinear me-
dium takes a form of a layer bounded by the planes z= 0 and z= L. The pump

E (r,1)=6A(z, t)exp[ (kiz- co,t)}+c.c. (1)

propagates along the z-axis. The subscripts a, / s, and p denote the anti-Stokes,
pump (laser), Stokes, and polariton wave fields, @, ,
Nyisp and k

pumped medium, and €, , are the real unit vectors of electromagnetic fields.

are the frequencies,
alsp are the refractive indices and the wave vectors in the un-
The nonlinear medium is assumed to be nonmagnetic and transparent at the

frequencies @, . We use the anti-Stokes, Stokes, and polariton fields in the

form
E.(T.t)=6,A (zt)e |:I (Kiz-aoyt ]+c.c., (2)
E, (T,t)=6A (z,t)e [ (kiz- a)t}+cc 3)
E, (Ft)=8,A (z.t) exp[ W z— a)t ]+c.c., (4)

where ka,s = qa,sna,s > qa,s = wa,s/c > WZ = I(IZ _ksz > a)p = a)l _a)s .
In the process of CARS, the nonlinear interaction of two electromagnetic
waves @, results in the generation of anti-Stokes and polariton waves. The

system of shortened equations for the amplitudes A, is obtained from Max-
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well’s equations by using the standard approximation of slowly-varying ampli-
tudes [22] and takes the form

%Jri%—i 2ra, ){;(aAApe‘A"ZZ +7, (|A1|2 +|&|2)Aa}, (5)

& v, & cn,cos(6;

oA 1 0A . 21w * __iak?z

EJFWE_ICH. coS(Ialz){l'lAsAerl'zAaA”e } ©
oA 10A . 2no, * 2 2
EJFEE_I—cnScos(Hj){%AAp +75(|A| +|Al )As} (7)

oz Vi oot 2W?

p

oA oA 2o 2 . 2mq? N . il
I N {quvgw -1JA,) —iw—‘i"{zpﬁ A+ 2 AASY ] (®)
p-p

where Y., Xi1120 Xs) Xpip21 Va5 are the corresponding tensor contractions of
non-resonance quadratic and cubic nonlinear polarizabilities with unit vectors
of polarization of interacting waves; €
are z-components of velocities of waves

is the non-resonance part of dielectric
permeability at frequency @,; Vg,
on @, ,; AK®=k’+W?*—K; is the wave mismatch between the pump, po-
lariton, and anti-Stokes waves.
Given the strong polariton absorption we have [23]
NN %8?( w _1]A*, o
oz | vioat|  awilqkey )"

p

so that we can neglect in (8) the terms with the derivatives after which this equa-
tion yields
* 4T|:q2 * * i ZZ
e N
pep
If we insert the obtained expression for the amplitude of polariton wave in

(5)-(6), we get a system of 3 differential equations for A, as follows:

oA 10A
o0z v ot
) tnc g 4 (11)
. Tca)a * iAkZz 2 2
=i - { EEEEE AT AN 4y AL A+ A Aa}'
cn, cos(6; ) | (W? -2z )
5 .
A LA 2o et} (2 p + 212Xt ) A A
oz vt cncos() (W?-gler)
(12)
4na? y,x 2 2 2
+ P A A AL A+ A AL
(W _qup)
oA 1O0A
0z v ot
2nw Anl y x =
. T * iAkZ 2 2
=i P Ay AT A AL A
cn, cos(67) | (W* —qbey)
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AnQly. 1o 4ng?
where (), za)p/c s Va Eya+% s Ve =7Vs +% , and
(W _qup) (W _qup)
4“‘1;%75;1
MENTT— 5
(W ~0ép )
The system (11)-(13) can be simplified if we use new variables
_iAk?z
A=Ae 2 (14)
_iAK?z
and Al=Ae 2 . (15)

The system (11)-(13) in terms of A;‘s can be written as follows:

o L1 OA | IAKT

oz Voot ; A

(16)
. 2 4 a 1
S 0 R N I T ST
cn, cos(67 ) | (W? -aZey)
o, 1aA . 29 anq ( 2y + X071 NN
oz v ot cncos(6)) (W2 —azey) -
q X2 X p2
+rul AL A+n AL A+ ﬁl%l A}
OA [ LOA IAK
oz Vot 2
(18)

27'[0)5 4th ;(s;(pz
cn, cos(07) | (W? —ale;

)AAa +7a|Al A +7 A As}

And, finally, if we assume a “week” wave mismatch at Stokes and anti-Stokes

frequencies, that is

oA, 1AL
oz v ot

a,s

AkZ
>

A, (19)

then the final system of equations simulating CARS can be expressed as

KL 1on
oz v: ot
2 47q (20)
. Tw, i ;(a;(pl
Icnacos(yaz){(w2 )AA& +7u AL A +7, AL Aa}
% 1 oA i 2no, 47‘Cq,2) (Zu)(;z +lelpl)A€;AS,A*
oz Vi ot cn, cos<¢9|2) (Wz_qig:) N
21

4nq? X2 X p2
+—2p AN A+ AL A +n Al A}
(W -ae;)
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® Lo
0z Vi ot

(22)
2750)5 4chp/1/s;{p2

cn, cos (67 ) | (W? —ale;

)AAa +7alAl A +7 A AL

3. Asymptotic Solutions in a Form of Simultaneously

Propagating Waves at Frequencies a,

Since we will conduct the numerical analysis of the system (20)-(22) we bring it
to unitless form first. To do that we multiply both the left and right part of each
equation by the factor z;/A, (A, and 7, are the peak amplitude and char-
acteristic duration of the pump, z, =cz,). After that, the system (20)-(22) can
be reduced to

a~' 1 a~’ H ld 112 70
P 2D e KR e A Rec A RL 03
oz Vv, ot
OB 1 OA (L oz x e T P 2 -
A __6_.{ WRRE +Co| R A +Col A A+CulA A} 20
z ¥ ot
aA; 1 N { }
—+——72=04C +C,, 25
az ~SZ at SlA Aa ( )
5 ! 5 - 4 2 * 2
where A/ = s RN fol ¢ o 2l PO Xa X
TA A 7 cn 003(9 ) (Wz—q )
2nw,z 2nw,z 2tz
CaZE—O alA) EA aA) _A |1A)2’
cn, cos(6; ) cn, cos(6; ) cn, cos( )
4 2 * 2
21wz, ) _ 2nmz, md, (Zu)(pz +Z|zZp1)A0
G = A Cu= z 2_ 2. - )
cn, cos (6 ) cn, cos(6 ) (W2 —qZey)
__ oz, M ZznA o 2moz, 410 2eA
Cia = 2 7 2. Ca= z 2 2.»)
cn, cos(@,) (W —qup) cnscos(es) (W —qup)
2nw,z 21w,z
Csz = T j/slAg’ Cs3 E&}@AOZ'

cn, cos (67 ) cn, cos(6;)

We are looking for stationary solutions as

At (5 F 2\ oi%as(é A(5F 2\ (¢

R (2.8)=8,,(£)e"") and A(2£)=B, (&)™, (26)
where &=f- Z/ V5 v? is the velocity of simultaneously propagating waves at
the frequencies @,,,; B,;; and ®,  are the real amplitudes and phases of
the waves, respectively. Such a standard procedure of presenting the complex
amplitudes of waves in terms of real and imaginary parts results in duplication
of the system of (23)-(25):

dBﬁf =-x,C,,B/B,sin(®), (27)

a~al
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2
dq)f =x,1C, B B, cos(®)+C,,B? +C,,BZ ¢, (28)
dg B,
dil: x,C,,B, BB, sin(®), (29)
dg
do, 2 2 2
P {C,B,B, cos(®)+C,,B? +C,;B} +C,,B}, (30)
dBf =-x,CyB’B, sin(®), (31)
dg
2
do, _ k. 1Cy BB, cos(®)+C,,Bf +C,BZ ¢, (32)
dg B,
where «,, EVEZLS’,VZ/(VZ —Vaq, ), O=20, -0, -D,.
If we introduce the amplitude of simultaneously propagated waves as
B, B, _ B
=- =- = (33)
LA kCy KCy
we could reduce the system above to
dQ 2 -
—=aQ"sin(®d), 34
' Q”sin(@) (34)
d£=2anos(q))+,BQ, (35)
dg
where
/laz = _KaCal’ /7‘12 = KICI1' ﬁ’sz = _KsCsl’ a= 2ﬂ“ﬁl/’isﬁlz’
(36)
f1 =25 (Cp Al + Ciah? +Cudd )=k, (Coo A+l ) =k (Cop A +Col).
The system (34)-(35) can be further simplified as follows
dQ 2 -
—= sin(®), 37
o - Q sin(@) (37)
@:Q(ZCOS(@)'}‘B), (38)
dx
where XEgEa, ,B=£
o
We can reduce the number of equations by using the integral of motion
= % (39)
2c0s(®)+ 4
where Q >0, B>2.
If we express the phase @ as the function of Qin (37) we get
I = dQ = = lx (40)
J4-3)Qt +2pQ -1 2
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The integral on the left can be found as follows:

IJ(“‘BZ)d?+25Q2—1:_W(L(B—Z)QZ)(1—(/?+2)Q2)
,3+2 J/ (2-B)((4-£°)Q" +28Q* -1),

xF(isinh‘[ (2-5)Q

where F(>~<|m) is the elliptic integral of the first kind with the parameter

(41)

m=k?2, sinh? (X) is the inverse hyperbolic sine function.

In Figure 1 it is shown that the solution of (37) and (38) exists in the form of
pulses. The duration of those pulses can be easily evaluated as follows: first, we
assume, that C; ~C, ~C,;~C (in the next topic it is shown that g~C
where g1is the gain factor of Raman scattering) so that the coefficient
a = A, A A = C? =~ g%, The typical values of the gain factor in crystals are of or-
der 107 cm/MW [24]. Hence, if we consider the pump of the intensity of 10” -
10° MW and z=1cm,then g~1.

4. Gain Factor g

To show that the system of Equations (5)-(8) is consistent with experimental re-
sults for CARS by polaritons we consider the stationary solutions of the coupled
wave equations in the constant pump approximation. The system for Stokes and

anti-Stokes (20), (22) under the above suggestions can be expressed as

oA "
> =iC Ae™ " (42)
(43)
=100 -50 0 50 100
x
Figure 1. Qversus x.
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After introducing new variables
F = Ae—iAkZz/Z and Fa* = A;eiAkZz/Z (44)
the system of differential equations of the first order can be readily transformed to
the single differential equation of the second order (for example, for F, (Z) ) as

2 22
aazlzs +[A|2( j FS = Calcles' (45)

We solve this equation by adopting a trial solution for F, in the form
F.(2)=F (0)e” (46)

S

where g represents a gain factor. Then we substitute (46) into (45) to obtain the

approximate value for gas
1
g~ (Calel)Z =C (47)
Ak Y
(here we assumed that the pump was strong enough to provide C,C, > (TJ ).

Finally, the expression for g can be reduced to

g ~C~8r’wz, 7’ A /(cn) (48)
s [ oreg, ARRALAA 2mez, 4iranA |
gz(calcﬂ)z — a‘o pAastpl s£0 pAsAp2
( cn, cos(eéf) (Wz—qﬁg;") cn, cos(&j) (Wz—qf)gff) ).

~ (STcza)ZO/(g'nC);(ZAOZ) ~ 87520)207(2'%2/((:”)

As the experimental data for this gain, we used the following [25]: pulse width
of the pulsed Ar" laser = 30 ps, the peak output power = 2.5 kW, the wavelength
was 514.5 nm, the cross-section = 107* cm™, y, ~10cm™, and y ~10°esu.
In [26] the nonlinear medium was zinc blende ZnS, in which the polariton fre-
quencies were in the rage 200 - 400 cm™". Both the experimental results for the

gain factor in [26] and calculations based on (48) have resulted in g= 1.

5. Conclusion

In this paper, we have found the system of differential equations that model the
process of coherent anti-Stokes Raman scattering by polaritons in crystals. We
have also found the asymptotic solutions of that system that correspond to the si-
multaneous propagation of all waves participating in the process of Raman scat-
tering. And, lastly, we showed that the value of such an important feature as the

gain factor resulted from that system is consistent with the experimental results.
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