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In this paper, we consider the fractional Hamiltonian system

(D2 (L,Dfu(t))+ L(t)u(t) =YW (tu(t)), ue H* (R,R"), (1)

where a€(1/2,1), teR, LeC (R, R" ) isa symmetric and positive definite
matrix for all teR, We Cl(RxRN ,R) and VW ((t,u) is the gradient of
W (t,u) at u. In the following, (,) ‘R xR" > R denotes the standard inner
productin R" and |-| isthe induced norm.

Fractional calculus has received increased popularity and importance in the
past decade, which is mainly due to its extensive applications in many engineer-
ing and scientific disciplines such as physics, chemistry, biology, economics,
control theory, signal and image processing, biophysics, blood flow phenomena,
aerodynamics, etc. (see [1]-[6]). Models containing left and right fractional dif-
ferential operators have been recognized as best tools to describe long-memory
processes and hereditary properties. However, compared with classical theories
for integer-order differential equations, researches on fractional differential equ-
ations are only on their initial stage of development.

Recently, the critical point theory and variational methods have become effec-
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tive tools in studying the existence of solutions to fractional differential equa-
tions with variational structures. In [7], for the first time, Jiao and Zhou used the
critical point theory to tackle the existence of solutions to the following fraction-

al boundary value problem
D¢ (,Dfu(t))=VF(tu(t)), ae.te[0,T], u(0)=u(T)=0.

Jiao and Zhou studied the problem by establishing corresponding variational
structure in some suitable fractional space and applying the least action principle
and Mountain Pass theorem. Then in [8], Torres proved the existence of solu-
tions for the fractional Hamiltonian system (1) by using the Mountain Pass
theorem. The author showed that (1) possesses at least one nontrivial solution by
assuming that W satisfies the (AR) condition and L satisfies the following coer-
cive condition:

(@5) L(t) is a positive definite symmetric matrix for all te R, and there ex-
istsan 1eC(R,(0,0)) suchthat I(t)—>o as [ff—>oc0 and

(L(t)x,x)z I(t)|x|2 ,VteR, vxeRN.

Subsequently, the existence and multiplicity of solutions for the fractional Ha-
miltonian system (1) have been extensively investigated in many papers; see
[9]-[15] and the references therein. However, it is worth noting that in most of
these papers, L is required to satisfy the coercivity condition (Z). Recently, the
authors in [16] proved the existence of one nontrivial solution for (1), where L
does not necessarily satisfy the condition (Z) and W satisfies some kind of local
superquadratic condition:

(W) There exist b,b, e R (b, <b,) such that lim
iformly with respect to te(b;,b, ).

ixfsen |W (t, X)|/|X|2 =00 un-

Here Wis only required to be superquadratic at infinitely with respect to x
when the first variable ¢belongs to some finite interval.

Motivated by the above papers, in this note, we will consider the multiplicity
of solutions for the fractional Hamiltonian system (1), where L is not necessarily
coercive and W satisfies some local growth condition. The exact assumptions on
Land Ware as follows:

Theorem 1. Assume the following conditions hold:

(L) There exists |, >0 such that

I(t)=1, VteR,

and
[L(1)) "dt <o,
where 1(t)=inf et (L(t)x,x) is the smallest eigenvalue of L(t);

(W;) W eC'(RxB;(0),R) is even in x and W (t,0)=0, where B,(0)
denotes the ballin R" centered at 0 with radius &6 >0;
(W,) There are constants ¢, >0 and 0<@ <1 such that

|VW (t,x)| < cl|x|9 ,V(t,x) e Rx By (0);
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(W,) There exists a constant p > 2 such that

mW(t,x)

x>0 |X|p

=0 uniformly for t e R;

(W) 2\N(t,X)—(VW(t,X),X)<O forall teR and XE]RN\{O};
(W) There exists a constant g > 2 such that

mW(t,x)

= oo uniformly for t e R.
[x[—0 |X|ﬂ

Then problem (1) has a sequence of solutions {u, } such that
max, g Uy (t)| —0 as kK> w.
Remark 1. There exist L and W that satisty all assumptions in Theorem 1. For

example, let

(n2+1)2(t—n)+c}lN, n<t<n+ 21 ,

L n-+1

— 2
L(t)= (n2+1)2+c}lN, N+ Stans o,

— 2 2

_(nz +1) (n+1—t)+c}IN, n+nz+1st<n+1,

and
W (t,X) :|x|4 for [x <1

with @=1/2, p=3, u=5. Note that W is superquadratic near the origin and
there are no conditions assumed on W for |x| large. As far as the authors know,
there is little research concerning the multiplicity of solutions for problem (1)
simultaneously under local conditions and non-coercivity conditions, so our re-
sult is different from the previous results in the literature.

The proof is motivated by the argument in [17]. We will modify and extend
W to an appropriate W and show for the associated modified functional 7 the
existence of a sequence of solutions converging to zero in L” norm, therefore

to obtain infinitely many solutions for the original problem.

2. Preliminary Results

In this section, for the reader’s convenience, we introduce some basic definitions
of fractional calculus. The left and right Liouville-Weyl fractional integrals of
order 0<a <1 onthe whole axis R are defined as

wlfu(x)=%Q)J;(x—é)“‘lu<f)da

1 © a-1
(g =— - dé.
() = s e (@)
The left and right Liouville-Weyl fractional derivatives of order 0 <a <1 on

the whole axis R are defined as
_Q(,D;”u(x)zdi I u(x), 2)

—o X
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xD;ju(x)z—(;j—xj'xIj;‘”u(x). 3)

The definitions of (2) and (3) may be written in an alternative form as follows:

B e T

1—0{) 0 éga+1
o U(X)—=U(X+
D)= ( )5“+(1 ez

Moreover, recall that the Fourier transform @(w) of u(x) is defined by
G(w)=[" e™u(x)dx.
To establish the variational structure which enables us to reduce the existence
of solutions of (1), it is necessary to construct appropriate function spaces. In
what follows, we introduce some fractional spaces, for more details see [8] and

[18]. Denote by L" =LP (R,RN) (1< p <o) the Banach spaces of functions
on R withvaluesin R" under the norms

ol =(JJocof et

and L* (R, R" ) is the Banach space of essentially bounded functions from R
into R" equipped with the norm

lu]|, =esssup {|u (t):te R}.

For « >0, define the semi-norm

P :"meu

-0

|u

2’
and the norm

Jo L)

= (Jus +lo

1%
Let
P —— T
1%, =Cy (RRY) ™,
where C; (]R, R" ) denotes the space of infinitely differentiable functions from
R into R" with vanishing property at infinity.
Now we can define the fractional Sobolev space H“ (R,RN ) in terms of the

Fourier transform. Choose 0 < a <1, define the semi-norm

ul, =[Jw"

2’

and the norm

12
Jull, = (s +f?) ™

Set

I-le
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Moreover, we note that a function U € L* (R, R" ) belongs to 1% if and only if
w* G el?(R,RY),

Especially, we have

1%, = H|W| u 12

Jul.

and H® are equivalent with equivalent semi-norm and norm.

a
1%

Therefore,

Analogous to 1% , we introduce 12 . Define the semi-norm

—0

2’

and the norm

u

12
o = (ol + ol )
Let

I :—CSO (R,RN )H'ng.

Then 1% and 1¢ are equivalent with equivalent semi-norm and norm (see
(18]).

Let C (R, R" ) denote the space of continuous functions from R into RN,
Then we obtain the following lemma.

Lemma 1. ([8], Theorem 2.1) If a >1/2, then H* c C(R,RN ) and there is
a constant C=C, such that

Jull, =suplu (x) < C]u, -
xeR
Remark 2. From Lemma 1, we know that if ue H* with 1/2<a <1, then
uel® forall pe[2,x),since

Jola OO el ull

In what follows, we introduce the fractional space in which we will construct

the variational framework of (1). Let
y& = {u e R (|- Dru (o) +(Lu(t) u(v))at <oo},
then X* isa Hilbert space with the inner product

(U = [ ((Dfu(t), - DEV(t))+(L(t)u(t), v (1)),

and the corresponding norm is

2

2
Jul

(),
Lemma 2. If L(t) satisfies (L), then X® is continuously embedded in
H*.
Proof. By (L,) we have
(L(O)u,u) 2 1()[u]* 2L |uf", vieR

Then
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Wl = (1, |- e +fuo) o)
<1 [ | Deu(t) dt+ [_(L(t)u,u)dt.
It implies that
o = K.

where K =max{1,1/1,} . O
Lemma 3. If L(t) satisfies (L,), then X* is compactly embedded in L
for 1<q<ow.

Proof. First, by (Z,) and the Holder inequality, one has

[ Jufat = )‘“( (t))“u

dt

<.[ dt
s(jR(l(t))_ ) z(jR(L(t)u,u)dt)“
<(1,00) ot) " Jul , vu<E

This implies that X“ is continuously embedded into L*.

Next, we prove that X“ is compactly embedded into L'. Let {u,} bea
bounded sequence such that u, —u in X“. We will show that u, ->u in
L. Obviously, there exists a constant d; >0 such that

Junl e <d;, vneN. (4)

By (Z,), forany &>0 thereexists T, such that

e ) ¥

Since by Lemma 2 X“ is continuously embedded into H®, the Sobolev em-
(]R,]RN). Then for the T, above,

bedding theorem implies u, —u in L
there exists N, € N such that

loc

y
(fT lu, —uf’ dt) 2 <%, vn=N,. (6)

Combining (4)-(6) and the Holder inequality, for each n> N_, we have
[ u, —uldt :.f_TT lu, —u|dt+J' u —u|dt

<ar,([% Ju, ~uf dt) o P ) e CS) A
<]y (00) (L) (v )t
£§+UWT0«»*mf7nw<Luxw—u»%—uwﬂ
AT

This means that U, > U in L and hence X“ is compactly embedded into

12

Z(d +||u
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Last, since for 1< q<oo one has
q a-1
Jlul” it < o ful
it is easy to verify that the embedding of X“ in L% is also continuous and
compact for qe(1,00). The proof is completed. O
Remark 3. By Lemma 1 - 3 we see that there exists a constant y, >0 such
that

||u||Lq <7, ||u oy Yue X%, Vge [1,oo]. (7)

)
Lemma 4. Assume that (W))-(W,) are satisfied. There is O<r<E and

W eC! (R,RN ) such that

i)
|VV\7(t,x)|§c2(|x|9+|x|p'1),v(t,x)eR><RN, (8)
where c, isa constant;
ii)
V\7(t,x)::Z\N(t,x)—(VW(t,x),x)go,v(t,x)eRxRN 9)
and
W (t,x)=0 iff |x|=0. (10)

Proof. By (W;) and ( W,) one has
W (t,x)|<c,[x|"", ¥(t,x) e Rx B, (0). (11)

Next we modify W (t,x) for x outside a neighborhood of the origin 0.
Choose

O</5’<i,
dy;

where 7, is the constant given in (7). By (W), there is a constant r e (0,%)
such that
W (t,x)< X", vteR and |x| <2r. (12)

Define a cut-off function peC'(R,R) satisfying
1, 0<t<r,

p(t)z{o, t>2r,

and —%S p'(t)<0 for r<t<2r.Using p,we define
W (t,x) = p(|x|)W (t,x)+(1—p(|x|))Woc (x), V(t,x)eRxR",  (13)

where W, (x)=|x|", ¥x € R" . Then by direct computation we get
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)= (X)) VW (t.x)+ o' (X)W (¢, X)
+@p4M( o (X)W (3 Y
)= )20 (13) (W (0 )+ 2 DI A )
—Pﬂ$( (X)W, (x))[x
for (t,x)e RxR" . It follows from ( W;) and (W) that
VW (£,0)=W (£,0)=0, Vt e R. (16)

Then by (11), (14), (W) and the choice of the cut-off function p , we have
|VV\7 (t, x)| <pp|x"", vteR, x> 2r,
and
|VW (t,x)| £|VW (t,x)|+§|\N (t,x)|+W0;(x)+%Ww(x)
<o +4c "+ ppl s e
=5¢,|x" +(4+p)B|X"", vt e R, |x| < 2r.

Therefore, (8) is satisfied if ¢, =max{5¢,,(4+ p) A} .

Finally, we prove (9) and (10). On one hand, using (16) we know that
w (t,x)=0 whenever x=0. On the other hand, assume that r <|x|<2r. By
(12), (15), (W,) and the choice of the cut-off function p , we obtain

p(X)(2W (1) (VW (t.x),x)) <O,
(2-p)(1-p (X)W, (x) <0,
and
=" ()W (1) W, (x))]x|<0.

The above estimates imply that V\7(t,X)<0 if r<|x|<2r. Besides, when
|x| = 2r, by (15) we have
V\7(t,x)=(2—p)Ww(x)<O.
when 0<|x|<r, by (W,) we get
V\7(t,x)=2\N(t,x)—(VW(t,x),x)<O.

Thus (9) and (10) are verified. The proof is completed. ]
We now consider the modified problem
(D2 (. Dfu(t))+ L(t)u(t) = VW (t,u(t)), (17)
whose solutions correspond to critical points of the functional
1 . 2
()= J, |- Dru (o) (L (t)uu)jdt— W (tu)et
1 _
:E"u . - W (tu)dt

forall ue X*.By (11) and (13) we have
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|n9+1

|V\7(t,u)|sol|u +Bul*, v(tu) e RxR". (18)

Thus, 7is well defined.

Rewrite 7as follows:

=11,

where
! :%IR(Lwau(t)r #(L(O)uu))dt and 1, = [ W (tu)

In the following, ¢ will be used to denote various positive constants where the
exact values are different.
Lemma 5. Let (L), (W,) and (W,) be satistied. Then | C'(X“,R) and I

is compact with

(13 (u).v)=[ (VW (t,u),v)dt
(1)) =L (- Dru(t), . Drv())+(L(t)u,v) (VW (t,u),v))dt

for u,ve X“. Moreover, nontrivial critical points of 7in X“ are solutions of
problem (17).
Proof: 1t is easy to check that 1, e C' ( X, R) and

(1(u)v) = [ (= Dru(t), - Dev(n))+(L(t)u,v))dt.
Forany 7€ [0,1],u,h e X*, by (8) we have
(9 (tu ) )| < (ol [+ nl" ol o]+ [,

where c¢ is independent of 7. Hence, for any u,he X“, by the mean value

theorem and Lebesgue’s dominated convergence theorem, we get

lim 12 (u+sh)-1,(h) =lim R(VVV (t,u+r(t)sh),h)dt

s—0 S s—0

= [ (YW (t,u),h)dt =W, (u,h),

where 7(t)e[0,1] depends on u,h,s. Moreover, it follows from (8) and (9)
that

W, (u,h)| < L[(VW (tu), h) ot

oo+l Il )
e Jln
Therefore, W, (u,) is linear and bounded in 4 and I}(u)=W,(u,-) is the

Gateaux derivative of |, at .

h

4
Lo+

< c(||u

SC(”u |

X« "

Next we prove that |, is weakly continuous. Set Bu:= VW (t,u). There ex-

ist B,,B, such that B =B, +B,, where B, is bounded and continuous from
0+1 b
" to L? and B, isbounded and continuous from L° to L"™.Forany

V,he X%,
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(13 (w) =13 (v),h)| <[, (Bu—Bv.h)d
= UR(BIU +B,u-BVv-B,v, h)dt‘
<[ [Bu—By|h|dt+ [ [B,u—B,v||h|dt
041

<c[Bu-B, T [« +clB.u BV [

X!

which implies that

sup [13(u)—1; (v)| <c[Bu-By|

Il =2

L% +c||Bzu - Bzv||Lﬁ .

Now suppose U—V in X“, then by Lemma 3, U—V in L’ and L.
Combining the above arguments, we have that |, is weakly continuous.
Therefore, 1} is compactand | eC' ( X, R) .

Finally, by a standard argument, it is easy to show that the critical points of 7
in X“ are solutions of problem (18) with u(+e0)=0. The proof is completed. []

Lemma 6. Assume that (L,), (W))-(W,) are satisfied. Then 0 is the only criti-
cal point of I such that 1(u)=0.

Proof. By (W)), (W,) and Lemma 5, we know that 0 is a critical point of 7 with
1(0)=0.Nowlet ue X bea critical point of /with I(u)=0.Then we have

0=21(u)-(1"(u),u) :—J'RVV (t,u)dt,

where W is defined in (9). This together with (ii) of Lemma 4 implies that
|u (t)| =0 forall teR. The proofis completed. U

3. Proof of Theorem 1

The following lemma is due to Bartsch and Willem [19].

Lemma 7. Let E be a Banach space with the norm || and E=@_ E(]j),
where E () are all finite dimensional subspaces of E. Let | € c! (E,R) bean
even functional and satisty

(F) For every k=>Kk,, there exists R, >0 such that I(u)>0 for every
ueE 1®E(j) with |u|=R,,and b =inf, g 1(u)—>0 as k —oo. Here
B, ={uekE, |Ju|<R};

(F) For every keN , there exist r e(0,R,) and d, <0 such that
I(u)<d, forevery ueE":= (-Bl}ﬂE(j) with |ju]=r;

(F;) I satisfies (PS )* condition with respect to {Em J me N} , Le. every se-
Em) (Uy)—>0 as m—>o0

quence u, € E™ with I(u,)<0 bounded and (I
has a subsequence which converges to a critical point of 1

Then for each k >k,, /has a critical value & e[b,,d,], hence & <0 and
& >0 as koo,

Let {e i }T:l be the standard orthogonal basis of X“ and define E(j)=Re,
for each je N.Now we show that the functional /has the geometric property
of Lemma 7 under the conditions of Theorem 1.

Lemma 8. Assume that (L,), (W)) and (W,) hold. Then there exist a positive

integer k, andasequence R, — 0" as K — oo such that
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I(u)=0, vk >k,

In
ey Julya =Ry

and

b, :=uiggkl(u)—>0 as k — oo,

where E, =@®],E(]j) and B, = {u e E, |||u
Proof. By (18) we obtain

v« <R} forall keN.

1, 2 ~
I(u)=5||u » —JRW(t,u)dt
1 (19)
2 0+1
> T ol -l v <y
Set
o= sup |ufe..VkeN. (20)
ueEk,HuHxazl
Since X“ is compactly embedded into L°*', there holds (see [20])
I, >0 as k - o0, (21)
For each Kk € N, it follows from (7), (19), (20) and the choice of S that
1, 2 o411, (1641 P
I(U)ZEHU X4 —cl "U X« _ﬂ7§ "u X4
1 1 (22)
2 o+1|,,|10+L p
ZE"u o — Gl ully o —Z"u o VUEE,.
For each ke N, choose
R, =4c I, (23)
then by (20) one has
R, = 0" as k — oo, (24)
and hence there exists a positive integer K, such that
R, <1, vk >K,. (25)
Now by (22), (23) and (25), we have
in I (u) lef —lRf*Z —le" >0, Vk > K,.
ueBy.July« =R 2 4 4
Noting that 1(0)=0 and
et 1
F(u) = —c b ully« —Z"u vo VkeN,ueE,
we have
0 inf I (u)=—c IR —%Rkp, vk eN,
ueBy
which combined with (21) and (24) implies that
b, ::ulngk I(u)—>0as koo
The proof is completed. U
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Lemma 9. Assume that (L)), (W;) and (W,) hold. Then for every Ke N,
there exist 1, (0,R,) and d, <0 suchthat |(u)<d, forevery
ueE“ =@ E(j) with |u],.
Proof. For a fixed ke N, since E* is finitely-dimensional, there is a con-

stant C, >0 such that

=r.

CyJJu

o <[ull s vu e ES (26)

X% =

. W,
Set p, = mm{Rk,—k}. Then by (W), there exists a constant 0 <Ww, <r such
7

©

that

W (t,u)=W (t,u)=m,|u, vteR and |u| < w,, (27)

where m, =%2C. Now by (7), (26), (27) and Lemma 3, for ue E* with

k k

||u @ S% , we get

1 .

I(u):§||u » —fRW (t,u)dt
1
<2l -m. ol
1
SE”“ o =M Cy [ull
1, 2 2 -2
Sl 1ok |
Choose
2Vi2
0<r = 3 Pe < Pxs
and let
2
d, = Y
6
If ueE" with |ul,. =r ,wehave
I(u)<d,.

The proof is completed. U

Lemma 10. Assume that (L)), (W), (W,) and (W,) hold. Then I satisfies
(PS )* condition with respect to {Em Ime N} .
Proof Let u, eE™ bea (PS) sequence, that is,

I (u,,) is bounded and (I|Em )' (up)—>0asm— oo, (28)

Then we claim that {u_} is bounded. If not, passing to a subsequence if neces-

sary, we may assume that

Jupl e — o0 as m— oo, (29)
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From (13), (14), (15), we have

210)~{ (1) () )
=J.R|:(VV\7 (t'um)’um)—ZV\N/(t,Um)]dt (30)
p
>(p- Z)ﬂf{teR”um ez Unl”
forall me N .From (28), (29) and (30), it follows that

J.{te]R”um t)>2r} | |p dt

—0 (31)

as M — 0. By (8) we get
|VW t, x)| < c(l+|x|p ) (t,x) e RxR",
which combined with (7) implies that

(e ) )

> Jun e = [ [V (1)

ofdt

> Jup e =, Jun|” dt—cf, Ju et
[l =l [ ez onl ™
o) I{temumon<zr}|“m|dt‘°"”m"L1

> Jun e =€lunl, (2r)" Jun | ot

J.{te]R”um >2r}
=0(20)" g s =cluns
> Jun e =7 Jon e (2r)° I{tek,‘um o lun "

=c(20)" 7ilun e e fluall

From this and (31) it follows that

—>0as m — o,

which is a contradiction. Hence {um} is bounded. Noting that by Lemma 5
{u,} has a subsequence converging to a critical point of 7 (see [21]). Hence, 1
satisfies the (PS )* condition. The proof is completed. U

Proof of Theorem 1. It follows from Lemma 8 - 10 that the functional 7 satis-
fies the conditions (F,)-(F,) of Lemma 7. Therefore, by Lemma 7, there exists a
sequence of critical values & <0 with & —0 as k—>o. Let {u,} be a
sequence of critical points of / corresponding to these critical values, e
I(u)=¢& and 1'(u,)=0 for all & Then by Lemma 5, {u,} isa sequence of
solutions of problem (17). By Lemma 10 and Remark 3.19 in [20], 7 satisfies
(PS )* condition and hence we may assume without loss of generality that
U —u in X“ as k—oo. Evidently, uis a critical point of 7with 1(u)=0.
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Then by Lemma 6, u must be 0. Thus u, >0 in X% as K—>o0. By (7), we
further have u, >0 in L* (R,RN ) as k — o . Therefore, for klarge enough,
they are solutions of problem (1). The proof is completed. U

4. Conclusions and Remarks

Let us conclude this paper with some open questions whose answers might
largely improve the applicability of the results in this present paper.

Question. Whether or not can we improve the non-coercivity condition (Z,):
There is I, >0 such that I(t)>1,VteR and J'R(I(t))_1 dt <, in order to

obtain similar results?
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