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Abstract

When the membrane material in the air field vibrates, it will drive the move-
ment of the surrounding air. The aerodynamic force generated by the moving
air will act on the membrane material in turn, resulting in the change of dy-
namic characteristics such as membrane vibration frequency. In this paper,
the additional air mass produced by membrane vibration in air is studied.
Firstly, under the assumption that the incoming flow is uniform and incom-
pressible ideal potential flow, the additional air mass acting on the surface is
derived by using the thin airfoil theory and potential flow theory respectively.
Then, according to the first law of thermodynamics and the principle of aero-
elasticity, the analytical expression of the additional air mass is derived. Fi-
nally, through a specific example, the variation of the additional air mass with
the membrane material parameters and pretension, as well as the influence of
the aerodynamic force on the vibration frequency and amplitude of the
membrane is obtained.
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1. Introduction

In the process of its vibration, the membrane material in the air fluid will cause
the movement of air in a certain range around. Obviously, the acceleration or
deceleration of the membrane material in the process of vibration will drive the
acceleration or deceleration of the surrounding air. However, the accelerating or
decelerating motion of the surrounding air will act on the vibrating membrane,

so it will cause the change of its vibration frequency and other dynamic charac-
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teristics. It is inevitable that the mass of the membrane should include the added
value brought by the movement of the surrounding air in addition to its own
properties. For most traditional structures, such as steel structure and concrete
structure, the value of additional mass is very small compared with the structure
itself, so it can be ignored in the analysis of structural response. But unfortu-
nately, for the structure of membrane material, the additional mass is equal to or
even more than the mass of membrane itself. Obviously, for the study of nonli-
near vibration of membrane, the additional mass becomes a more important
factor.

Miyake (1992) studied the added mass of the flexible plate in the stable fluid
by analytical method. The results show that the added mass decreases with the
increase of the number of vibration modes of the plate [1]; Li (2011), Wang
(2011), Zhou (2014) studied the additional mass of films with different shapes
under different air densities through theoretical calculation, numerical analysis
and a series of tests, and gave the additional mass coefficient of about 0.65 [2] [3]
[4]; Kim (2011), and the research of scholars such as Wu (2003) and Yang (2008,
2010) proposed a calculation method to simulate the wind structure interaction
effect of tension structure. The added mass and aerodynamic damping are
measured by experiments. Furthermore, the change of interaction parameters
and its influence on free vibration characteristics are studied. And the mechan-
ism of wind structure interaction is discussed. The results show that the ratio of
added mass to self mass is about 0.2 to 1.2 [5] [6] [7]. Sun deduced the analytical
expressions of additional mass and aerodynamic damping based on the principle
of energy conservation, and analyzed the dynamic effects of open membrane
structure and closed membrane structure respectively [8]. Li deduced the ana-
lytical expressions of additional mass, radiation damping and air bearing stiff-
ness, and analyzed the influence parameters systematically [9].

In this paper, the additional mass produced by the vibration of membrane
materials in the air is studied by analytical method with the consideration of the
orthotropic characteristics of the membrane. Firstly, assuming that the incoming
flow is a uniform incompressible ideal potential flow, the aerodynamic forces
acting on the surface are derived by using the thin airfoil theory and the poten-
tial flow theory [10] [11]. Then, using the first law of thermodynamics and the
principle of aeroelasticity, the analytical expression of additional mass is derived.
Finally, the variation of the additional mass with the membrane material para-
meters and pretension is obtained by a specific example. The research results
provide reasonable design reference for engineers, enrich the design theory of
membrane structure, and further ensure the structural safety of tension mem-

brane structure under wind load.

2. Derivation of Aerodynamic Force of Membrane Materials

The membrane material with four sides fixed in the air flow field is shown in
Figure 1.
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For the membrane material of air, due to the small membrane thickness, air
flows from both sides of the membrane surface, which can be approximately de-
termined by the thin wing theory. In the analysis, the vortex surface is used in-
stead of the membrane surface, as shown in Figure 2. The vortex distribution
per unit area of the membrane is defined as 7, (X, y,t); the wake vortex force
generated by the trailing edge of the membrane per unit time (x > A) is defined
as 7, (X y,t). Within the span of the membrane, the force generated by the
surface vortex per unit length is represented by the vortex intensity (ring densi-
ty), as shown in Figure 3.

According to thin wing theory [1],

7. = lim J‘Vi (1)

AS—0[  AS

where AS is the width of the vortex surface enclosed by the circumference.

Suppose that P is the indoor air pressure of the lower surface of the mem-
brane, P: is the outdoor air pressure of the upper surface of the membrane,
and that the incoming flow with the velocity V' moves in the X direction without
rotation. Then, according to the Bernoulli equation, the following equation can
be obtained [12]:

o4 1 o4, 1, )
2o {G_?JFE(V; +Vi +v221)}+ P =P {%JFE(VZZ +v)? +v22)}+ p, (2

... Fixed all around
Wind -

Figure 1. Schematic diagram of membrane material.
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Figure 2. Schematic plan of vortex sheet.
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Figure 3. Schematic diagram of vibrating membrane
vortex.
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where, ¢ is the velocity potential function of the upper and lower surfaces of

the membrane, and V,;,V,;,V, are the velocity components of the upper and

lower surfaces of the membrane respectively. Assuming that the incoming flow

is along the Y direction of the structure, the velocity is V; and the disturbance

velocity in all directions is V,, V

Xi 2

i and V, when the flow field encounters

obstacles [13], the velocity component in Equation (2) is

Vi =V, Vi =V +V,

Xi?

Vzi = Vzi

Generally, V,;,V,

yirVyi <V, then, omitting high order small quantity term has

general
2
2 2 2 _ 2 o T2 _\/2
Vi V5 +Vy =V, +(V +vyi) +V,; V7 +2Vy, (3)

Substituting Equation (3) into Equation (2) and simplifying it, then,

0 0 _
PL— P, =1 {(%_%j+v (Vy2 _Vyl ):| (4)

Velocity and velocity potential can be approximately considered as functions
of horizontal coordinates x, yand &

¢ = fox v, dx + J'Oy v,dy ~ J'OX v, dx (5)
Then,
0 0 X
%—a—? = _[O (vy2 —vyl)dx (6)

Assuming that the vortex density on the surface element dxdyis . (x, y,t) s
applying the thin airfoil theory, then:

Vy2 _Vylzyc(xvyrt) (7)
Substituting Equations (6) and (7) into Equations (4), the aerodynamic force
acting on the membrane unit can be obtained as follows:

0
p:pl_pz:poajoy%(xvﬁat)d’?""pov% (8)

The vortex lattice method is used to solve the expression of y (x,y,t) in
Equation (8). The projection area {0<x<a,0<y<b} of the membrane on
the xoy plane is divided into MxN vortex grids. The dimensionless vortex
strength T'/aV is expressed by 7,7,,7:**sm«y - The induced velocity Vyij
at the control point 7 of the jth vortex grid is

Vi
7 = Cij7j 9

where C; is the value of v, /V generated by y; at point i and the
Z-induced velocity generated by all horseshoe vortices at point 7is

MxN

V..
j=

The horseshoe vortex on the membrane surface is shown in Figure 4. The
coordinates of corner points 1 and 2 ar (x1 J.,ylj) and (x2 i Y2 j) respectively,

and the coordinates of control point 7are (x;,y; ), then:
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Figure 4. Horseshoe vortex over the
membrane surface.

N (2 = a3 ) (% = Y3)+ 0% =% ) (% = %)
\/(yi—ylj)2+(xi—x1j)z
_(yzj'_ylj)(yi_yn)*(xzj'_le)(xi_xzj') (11)

=92 (5% )

+ 10 1.0+ yiz_ylj =
Xy X \/<Yi_Y1j) +(Xi_xlj)
10 o Vi~ e

i =% \/(yi_yzj)2+(xi_xzj)2

The expressions of coordinates of each point in the formula are as follows:

(i=12 M><N)

a
Xy = Xl[(H)mk] :V(I _1) (1S <M )

b
15 = YNk :W(k _Z] (1<k<N)

X = X2[(I—l)N+kJ :VI (1SI < M)

b 3 . (i:1,2,--~,M><N)
Yaj = yz[(|-1)N+k] :W(k_ZJ (:I'S k< N)

Applying boundary conditions (11) to the ith control point, then

NN 0z loz 0z, ow 1ow .
= — i=12,---,MxN 12
= 2 G {6y vat} {6y Y vat} ( xN) (12)

The vibration displacement of the membrane is assumed to be:
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W(X,y,t)=W(x,y)-T(t) (13)

where, T (t) isa function of time in the process of vibration, and W (x,y) isa

function of mode shape.

MxN W
Cly -
Z 17 ] ay

The value of y; can be obtained by combining the equations on M xN

()+T;ft)w (i=12,-,MxN) (14)

control points.

Let the expression of y; be

T'(t .
7J:a1JT(t)+a2]#, (J:]-,Z,,MXN) (15)
Substituting Equation (15) into Equation (14), then
ANl T'(t)) ow T'(t)
; I][aij ()+a21 v j ay ()+—V ( )
So,
Nﬁ\l
Cia i=12,--,MxN
ay ( )
(17)
MxN

ZCijazj =W, (i:1,2,---,M xN)
=1

7; in Equation (14) is dimensionless vortex strength, then the expression of

vortex strength y, is:

7. =aVy, =av(a1jT(t)+a2j T;/(t)j, (i=12,--,MxN) (18)

3. Analytical Derivation of Additional Mass

It is assumed that the air is an incompressible and in viscid ideal fluid, and the
motion of the air fluid is caused by the membrane vibration [12]. Therefore, the
kinetic energy increment of any part of the fluid is equal to the work done by the

surface pressure Pin d¢time [8].

dE, =[]V, pdsdt (19)
S

where, E, is the kinetic energy, p is the aerodynamic pressure on the mem-

t

brane surface, V,, isthe normal velocity of the air particle, which is equal to the

N
normal vibration velocity of the membrane, and the integral region is

Se{0<x<a,0<y<b},then

dE, _—jj (x y’ WYY ey - dit (20)

According to reference [11], the kinetic energy change rate of the additional

air mass can be expressed as

x t X, y,t
j j y w( i ) ds 1)
ot
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where M, is the additional air mass of the membrane (kg/m?), substituting Eq-

uations (20) into (21), we can get:

—jj (x yt 22 dxdy
m. = (22)
: a OW(X, Y, aw2 Y
ﬁfo (gt” (Xzyt)dxdy

4. Parameter Analysis and Discussion

Let the displacement function satisfy the boundary conditions as [14] [15] [16]
[17] [18].

nmy
b

By substituting the displacement function (23) into the aerodynamic expres-

w(x, y,t):aosina)tsin%sin (23)

sion (8) of the open membrane, the aerodynamic pressure acting on the mem-

brane surface can be obtained as follows:

0 . wa, Cos wt
p =pO§J'OyaV (alja0 sinot +a,; a“—jdn

®a, COS a)t)

+povza(a1jaosinwt+azj (24)

= p,aVa,®cos wtfoy a,,dn7 —aae’ sin cotj'oy a,,d7
+ poV “aay ;8 sin wt + pVaa,;wa, cos ot

By substituting Equation (24) with Equation (22), the additional air mass ex-

pression of the membrane can be obtained

_[; j: [poaVaOa)cos ot- [ a,dn —aa,w’ sinwt [ a,dn + paa,a, V7 sin ot + pVaa,a,; 0 cos wt} “Wdxdy

a

b ra .
[ [, W -a,0” sin ot -Wdxdy (25)

4 4 cos wt 4
poﬂl 2 ﬁ w (ﬂ2+ﬁ3).v_6ﬁ4

bo sinwt

where,

5 - J.Objja“ sin %sinn%ydxdy
j_[ azjsm Xsin bydxdy
j I _[ ay; sm—sm gydndxdy
f NN azlsm—sm ngydndxdy

4.1. Static Air Field (V= 0)

When the wind speed V = 0, the variation relationship between the additional
air mass and the vibration mode of the open membrane under different cross

wind direction span ratio is shown in Figure 5.
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It can be seen from Figure 5 that with the increase of mode number, the addi-
tional mass decreases gradually, and the influence of mode on the additional air
mass decreases gradually. The reason is that the vibration amplitude of
high-order mode of membrane is small, and the influence of aerodynamic force
on membrane vibration is relatively weak. The motion of the first-order mode of
membrane is volume expansion state, and the vibration amplitude is the largest
In addition, the additional mass increases with the increase of the span ratio of

the membrane under the same mode.

4.2. Flowing Air Field (V = 0)

Assuming that the wind speed is along the X direction, let ; _ |, /a is the span
ratio of the transverse (Y) and longitudinal (X) wind directions; 7 =Ny, /N

— 1 Y0x 0
is the pretension ratio of the longitudinal (X) and transverse (Y) wind directions.

Take the parameters of membrane as
a=20m, f=1m, Ny, =2kN/m, y=1, A=1.

The curve of the additional mass ratio with the wind speed under different
modes is shown in Figure 6. With the increase of wind speed, the additional
mass ratio decreases gradually, because in the process of membrane vibration
caused by air, the excitation effect of wind increases, while the composition of
membrane self-excited vibration decreases. Therefore, the aeroelastic coupling
effect between membrane and air is reduced. Still, it can be seen that the first
mode has the strongest additional aerodynamic force between the membrane
and the surrounding air, which is much larger than the second and the third
modes.

It can be seen from Figure 7 that with the increase of pretension, the addi-
tional air mass of the membrane decreases gradually, but the reduction ampli-
tude is weaker than that of wind speed, because the increase of pretension makes
the vibration stiffness of the membrane increase, so that the vibration response
of the membrane becomes smaller under the same wind speed, thus reducing the
interaction between the wind and the membrane. On the other hand, it also re-
flects that when the membrane stiffness is lower, the influence of the additional

mass on the vibration process of the membrane cannot be ignored.

Mode

Figure 5. Additional air mass for open membrane.
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5. Conclusions

According to the first law of thermodynamics and the principle of aeroelasticity,
the additional mass of the membrane is solved analytically in this paper, and the
parameters are analyzed. It provides a theoretical basis for further study of the
aerodynamic damping of membranes and the influence of additional aerody-
namic force on the vibration characteristics of membranes. The main conclu-
sions are as follows:

1) The additional mass of the first mode of membrane is the largest, while that
of the other three modes is relatively small.

2) With the increase of mode number, the additional mass decreases gradual-
ly.

3) In the same mode, the additional mass increases with the increase of the
membrane span ratio.

4) The additional mass of the membrane decreases with the increase of pre-
tension, and the decrease amplitude of the high-order mode is smaller than that

of the low-order mode.
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Nomenclatures

a: length of the membrane

b: width of the membrane

E;: the kinetic energy

M;: areal density of membrane

M;: the additional air mass of the membrane

Nyx: the initial stress of membrane in X direction

Noy: the initial stress of membrane in Y direction

P aerodynamic pressure on the membrane surface

P: the indoor air pressure of the lower surface of the membrane
P the outdoor air pressure of the upper surface of the membrane
T(9: a function of time in the process of vibration

W(x, y): a function of mode shape

V: wind velocity

Vi Vi Vi the velocity components of the upper and lower surfaces
¢ : the velocity potential function of the upper and lower surface
7 = Ng, / Ny, : the pretension ratio of the longitudinal (X) and transverse (Y)
wind directions

7: (X, y,1) : the vortex density on the surface element

7w (X, ¥:1): the wake vortex force

A=Db/a: the span ratio of the transverse (¥) and longitudinal (X) wind direc-
tions;

po: air density.
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