4

X/
*

Scientific
Research
Publishing

()

<
X8

%

Journal of Applied Mathematics and Physics, 2024, 12, 1682-1698
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Analysis of the Boundary Stability of a
Diffusion-Reaction System on a Nanolayer

Tarik Boulahrouz, Mohammed Filali, Jamal Messaho, Najib Tsouli

Laboratory of Applied Mathematics of the Oriental, Faculty of Sciences of Oujda, Mohamed First University, Oujda, Morocco
Email: tarik.boulahrouz@ump.ac.ma, filalil959@yahoo.fr, j.messaho@gmail.com, n.tsouli@ump.ac.ma

How to cite this paper: Boulahrouz, T.,
Filali, M., Messaho, J. and Tsouli, N. (2024)
Analysis of the Boundary Stability of a
Diffusion-Reaction System on a Nanolayer.
Journal of Applied Mathematics and Phys-
Ics, 12, 1682-1698.
https://doi.org/10.4236/jamp.2024.125105

Received: April 1, 2024
Accepted: May 19, 2024
Published: May 22, 2024

Copyright © 2024 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution-NonCommercial
International License (CC BY-NC 4.0).
http://creativecommons.org/licenses/by-nc/4.0/

(oRolcH

Abstract

In this paper, the focus is on the boundary stability of a nanolayer in diffu-
sion-reaction systems, taking into account a nonlinear boundary control con-
dition. The authors focus on demonstrating the boundary stability of a nano-
layer using the Lyapunov function approach, while making certain regularity
assumptions and imposing appropriate control conditions. In addition, the
stability analysis is extended to more complex systems by studying the limit
problem with interface conditions using the epi-convergence approach. The
results obtained in this article are then tested numerically to validate the
theoretical conclusions.
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1. Introduction

A crucial component of physical and biological systems that involve diffusion
and response phenomena is boundary stability. Lyapunov functions are a crucial
tool for researchers in applied mathematics and engineering in this situation for
demonstrating stability. On the other hand, the direct Lyapunov technique was
developed by Lyapunov in the 19th century and is not limited to a local charac-
ter. It makes use of an energy function to ascertain the stability qualities of a
nonlinear system [1]. This method uses a Lyapunov function, which is positive
and decreasing along the trajectories of the system, to establish the stability of
the system. [2] examines the connections between a system’s asymptotic beha-
viour, the spectral characteristics of its dynamics, and the presence of a Lyapu-
nov functional. The methods employed are based on these connections, the

Lyapunov function, or the Riccati equation, as in [2]-[8]. While the asymptotic
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and exponential stabilizability are explored in [2] and [4], respectively, via the
Riccati equation, the exponential stabilizability is investigated in [3] [9] via a
suitable decomposition of the state space. The stability of dynamical systems has
been the subject of numerous studies, with a focus on the use of Lyapunov func-
tions. Through examination of the system trajectories’ convergence to a stable
equilibrium state, this work has demonstrated how Lyapunov functions can be
utilized to demonstrate the stability of dynamical systems.

The majority of previous research on boundary stability, however, has been
conducted in the context of macroscopic or mesoscopic boundaries, where the
boundary is a few millimeters or larger. Nanolayer boundary stability has not
received much attention. To do so, let us considers the problem of quasi-linear
evolution in a body occupying a domain Qc R* with a Lipschitz boundary
0Q), a surface X, which is a part of 0 and located on the boundary 0Q (see
Figure 1), the last-mentioned body is subjected to an external temperature £ and
cooled at the boundary 0€2, and given a function fbounded on L2 (0, o;H™? (Q)) .
The domain is defined as follows: X, = {X €0Q| |X3| < 82} is a surface located at
a distance of & from the upper and lower boundaries of dQ, with & being a pa-
rameter intended to tend towards 0. I', = {X € 8Q||X3| > gz} is the remaining
part of the boundary.

The system of equations is as follows:

1-Az=f in Q”
0z 1, p-
Z=Juffu onzy
on ¢

z=0 onIy

2(t=0,x)=2, onQ,

with, Q” =[0,00[xQ, T¥ =[0,00[xZ

7 =[0,00[xT,.

PRl

B, =
Q
€ ES
Figure 1. Domain Q.
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Where uis a control that stabilizes the z state of the given dynamic system on
the X, boundary, given that u belongs to the set of admissible controls
Uy = {u el? (0,00; LP (28)) ; ||u (t)"Lp(za) <C,Vvt> 0} . Here, p22, >0 and
Cis a positive constant. Now, this study focuses on the nonlinear boundary con-
trol condition in diffusion-reaction systems with nanolayer boundary stability.
We demonstrate how Lyapunov functions can be applied to these systems to
demonstrate nanolayer boundary stability. We also expand our examination of
diffusion-reaction systems as more complicated systems for our investigation of
nanolayer boundary stability. The understanding of nanolayer boundary stability
in diffusion-reaction systems with a nonlinear boundary control condition is
significantly advanced by this article. In order to acquire the limit problem and
arrive at the topic of this article, which is grouped as follows, the aim would be
to search for another equivalent approximation model to work with the finite
element method in an exact fashion.

This study examines the impact of nonlinear boundary control conditions on
the stability of the nanolayer in diffusion-reaction systems. The paper is struc-
tured as follows: Section 2 addresses the preliminary elements necessary to un-
derstand the rest of the article. These preliminaries are essential for establishing
the context and laying the groundwork for the problem studied. Section 3 de-
monstrates the stability of the diffusion-reaction system for the approximate
problem related to the initial problem using the Lyapunov method, such as
energy estimates or variational techniques, and we present the a priori estimates.
With the help of the initial findings, definitions, and some properties of the mi-
nimization problem, we proceed to the limit. In order to solve the limit problem
with interface conditions and acquire a better understanding of the system’s be-
havior near the nanolayer boundary, the method of epi-convergence is taken in-
to account. The results obtained enrich the understanding of the stability of the
nanolayer in diffusion-reaction systems, with potential practical applications,
and provide an update on recent results on the Lyapunov function approach for
nonlinear boundary control. Finally, Section 4 presents a numerical test that il-
lustrates the theoretical results and shows the applicability and accuracy of the

proposed strategy.

2. Preliminaries

2.1. Notations

* Let us define the operator m® which transforms functions defined z on X,

into functions defined on Z, like in [10]
, 1 .02
m z(t,xl,xz)zz—gzjlszz(t,xl,xz,xs)dXB.

e do: represents the surface measure on ..
o 0

o (t,x)=(t,x,%;), where X'=(X,%,), V’z(@—)(l,a—x2

j, n(a)=lim,_, &,
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with a>0.

In the following, C'will denote any constant with respect to &

2.2. Functional Setting
H,, :{z eH'(Q)|z=00n Fg}, sach that Hj(Q)cH,, c H'(Q).

The demonstration concerns the convergence of X, to ¥ in the Hausdorff
sense. To do this, we define a family of subvarieties M, = {X e@Q||X3| < 82}
and we calculate the Hausdorff distance between X, and X. We find that for all x
in T, the distance to T is at most £, and for all yin ¥, the distance to Z, is 0.
Thus, the Hausdorff distance is equal to £. Finally, we show that when & tends to
0, the Hausdorff distance also tends to 0, demonstrating the convergence of Z, to
> in the Hausdorff sense.

H, ={zeH'(Q)|z=00n3Q\3}
G={zel’(00H,):2, € (0,00 (3))
D={zeD(Jo.x[x0)}
We know that D=G.

2.3. Functional Framework

We'll put out the epi-convergence notion of operator’s sequence conver-
gence;

Definition 2.1 ([11], Definition 1.9.). Let (X,7) be a reflexive Banach
space, F,: X > RuU+wo a family of convex functionals, and F: X - RuU+o
a convex functional. Suppose that

1) liminf_ F, (x)>F(x) forall xeX.

2) For any sequence (X,)c X such that x, — X weakly in X, we have
limsup, , F, (X, )< F(x). Then, we have F,——P >F.

We present the function spaces used in the study and go over some of
their fundamental characteristics.

Remark 2.1. [12] Since the Sobolev space HY? (Q) is compactly embedded

3
in the Lebesgue space L°(Q) forall > < p <o, then the space
LP (O, oo HY? (Q)) is also compactly embedded in the space L° (0, oo; LP (Q))
for all g< p<o.

Remark 2.2. [12] Let Q be a bounded open subset of R" with a boundary of
class C',and let X, be a part of the boundary of Q (£, 8Q).If z,(t)e H'(Q)
forall t>0, then:

1) The Sobolev trace theorem guarantees that the trace of z,(t) on Z, is
well-defined and belongs to the Sobolev space H¥*(Z,).

oz
2) Furthermore, the normal derivative a—f of z,on 2, belongs to
n
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L2 (0, o0, H¥? (Z, )) . This property follows from the fact that the trace of z,on X,

is in HY?(Z,), in accordance with the Neumann condition imposed on %,

oz

which implies that ari belongsto H™?(Z,) as a distribution.

Remark 2.3. [13] Continuous injection of the Sobolev space H ¥? (Z,) into
the space L°(X,). It asserts that the norm in H () is equivalent to the
normin L*(Z), up to a constant factor of V2.

Indeed, we have the following relation for all z,(t)e H **(Z,):

25 (t)||H7]/2(7:g) - ¢Em§éc) <Z£ (t),¢>H71/2(25)'H1/2(25) .

e

Using the definition of the Z* norm and the trace operator, we can show that:

(G

Z, (t )"H Y2(z,)"

3. Main Results
3.1. Stability Study

We consider the following approximate problem:

7, -Az, =1, in Q~

0z 1 -2 o
=l *“u, onx’
n ¢

z,=0 onI?

z,(t=0,x)=2,, onQ

Using the Lyapunov method, stabilize the border X7 witha control u,.

First, we choose the Lyapunov function V (z,) as follows:
1 2
V(z,) =§Iﬂ°° |z,|” dxdt
1) Since |Z€|2 >0 forall z, el® (O,w; Hl(Q)), we have:
1
E.f o

2)If 7, =0, then V(z,)=0. Conversely, if V (z,)=0,then [

2 dxdt >0

Z€

2dxdt =0,

ZS

which implies z, =0 almost everywhere in Q” (since z, € L2 (0,00; H! (Q)) ).
Thus, V(z,)=0 ifandonlyif z, =0.

3) Next, we compute the time derivative of V (z,) along the solutions of the
system:

d d
—V(z,)=| .z, -—zdxdt=|  z -(Az, + f (z,))dxdt.
dt ( g) .[Q“C r dt r J.Qsc r ( & g( 5))

Using integration by parts and the boundary conditions, we can simplify the

above expression as follows:

d
EV (z,)= —J.Qw |Vz,

2dxdt+jwia
e

ué‘

"2 u,z,dodt + [ .21 (2, )dxt

< —.[Qw |Vz,

“dxdt + | i dt.
D

ué‘

" u,z,dodt + M3j:

Zé‘

2
HY(Q)
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f.(z,) ’ is bounded by a con-

To achieve this, we used the fact that Iw o
0 H(Q)

stant M, <1 thatisindependent of z_.
The control’s choice must ensure that the Lyapunov function’s derivative is

1 -
negative and that the integral J; —u, P 2USZSdG is negative and finite.
c &
2_ p a Vi . .
Therefore, for —1< < o1’ set U =-¢%(z,["z,, with a>1 a positive
constant.
1 - 1 p-2
—u|?uzdodt= [ —|-¢&|z.[" 2. —ga|z,|ﬂz_ z dodt
£ 5‘a & s =% ga £ & £ & &
1 p-2 _
= Zx_a(ga) z, (+1)(p 2)(_8a 7 M)dadt
< g
=" 17,/ dot.

By substituting this term in the expression for the time derivative of V (z,),

we obtain:

d a(p-1)-a (p-1)+
av(zg)g(—1+Mg)J'QDO|Vz€|2dxdt—.9(p g .[zf|z€|ﬂpl P dodt.

So the time derivative of V (z,) is negative, hence V (z,) satisfies the as-
sumptions, which implies that V (Zg) is a Lyapunov function and the system is
stable.

3.2. Limit Behavior of Solution

The set V =H*(Q) is a Banach and reflexive space, with H*(Q) has the
norm ||-||H1(Q), according to the separability of V] hence it admits a countable
basis {W,,W,,W,,---,W, -}, with w, eV, Vm {w,w, w,,---,w} is a free
family, H :Vect{wl,wz,wg,--~,wn,---} is dense in V.

Let us consider in the spaces V,, =Vect{w,,w,,wy,---,w, } the following ap-

proximate problem;

Weput 7 (t)= Zm:hig (t)w eV,
i1

7, -Az, =1, in Q”

oz, 1 -2 »
P 7u, onz?
n ¢

z,=0 onI;

z,(t=0,x)=2,, onQ

Existence of the Solution
To solve this problem, we aim to find a solution by minimizing the energy func-

tional J(z,) given by:

1 1 -
J(zg):—_[ .| Vz, zdxdt—j . fgzgdxdt——j L|u, " u,z,dodt.
270 @ e (B(p-1)+p)’=
(1)
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To show the existence of critical points for the function /, we need to verify
the Palais-Smale condition, which states that a bounded sequence with a gra-
dient converging to zero has a convergent sub-sequence in the energy space.

* Convergence of z,,:

The sequence z, is sequentially bounded in the reflexive space
L2 (0,00; H* (Q)) . Consequently, there exists a sub-sequence z,, such that
z,, convergestozin L° (0,00; H! (Q))

* Boundedness of J (ngk ):

Since z,, isboundedin L’ (0,00; Hl(Q)), we have
some constant C >0 independent of k&

Using the boundedness of £in L? (0,00; H™ (Q)) , We can estimate the second
term of J (Z k) as

<C for

Ze,k

L(o=iHY())

U » ek €kdth‘ e (00171 (@) Zok |L2(0,oc;H1(Q)) -
2-p
For the third term, for f < ﬁ ;
. a(p-1)-a
. I v ’ U, kZ, kdO'dt‘ = _[ |2, Alet)+p dadt‘ <gPec,
pga Z; ! ! ' 2,

Therefore, we can bound J (Zg,k) as

1w
J (stk)gijo

This shows that J (ngk) is bounded.
* Convergence of VJ (Zg,k) :

Zs,k Hl(Q)

Expanding the expression for /using:
a(p—l)—a
[ TorZopdxdt - P ot

1
J(Ze,k)jfm vz o ToxZek mf

To demonstrate the Palais-Smale condition, we need to consider the variation
of the functional /with respectto z, . Let vbe a trial function in L2 (O, o) H? (Q))
such that v (t) =0 for toutside a bounded interval. Then, for h =0, we have:

. J(z,, +hv)=J(z, d
3 (z,43v )—Ll_rjg (2. h) ( k)=d—h\](z£,k+hv)

Zsk

h=0

Now let’s calculate the derivative terms one by one:

¢ Derivative of the first term:

i

=lim= (Zhj V- Vvdxdt+hj v dxdt)

h—>0

(2., + hv)|2 dxdt)

= ngw vz, - Vvdxdt.
¢ Derivative of the second term:

dd_h(_J.Qw f, (zg‘k + hv)dxdt) = —.wi f,  vdxdt.
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* Derivative of the third term:
Let’s correctly compute the derivative of the third term with respect to 4 and

evaluateitat h=0:

dd_h(-[ﬁ” Z, + hv|ﬂ(p_1)+p do-dt)

h=0

To evaluate this derivative, we can use the chain rule, we have:

s ml" )
dh

=(B(p-1)+ p)sign(z,, +hv)

A(
Z, + hv|

d Z,, + hv|ﬂ( Pt
h )

h=0
p-1)+p-1 d

Z, + hv|ﬁ( ™

(z., +hv)

h=0
A(p-1)+p-1
(p-1) v.

=(B(p-1)+p)sign(z,,)

Therefore, the correct expression for the derivative of the third term is
. B(p-1)+p-1
(B(p-1)+ p)5|gn(z&k) Z,, v

Using the definition of the derivative of /with respect to A, we have:

Zs,k

3(z,4:v) :dd—hJ (2., +hv)

= J‘Qw vz, -Vvdxdt - jgm f, vdxdt

a(p-1)-a

—mjz? (B(p-1)+ p)sign(z,, )|2.. PO o,
We can rewrite the above expression as:
VI(2,)-v=]_. V2, - Vvdxdt- [ f, vdxdt
— gt JZ? sign(z,.,.)|2..x PP ot
Since VJ(z,,) converges to zero, it implies that:
[ V2., Vvdxdt - [ f, vdxdt - &P .[2? Sign(z,., )|Z,.x PO ot — 0,

as K — +o0. This holds for all trial functions vin L* (O,oo; H! (Q)) By the de-
finition of weak convergence, when K — +o0. According to the classical result,
the diagonalization lemma, there is a function k(&):R" — N increasing to

+oo when & — 0, we can conclude that:

p-2

1
Az, +f, —g—a U,k u,, —0

weakly in L? (O,oo; H™ (Q)) as k— .
* The lower semi-continuity of J (Z&k ) :
We need to show that for any sequence z,, converging weakly to z in the

energy space, we have:

liminf 3 (z,, )23 (2)

1
We start by considering the first term of the functional: > J.gw |VZ€ ? dxdt .

Since z,, converges weakly to z we have Vz,, — Vz weaklyin
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L2 (]O, oo[ X Q) . Using Fatou’s lemma;

% [ v2f dxdt < IiLninf% [z, [ deat

Next, let us analyze the second term of the functional: —J-Qw f, .2, dxdt.

Since f,, is a bounded function, we can use the weak convergence of z_,

to zto obtain:

—[ . fadxdt <liminf— | _ f, z, dxdt.
Q k—o Q !

o gk

Finally, let’s consider the third term of the functional:

p-2

Ul U2z, dodt.

S —
& (B(p-1)+p)™
With regard to the third term, we can demonstrate on the basis of the proof of
the epi-convergence theorem 3.1 that we can establish the inequality in question.

Combining these inequalities, we obtain:

J(z)glirknigf\](z&k).

* Convergence of J (ngk) to its infimum:

We have established that z, is a minimizing sequence of J(z,). We want
to show that J (Zs,k) converges to IhfZEL2 o) J(z) as k—oo.

To prove this, we can utilize the lower semicontinuity property of / that we

established earlier. Since z, isa minimizing sequence, we have:
I(z:)<3(z,4)

for all 4 Taking the liminf on both sides, we obtain:
liminf J (z)< liminf J(z,,)
1

Since J(Z:) is the infimum of Jover Lz(O,oo;H Q)),wehave:
liminfJ(z;)< inf =~ J(2)

zel? (0 H1(Q))

Combining these inequalities, we obtain:
inf  J(z)<liminfJ(z
2el?(0.0H1(0) (2) ko0 ( ‘gvk)

Since we have already shown that /is lower semicontinuous, we can conclude
that:

limJ(z,, )= _inf  J(z).
k—o0 ( é'k> ZELZ(O,OO;Hl(Q)) ( )

Therefore, we have demonstrated the convergence of J (ngk) towards its in-
fimum, completing the proof.

These results guarantee the existence of a solution to the initial problem. The
convergence of the minimizing sequence and the functional to their limit sug-
gests that this solution is stable and indeed represents the energy minimum. In
addition, we have verified the Palais-Smale conditions that are essential to guar-

antee the existence of minimizing solutions.
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Lemma 3.1. The family (z,)_, satisfies:

(o) <C (2)

)SC

el (oamiLP(z,)

Proof. Let us consider the approximate problem; we multiply the equations
defined on Q” by h, (t) and sum from i=1 to m for a fixed & This leads

to the variational formulation of our problem;

p-2

_[Q 0,z vox + L} Vz, -Vvdx= _[Q f, vdx

u.vdo.

Forall vel? (0, oo H! (Q)) By choosing v =2z, in this formulation, we ob-

tain:
%% b Pl =112 e
1d 2
Sdt \+ ||Vz = IQ f.z,
1d 2 2 _ a(p-1)-a BA(p-1)+p
24l n>+"VZ€ 2y = I Te2.0X =€ Iz do.
Using the Holder Inequality, we obtain
1d 1
L oy # 92y <y 2l

By integrating this inequality with respect to time, we obtain the following a

priori estimate for z_:

1c=d 2 2 1oy, 2
7)o ge el 2efa@y <516 1 elhvs
1w 2
E-[O [Vz, 2y SC-
Which proves that;
(00eiH()) <C.

This a priori estimate shows that the norm of z, is in the Bochner space
L (0,00, H* (Q)).

On the other hand, we seek to obtain an a priori estimate of the control norm
U, . An admissible control for this problem is a function u, that satisfies the

control constraint on X_, using Remark 2.3.

~ B . 2
zpz < Zszpz2 2p de'=CIZ‘(U£p2u£) do
5 2 C 5 2
=C ué‘ p Zué.' =4 & p ? &
) 2 HY2(z,)
2a 2 2a 2
IS AN -l X
2 &% H’l/z(zt) 2 on H’l/z(zg)
Thus, we have:
2
- o 2P-2 20 [*||0Z;
< i dt<Ce¢ —- dt < o
o bz = o Welioze 1 £ W
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This a priori estimate shows that the norm of u, in Bochner space
L* (0,00;L°(2,)).

3.3. Proof of Theorem 3.1

To prove our theorem, we will need to establish the two lemmas 3.2 and 3.3
and the proposition 3.1.

Lemma 3.2. The operator m° is linear and bounded of L (O,oo; L2 (25)) re-
spectively L° (0,00; H! (25)) in L2 (0,00; L2 (2)) (respectively
L2 (O, oo H* (Z)) , moreover, for all z e L? (O, oo H* (Z, )) , we have

<ce [ |vef. (3)

2
L2(J0.0[xx)

&
mz -z,

Proof Let Ze 5(]0,00[ xZg) , so that

1 (&
(?Lz z(t,xl,xz,XB)dxgj— 2(t,%,%,,0)

2
dx,dx,.

mz—z.| =J'
2y Js

Using the Holder inequality,

2

z(t,xl,xz,xs)—z(t,xl,x2,0)|2 dxajdxldx2

I3
m'z-z,

2 1 &
L2(z) < ?J.z(.[gz
J'ng(t, X, X, , W) dw

1 P
27k Lall X,
2 82 a
X3|{J.gz 52

< .[‘9
T 257 r| X,
2
2oz

ﬁCEZL I_ggz 6X3

2
dx, ] dx,dx,

(t %, %, W)

2
dw] dx, ] dx,dx,

dx3]dx1dx2 <Cé&f V2 dx.

By density arguments, we have for all z e L? (0, oo H(Z, ))
| <cé Jo I, Ve[ dxdt.

2

.
mz -z,

L2(Jo,00[x=

Hence the result.
Lemma 3.3. Let (z,) L2 (0,00; H* (Q)) which satisfies (2). Then

R
m‘z <C.
“l2(Jo.o[xx)

(4)

In addition, m°z, have a bounded sub-sequence in L* (]O, oo[ Z) .

Proof. From lemma 3.2, we get

méz—

| <Cég? J:J‘zg |VZ|2 <Cég’.

2
7|
1210,z

z, isboundedin L° (O, oy H* (Q)) , it follows that there exists
7 el? (O,oo; H* (Q)) and a sub-sequence z,, always noted z,, such as
z,—7 in L (O,oo; H* (Q)) ,then z,; isabounded sequencein L%(]0,00[xZ).
Since,

<llm#z -
(oee[xz) ~ M2, = 2y

méz

&

L2(Jo[xx) |2tz 2(joe[xz)’

then there exists Csuch that <C.

mez,

2
L2(Jo.e[xz)
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Proposition 3.1. (z, )‘g , has a weakly convergent sub-sequence to an element
7" in L2 (0,00; Hl(Q)) satisfactory, Z*L2 el? (0,00; L2 (Z)) .

Proof. The sequence z, isboundedin L* (O, ooy H* (Q)) , it follows that there
is an element z €L (0, oo H* (Q)) and a sub-sequence of z_, always desig-
nated by z, suchas z, —7z  in L° (O,oo; H! (Q)) We have

According to the evaluation (4), as m°z, —z; in L° (O,OO; L (2)) Hence
7, € ¥ (0,0 (2)).

Hence the results.

2
&
mz - ZSIZ

o) S Ce? and z,,; — 7 in L*(]0,0[ x Z).

The prior findings have allowed us to emphasize our core finding (theo-
rem 3.1).

In this article, we focus on establishing the following main result, which
demonstrates the limit behavior presented in the theorem below:

We consider the energy operator

) ga(p—l)—oe
dxdt ——f Lz
p(p-1)+p-=

One denotes by 7, the weak topology on L*(0,00;H ).

ﬂ( p—1)+ p d O_dt

&

1
Fg(zg)zg'fgw Vz,

Theorem 3.1. According to the values of «, there exists a functional F“
defined on L?(0,00;H,) withavaluein RU{+w0} suchthat 7, —lim,F, =F*®
in L?(0,00;H, ), where the functional F* is given by;

DIf a<2+a(p-1):

F“(z)=%f¢0|Vz|2 dxdt.
2)If a>2+a(p-1):

F“(Z):%Lﬁ'VZP dxdt—W@zm ,

Proof. First, we write the energy functional F,(z,) associated with the

dodt.

BA(p-1)+p
sl

problem as follows; Let z, € L (0,00; H, ), we have:

1 2 1
Fg (Zg) :E-[Qx |VZ€ dth _WJ;?

P u,z,dodt.

u

&

And,
G(z,)=-]. f,z,dxdt

00 £°&

Given U,(z,)=-5%2]z|", we want to apply the method of epi-convergence.

1) We will determine the upper epi-limit:

From a density result, let zeG < L?(0,00;H,), there is a sequence (z,) in
D such that
7z, >2inG,ask — +o.
Sothat z, -z in L*(0,00;H).
Let 6 be a smooth function verifying 6(x;)=1 if |X3| <1, 6(x;)=0 if
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x| 22 and [0'(x;)|<2, VxeR.
We define

And 7, =0,(X)2 +(1-6,(X))z,.
It is easy to show that z,, e L?(0,00;H;) and z,, >z, in G,when £—0.

Since
1 2 gip e B(p-1)+p
F ==\ _|V dxdt —-—— dodt.
& (Za,k) ZJ.Qw Zs,k X ﬂ( p _1)+ p .[Z? Zg’k o
So that
F (z )—l.f Vz 2dxdt—ﬂf 2 PP Gt
e\%en )™ 2o £,k ﬁ(p_l)"' p boig &k
1 2 g2ralpte B(p-1)+p
:EJ‘QOO |Vzk| d)(dt-m@z?G k|Z| dUdt
Since &P n(a—a( p—l)) ,
Iirlsyp F.(z.)
. 1 2 ghralpt)e B(p-1)+p
< “TEOUp(EIQw vz, dxdt——ﬁ( = p(j)zm zk‘z| dodt
0 ifa<2+a(p-1)
1 2
<=| _|Vz, | dxdt — — -1 1)+
> o V2 M{ﬁzw o dodt it az2+a(p-1)

A(p-1)+p
Since z, —»z in L° (0, 0, HE) , when Kk — +w. According to the classical
result, the diagonalization lemma ([11], Lemma 1.15), there is a function
k(¢):R" >N increasingto +oo when &0, such as Z )2 in

L2 (O, oo, H ) ,when & — 0. While kapproaches +oo;

IiTj;Jng(z&k(g))
< lim suplimsup F, (z.,)
0 ifa#2+a(p-1)
Slj |VZ|2dth— n(a—a(p—l)) B(p-1)+
2 Jor === || dodt if a=2+a(p-1)

B(p-1)+p
2) We will determine the lower epi-limit:
Let zeG and (z,) be a sequence in L*(0,00;H;) such that z, —z in
L% (0,00; HL, ), so that
3

vz, —=Vz in *(0,%0,1*(Q)) (5)

Using Fatou’s lemma and the fact that z, converges weakly to z in

L% (0,00; H ) , we obtain

* dxdt zlj .|V dxdt.
2°Q

IimianO% 22
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For z, € ?(0,00;H, ), we have

(p-1)-
Fg(zg)zlijzgzdxdt— d [ ]z dodt
2 B(p-1)+p°=
2+a(p-1)-a e
L v, axdt - §. ez dodt
270 B(p-1)+p

Therefore, we have o #2+a(p-1);

&0

L 1
liminf F_(z, ) ZELI” Vz|" dxdt.

If a=2+a(p-1):If liminf,_,F®(z,)=+o, there is nothing to prove, be-
cause

) ga(p—l)—a
dxdt——j Lz
p(p-1)+p-=

Otherwise, liminf,_F,(z,)<+w, there is a sub-sequence of F (z,) still

designated by F,(z,) and a constant C>0, such as F,(z,)<C. which

&

PP g it < oo,

&

1
Ejﬂw Vz,

1
implies that —J . |VZ€|2 dxdt<C.
2 Q
Moreover, thanks to (3) and the continuous inclusion of L2 (Z) in

2—
/PP (5) for B S

We have weak convergence of z

. 2
m°z

)sC|

&
mz -z,

j<cé s I, Ivaf* dot.

2
N le ||Lﬁ(p71)+p(]0,ao[><2 Lz(]O,oc[xZ

g t0 Zy in Lz(]O,OO[XZ).Since 2y — 7,
in Lﬂ(p—1)+p(]0,oo[x2),we have m°z, —z; in Lﬂ(p—1)+p(]0,oo[><2),and hence
m‘z, — z, in LA(pt)p (O,oo; LP(P+p (2))

2+a(p-1)-a i
F. (zg)zl.f .|Vvz, 2dxdt—g—gs ,Im?z, P ot
270 B(p-1)+p’=
Using the subdifferential inequality, we obtain
1 2 gt B(p-1)+p
F.(z,)2=| |Vz,| dxdt -————— dodt
é(ze) 2.[9”' Z,| OX ﬂ(p—1)+pq;2°° |Z| d
2+a(p-1)-a

|,6( p-1)+p-2

Zy (m’szg - )dodt.

=

p(p-1)+ p(ﬁf‘

By passing to the lower limit, we obtain

—a(p-1
liminf Fg(zg)zéjQszF dth_quzw 7 dodt.

e B(p-1)+p

|ﬁ( p-1)+p

|z

Hence the result.

In the sequel, one is interested to limit problem determination partner to
the problem (1), when & approaches zero. Thanks to the epi-convergence
results, (see ([11], Proposition p. 40), and according to 7, -continuity of G
in L2 (0,00;H; ), one has F +G 7z -epi-converges toward F”+G in
L*(0,00; H, ).
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Table 1. Numerical tests for stability on - X, and Q.
¢ z, Zs| I 2]
t=1 3.9947036053134716e—05 8.461611843695231e-22 3.798728877912462e-05 8.70266010292555e—22
t=3 4.0078456996587055e—05 8.4776107549483e—-22 3.808151054788732e-05 8.719448911188138e—22
t=6 4.007915985374034e—-05 8.477653057484787e-22 3.808176052445502e-05 8.719492925316215e—-22
t=10 4.007915985374034e—-05 8.477653057484787e-22 3.808176052445502e-05 8.719492925316215e-22

4. Numerical Tests

For a sufficiently small value of & the solution z, of the approximating prob-
lem approaches the solution z of the limit problem. We are interested in the
numerical treatment in this section and we will focus on the impact of the con-

trol on the surface X7, with
T=10 =, :{XG6Q||X3|£52}

B

zi,'

Q={(x. %, %)% e]-11[,x, e |11, x, e ]-L1[} u, =—£°2,

Using the Python programming language, with the finite element method and
the Newton method, with p=7, a= 2+a( p—l) and ¢=1e—-7, one will
have the results shown in the table.

The solution of the approximation problem converges to that of the limit
problem.

Initially, u, does not stabilize the state on all of Q, which is normal because
the control is defined only on X_, so the control will stabilize the state only on
z,.
Table 1 shows that the solution of the approximation problem converges to
that of the limit problem and shows that u, stabilizes the state 2z, and u sta-
bilizes the state z; on the nanolayer, which shows that the model is suitable

for control specialists on the nanolayer.

5. Conclusion

In this paper we have focused on the stability of nanolayer boundaries in diffu-
sion-reaction systems, taking into account a nonlinear boundary control condi-
tion. We have demonstrated the stability of nanolayer boundaries using the
Lyapunov function approach, making certain regularity assumptions and im-
posing appropriate control conditions. In addition, we have extended the stabil-
ity analysis to more complex systems by studying the boundary problem with
interface conditions using the epi-convergence approach. The results obtained in
this paper were then tested numerically to validate the theoretical conclusions.
These results pave the way for further research into the stability of boundaries in

diffusion-reaction systems with non-linear control conditions.
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