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process is used to transform the equation into a noiseless random equation
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with random variables as parameters. Secondly, by estimating the solution of
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1. Introduction

We studied the random high order Beam equation with strong damping and

white noise in this paper.

e+ (-0 0+ M ([0 Ju 4N (o

p m 2m,, _ y
p)(—A) u+aAMu=q(x)W, (1)

u(X,t):O, %:0, i=12,---,2m, xe D, te[0,+oo), 2)

u(x,0)=u,(x), u,(x,0)=u,(x). (3)

where M ("Dmu Z)ut,N(”Dmu"z)(—A)mu are given functions, m>1, qdw

describe a addable white noise, €2 denotes a area which bounded with smooth

homogeneous Dirichlet boundary, 0Q denotes the boundary of Q. «,f are
constants, aA*"u, 8 (—A)zm u, are strong damping terms, W (t) denotes a
one-dimensional two-sided Wiener process on a probability space (Q,F,P),
Q={weC(R,R):»(0)=0}, Fdenotes a Borel o -algebra generated by com-
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pact-open topology on Q) , Pdenotes a probability measure.

Random attractor is a random collection, which is measurable, compact, con-
stant, and attract all the orbits. If it exists, it will be the smallest absorbing sets of
system solution concentration, it’s also the biggest invariant set. In a sense, ran-
dom attractor is reminded as a reasonable extension of the global attractor to the
classical dynamical system. Recently, more and more scholars have focused on
the random dynamic system.

Guo [1] wrote a book about the random infinite dimensional dynamical sys-
tem, it’s the first book at home. It includes any experience of the author with
random dynamic study and some research results, the latest development and
results also be introduced.

Lin [2] studied the existence of stochastic attractors of high order nonlinear

Beam equation.
du, +[(—A)m w+a(Jomu ) -a)"u + (u)}dt — q(x)dw (t).

Qin [3] proved the random attractor for stochastic Beam equations with ad-
dable white noise, Xu [4] studied the non-autonomous stochastic wave equation
with dispersion and dissipation terms.

Uy —AU— AU — fu, +h(u)u +Au+ f (x,u)=g(xt)u +gu-dd—V:/.

Crauel and Flandoli [5] studied the random attractor of the infinite dimen-
sional equation. Cai and Fan [6] considered the dissipative KDV equation with
multiplicative noise.

du = (auyy, +U, + Buu, +ru)dt = f (x)dt+budw (t),x e D,t > 0.

XXXX

For more relevant studies, it can be referred to references in [7]-[12].

2. Preliminaries

In this section, some symbols and assumptions are introduced for convenience.
Let the operator A=A with Dirichlet boundary condition be selfadjoint, posi-

tive definite and linear. Set the eigenvalue of A is {i, }ieN , and satisfies

O<A4 <A, <---<A, <---, when M—>+o0, A — +4o0. (4)

Among them

2n < 2n , Nn>2m
<p n-2m

n+2m
< 00, n<2m

Set E, =HZ™* (Q)x Hg(Q),k:l,Z,---,Zm and define a weighted inner

product and normin E,

(y1vy2)Ek =(D2m+kulvD2m+ku2)+(DkV17Dsz)x (5)
vy, =(uv), y=(uv) €E,, i=12 (6)

and
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2m
0<e&<min a_l, («=2)p% ) ,ﬁ>a_2. (7)

£ (g 1)z ~am? (|orul] 2

Definition 2.1 [2] Set (Q, F.P.(6 )teR) is a metric dynamic system, if
B ( R ) x F xB(X), measurable mapping

S:R"xQxX = X, (t,w,x) S(t,w,x), (8)
satisfy
1) Forall s,t>0 and weQ,mapping S(t,w):=S(t,w,-) satisfy
S(0,w)=id, S(t+s,w)=S(t,6,w)oS(s,w); ©)

2) For every We Q, mapping (t,w) S(t,w,x) continuous.

It is said that Sis a continuous random dynamic system on (Q, F.P.(6 )teR) .

Definition 2.2 [2] It is said that the random set B(w)c X is slowly in-
creasing, if weQ, >0, thereis

lim inf e ”*d (B(6.,w)) = 0.

[s]>
and d (B) = Sup"X">< ,forall xe X .
xeB

Definition 2.3 [2] D(W) denotes a collection of all random sets on X, ran-
dom set B, (w) denotes a absorption set on D(w), if for every B(w)e D(w)
and P-aeweQ,thereis T;(w)>0 make

$(t,6,0)(B(0,0)) =By (). (10)

Definition 2.4 [2] The random set A(w) becomes the random attractor of
the continuous random dynamic system S(t) on X. If the random set A(w)
satisfies:

1) A(w) isarandom compact set;

2) A(w) isainvariant set, for every t>0, S(t,w)A(w)=A(6w);

3) A(w) attractsall setson D(w), forany B(w)e D(w) and
P —aew e Q, we have the limit formula:

limd (S (t,6.,w)(B(0..w)), A(w)) =0 (11)

d (A B)=supinf

xeA YeB

X— y||H denotes the Hausdorff half distance. (A, Bc H ).

Definition 2.5 [2] Random set B, (w)e D(w) is the random absorption set
of the random dynamic system (S(t,W))tzo , and the random set B, (w) satis-
fies

1) Random set B, (W) is a closed set on Hilbert space X;

2) For P—aeweQ, random set B, (w) meet the following progressive
compactness conditions: For any sequence X, € S(tn 0., W) B, (Qtn W) in
t, — 4o, there is a convergent subsequence in space X. Then the stochastic dy-

namic system (S(t, W)) , hasaunique global attractor

t>

A(w)= (] Us(t.o.w)B, (0.w) (12)
z‘Ztk(W)tZr
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3. Existence of Random Attractors

3.1. Existence and Uniqueness of Solution

For convenience, Equations (1)-(3) can be reduced to

Z)ut +N(|
=q(x)dw (t) (13)
t€[0,+oo),

u(x,0)=uy(x),u,(x,0)=u,(x), xeD.

du =u,dt

D"u D"u

du, +( B(-A)" u +M (| E)(—A)m u+aA™u)dt

Set ¢=(u, y)T , Y =U,+eu, then Equation (1) is equivalent to the following

stochastic differential equation
dg+Lgdt = F (0,9),
{ g (14)
¢y (@) = (U, Uy +eUy)

and

¢:[‘;j, F(@w,¢)=[q(x)3w(t)j’

el -1
- :[((a—ﬁg)Az’“ +N ("Dmu"z)Am +&7—eM (||Dmu||2))| (ﬁAzm +M (||Dmu||z)—g) |J
5=6(6w)= —j' eGo(s)ds,

5(6,w) denotes a Ornstein-Uhlenbeck process, it is a stationary solution of Ito
equation
ds +8dt =dw. (15)
v=y-q(x)5(6w), then Equation (14) can be reduced to
do+ Lgdt = F (G0,0),
{(po(a))=(u0,u1+guo—q(x)é(&tw))T. (19

And
)
a(x)o(Ge) J

q(x)dw (t)+(g— pAT 1M (||Dmu||z))q(x)5(@w) ’

ﬁ(@w,w)(

el -1
L{(m-mx«zm+N(||Dmu||z)~"+sz—eM(||Dmu||2))' (ﬂAZMM(qunz)—e)']'
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3.2. The Existence of Random Attractors

This section mainly considers existence of the random attractor of problem (1).
First, we can prove that the random dynamic system S(t,®) has a bounded
random absorption set. For this reason, all slowly increasing subsets in the space
Eare denotedas D(E).

Lemmal E, =H " (Q)xHg(Q), forevery y=(y,,y,) €E,
(k=12,---,2m), When

8(82—8M( D"u p))
k, = min giferlza, ; L
2B 24"
_,B(,Bg+2—a)
> z_f-
g—M( D"y p) on
P +ﬂ/11 —5+M( D™u p)
2 2 P
Then
(Ly.y)e, 2k Ve +k, |02y, [ (17)
Proof
(LY:Y)e,
:(D2m+k (gyl_yz)'DZmH(yl)_"_(Dk ((a_ﬂg)AZmyl+N( mu E)Amyl

+BA"y, (52 —eM ( m

))y1+M( )yzj Dkyzj
:g"Dzmkyl"2 +(a_ﬂ8_1)(D2m+ky1’D2m+ky2)
" N( D™u Z)(D2m+ky11Dky2)+ﬂ| D2m+ky2||2

o)) (00w (Jomul el

D2m+kyl|| /3€+1 a||D2m+k " ﬁ(ﬂ«Serl—a)|Dzm+ky2"2

D"u D"u

+(82—8M(

28|

m

)” e gM(Du

2

& —gM(
+

2

T e

L+ petl-a 8(82 - ("Dmu"E))L

)
"ot
)=l

2
2m+k
D Y1||

D"u

Zﬂ Zj'lZm

2
4 D2m+k y2||

2 2

e=M([D"") 4em ,
[ ) 857 o) o
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>k yfi, +k, [0y, |

(18)
According to the Formula (7), we can get
1—
B, Plperlza)
2 2
p
g—M(D’“u ) o
| P +/)71 +M(|Dmup)—g
2 2 p
p
2m 5+M( D"u )
=[Ml -+ | P2>0
2 2
So set
2 m,||P
| e e[ -em{oml))
K=minse+ + o ,
2p 24
g—M( D"y ”) 2m
+ —-&+ ul ey, 19
| p ﬂﬂl M(|Dm p) ( )
2 2 P

- B(Pe+2-a)
2 = > .

Lemma 2 ¢ denotes a solution of problem (14), then there is a bounded ran-
dom compact set By, (@) € D(E, ), so that there is a random variable TBk(w) >0
for any slowly increasing random set B(w) e D(E, ), such that

#(t,0,0)B(0 )< By (), Vt2T, (0),0eQ. (20)

Proof ¢ denotes a solution of problem (16), use (p:(u,v)T € E, to take
the inner product with the Equation (16), we obtain

1d _
S 5l?l, + (Lo0), =(F(80.0).0). (21)
From Lemma 1

(Loo), 2kl +k D™, (22)

and
(F(6@.9).9)
— (D2m+kQ(X)5((9ta)), D2m+ku)

+(g — AR _1-M (”Dmu”z ))(Dkq(x)é(ﬁta)), D“v)

‘ (1+M (| D™u E))z , ,
<| 2+ - [Da(x)] |5 (aw)|
2g|v|2(|Dmu ") s (g 1
T
m 26 2
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o a0 [s(g0) + o' @)
From Equations (22) and (23), Equation (21) can be written as
g 2 4g|v|2( D"y z) i
a"q)”Ek + 2Kk, o, +| 2k, —S—T ||D2m+kv
m ||P 2
emflomal)) |
<| e+ . [D*a(x)[ |6 (60) (24)
o Lo aof (@) +Joof
Set
¢, =[o™ ", 7 =2k,
(1+M( D"y p))z i 2
S L 311 (N
£ ot o
then
Lo, +nlolt, <R+C. @s)
According to the Formula (7), we can get
4g|v|2(||Dmu||") 4gM2( D"u ")
2k2—g—Tp=ﬂ(ﬁg+2—a)—g— e 22>0. (26)
From the Gronwall’s inequality, P —a.e.w €, we have
et o) <e ™o (@), + e (c+RIs@) Jar. @)

because §(6,w) is slowly increasing, and &(6,w) is continuous with respect
to f according to the literature [3], a slowly increasing random variable
I,:Q— R" can be obtained, so for VteR,weQ thereis

6(60) <1 (60)<es (o) e8)
Substituting 6, for @ in (27), we get
e, =& (0.0, + (&7 (s mlo(o o Jar. @3
and
ie"’“") (c1 + p1|5(er,ta;)|2)dr = [ler (c1 + p1|5(6?ra))|2)dr < %+§ o ().

(30)
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Because ¢ (0. ,w)eB, (0 ) is slowly increasing, and |5(t9_ta))| is also

slowly increasing, so let
C, 2
R02 (a)):#+; pll’l(a)). (31)

Then R? (@) also slowly increasing, I§0k = {q) e E, :||(p||Ek <R, (a))} de-

notes a random absorption set, because

S(t,0.0)p, (0,0)
= 4(,0.0)(9(0.0) +(0,(x)8(6.))' )~ (0.a(x)8 (@),
B (0)={#<Ec:dl, <Ro(@)+[Da(x)s(e)|=Ry(@)}.  (2)

Then B, (@) is the random absorption set of ¢(t,®),and By, (0)eD(E,).

So the lemma is proved.

Lemma 3 When k=m, for any B, (®)eD(E,), #(t) is the solution of
Equation (14) under the initial value condition ¢, =(uy,U, +&uU,) €B, . It can
be decomposed into ¢ = ¢, + ¢, , where ¢ and ¢, satisfy

dg +Lgdt =0
{% (@)= (U, +eu,)" (33)
dg, +Lg,dt = F (,9)
{¢2o (a)) =0 (34)
Then
4 (t.0.0)], —>0(t—>w), V4, (0.0)<B(0,0), 35)

and there is a slowly increasing random radius R, (@), so that for every weQ,
satisfy

. (t.0. @), <R(e). (36)

Proof ¢ =g, +¢, = (U, U, +6u,)" + (U, Uy + U, —q(x)é‘(@ta)))T is a solu-
tion of Equation (16), from Equations (33) and (34), it can be seen that ¢, and

@, satisfy
@y +Lopdt =0,
: (37)
Do =Py = (u01u1 +gu0) J
+Lo,dt = F (w,
{4721 P> ( 40) (38)
P =0

Using ¢, = (uy,uy +&U, )T and Equation (37) to take the inner product, we
get

li”
2 i1t

c H(Lowg),, =0, (39)
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according to lemma 2 and the Gronwall’s inequality, we obtain

o (o). <™l () (40)

2
Epn '
replace @ in (40) with 6, and because (6 w)e B is slowly increasing,

then

"(01 (t, Qta))" <eg?M "(p0 (Qta))"; >0(t>x), Vg (6,0)eB, (41)

2
En
Using ¢, = (U, Uy + U, —q(X)5(9ta)))T and Equation (38) to take the inner
product, we get
d 2
sleolk, +nlele, <C.+Rs(80) (42)
and P, = P1|5(9ta))|2 .
According to lemma 1, lemma 2, Equation (29), the Gronwall’s inequality, and

replace @ with 6 ,w, we obtain

lo* (ool < lm (@@ + e (C4Rl5(0- ) Jor

<% 2p (), “
non
set
, c, 2
R/ (a))=7+; p,h (@), (44)
for every weQ,
¢ (t,e,la;)"Em <R, (@), (45)

and R, (@) isslowly increasing. The lemma is proved.
Lemma 4 The stochastic dynamic system {S(t,®),t>0} determined by

Equation (17) has a compact absorption set K(w)c E, under condition
t=0, P-aewe
Proof Suppose K (@) is a closed sphere with R, (@) as the radius in space

3 1
D(A4 Jx D(A4 J According to the embedding relationship E, = E;, K(®)

is a compact set in E, . For any slowly increasing random set B, () in E, for
V4(t,0 @) eB,, according to Lemma 3.1, there is ¢, =¢p—¢ € K(®), so for

every t ZTBk(w) >0,
de, (5(1,0,0)B, (0.0). K (0)
- S(JQI(”>||‘/’(L 0.)~ g(t)"; < "("(t’ H—ta))"; (46)
<ol 0,0)f, 0. (1)

Therefore, for any slowly increasing random set B, () in E,, there s

de, (S(t.0.0)B(0,0),K(0)) >0, t—>xw0eQ. (47)

DOI: 10.4236/ijmnta.2020.93004 59 Int. J. Modern Nonlinear Theory and Application


https://doi.org/10.4236/ijmnta.2020.93004

G. G. Lin, J. Liu

According to Lemma 1 to Lemma 4, there is the following theorem.

Theorem 1 Random dynamic system {S (t, a)),t > O} has a random attractor
A(w)cK(w)cE,, ®€Q, and there is a slowly increasing random set
K(w), PaeweQ,

A (w)=NUS (8. WK (6.w) (49)

t>0 7>t

and
S(tw)A (0)= A (00) ()

4. Conclusion

We studied a class of damped high order Beam equation stochastic dynamical
systems with white noise, by using the Ornstein-Uhlenbeck process, estimating
the solution of the equation and the isomorphism mapping method, then we can
get the existence of the random attractor family, I wish there will be some more
convenient methods can be shown off. Further we can make the inertial mani-
folds of the model.
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