
Creative Education, 2022, 13, 3298-3310 
https://www.scirp.org/journal/ce 

ISSN Online: 2151-4771 
ISSN Print: 2151-4755 

 

DOI: 10.4236/ce.2022.1310211  Oct. 24, 2022 3298 Creative Education 
 

 
 
 

Developing Mathematical Proof: Back to the 
Future with Vieta Extended Theorem 

Lea Dorel, Esther Openhaim 

Beit Berl Post Office, Math Department, Beit Berl College, Kfar Saba, Israel  

 
 
 

Abstract 
The education system is in a constant search for ways to improve the quality 
of its daily educational work in the classroom, in response to the increasing 
demand that its graduates reach achievements appropriate for the 21st cen-
tury. The current mathematics curriculum for middle schools in Israel intro-
duces students mainly to proofs in geometry, and seems unaware of the need 
for algebraic proofs and the insights rooted in proving theorems. This paper 
suggests interesting and challenging research activity for 8th and 9th grade 
students, who are taking their first steps in algebra. This activity would re-
quire them to go back in time to the 16th century, and follow the work of 
François Viète, a French mathematician who was one of the fathers of mod-
ern algebra. Algebraic knowledge required to prove Vieta’s extended theorem 
corresponds to the algebraic knowledge of middle school students. The activ-
ity suggested in this historic context could be an intellectual experience for 
the students because it encourages searching for relationships and constancy, 
understanding the need for proof in algebra, and applying the theorem 
through solving varied questions and creating new questions. Mathematics 
teachers who choose this topic and place the students at the center as inde-
pendent learners, could cultivate and promote mathematical thinking among 
their students.  
 

Keywords 
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1. Introduction 

Developing mathematical thinking is one of the main goals of the outline of the 
mathematics curriculum in the scientific track (5 units). Mathematical thinking 

How to cite this paper: Dorel, L., & 
Openhaim, E. (2022). Developing Mathe-
matical Proof: Back to the Future with 
Vieta Extended Theorem. Creative Educa-
tion, 13, 3298-3310. 
https://doi.org/10.4236/ce.2022.1310211 
 
Received: September 15, 2022 
Accepted: October 21, 2022 
Published: October 24, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/

  Open Access

https://www.scirp.org/journal/ce
https://doi.org/10.4236/ce.2022.1310211
https://www.scirp.org/
https://doi.org/10.4236/ce.2022.1310211
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


L. Dorel, E. Openhaim 
 

 

DOI: 10.4236/ce.2022.1310211 3299 Creative Education 
 

includes logical thinking, scientific and critical thinking, algorithmic thinking, 
and understanding basic concepts such as definition, argument, theorem, reverse 
theorem, and, obviously, proof (as opposed to explanations or examples) (Laikin 
& Livne, 2015). Developing mathematical thinking is a process acquired through 
active learning and experience over years. Research has shown that even stu-
dents in academic institutions find it difficult to understand formal mathemati-
cal texts and to write precise proof (Bills & Tall, 1998). The main experience of 
high school students in Israel in deductive logical thinking is in geometry. In al-
gebra, algebraic manipulations are not considered conducive of mathematical 
thinking, but rather to practice technical skills. Tall (1998) claimed that an alge-
braic argument, which is a formal version of an arithmetic phenomenon (con-
stancy), could be a fitting basis for developing mathematical thinking if it is 
eventually proven.  

Cognitive theories argue that significant learning occurs when the student is 
an active participant in structuring the knowledge in a social interaction that 
provides meaning (Tzelermeir & Kozolin, 2019). Therefore, a student’s reflective 
thinking about the meaning of the proof and its structure is a crucial component 
of meaningful learning.  

The aim of this work is to promote mathematical thinking and student self- 
efficacy through a research task. 

2. Historic and Pedagogic Background 

François Viète was one of the great mathematicians of the 16th century. Viète 
was born at Fontenay-le-Comte in the south of France in 1540. He was a lawyer 
by training but spent most of his time on mathematics and astronomy. His main 
work was published in “Introduction to the Art of Analysis”, also known as 
“New Algebra”, in 1591. Viète’s main idea was to make algebra a powerful ma-
thematical tool, and he was the first to use letters as parameters in equations to 
express algebraic ideas and generalizations. Among other topics, he studied ho-
mogenous equations, and is known to future generations as the man who for-
mulated and proved Vieta’s formula.  

Viète claimed that the value of two numbers could be found if their sum and 
product are known. He also proved that if the sum and product of two numbers 
are known, then, by algebraic manipulations, their difference could be found, 
and thus the value of each separately (Strick, 2013). Strick (2013) noted that 
Viète formulated the following theorem for a second-order polynomial:  

If a variable A satisfies the following quadratic equation ( ) 2B D A A BD+ − = , 
then B and D are its solutions. The corresponding theorem for a third-order po-
lynomial is: 

If a variable A satisfies the cubic equation  

( ) ( )3 2A B C D A BC BD CD A BCD− + + + + + =  

then B, C and D are its solutions. 
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Following is the general form of the extended Vieta formula in modern-day 
mathematical symbols:  

Theorem 1: Let ( ) ( )1 2
1 2 1 nn n n

n nP x x a x a x a− −= + + + + −  be n-order poly-
nomial with n different roots 1 2 3, , , , nx x x x . Then the polynomial coefficients 
hold the following n equations  

( )

1 2 1

1 2 1 3 1 2 3 2 4 1 2

1 2 3 1 2 4 1 2 2 3 4 2 3 2 1 3

1 2 3 1

n

n n n

n n n n n

n
n n

x x x a
x x x x x x x x x x x x a
x x x x x x x x x x x x x x x x x x a

x x x x a

−

− −

 + + + = −


+ + + + + + + =
 + + + + + + + = −


 = −



 







  

We propose research activity surrounding this theorem that could interest and 
challenge 8th and 9th grade math-loving students, and perhaps beyond. As stated, 
the mathematical knowledge required to prove the Vieta theorem in cases of 
second- and third-order polynomials fits the mathematical knowledge of these 
age groups: short multiplication formulas, extended factorization, solving alge-
braic equations, and divisibility rules. This experiential activity invites them to 
step into the shoes of the inventor and developer of modern algebra, and follow 
his work processes, culminating in their coping with the general form of the 
Vieta theorem. The suggested activity could contribute to the students’ devel-
opment as researchers, by encouraging them to look for relationships, constan-
cy, and generalizations, which require creativity and high-level thinking, and 
provide answers to intellectual curiosity. 

According to Vygotsky’s cognitive development theory (Tzelermeir & Kozo-
lin, 2019) developmental activity must be built on control of cognitive functions 
in the individual’s Zone of Proximal Development (ZPD). However, the activity 
must expand the ZPD of those students whose ZPD is not deep enough. Learn-
ing should take into account the basic knowledge from which to start out and 
expand it through developing mathematical group discourse and/or self-reflection 
by means of learning metacognitive strategies and collaborative learning (Sfard, 
2014).  

Finding an assignment that encourages math-loving students is not a trivial 
task for teachers. In this activity, the students rely on rudimentary mathematical 
knowledge (basic 9th grade mathematics), and delve into it by examining indi-
vidual cases, discovering constancy, making assumptions and hypotheses, for-
mulating theorems, and proving and applying them. 

3. Goals 

Research activity on the Vieta theorem is suggested as extracurricular activity 
that could be offered as alternative evaluation, self-study, group study of pairs or 
foursomes, for advanced students who are curious, math lovers, and excellence 
classes. The proposed activity aspires to the following goals: 
 To develop the ability to read and understand texts that include mathemati-
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cal expressions (for students that are not deterred by reading and deciphering 
such texts). 

 To learn how to disassemble difficulties, and approach a mathematical issue 
methodically: analyze, understand, generalize, prove, and apply. 

 To experience the process of researching and solving mathematical problems 
(the extended Vieta theorem). 

 To discover an important chapter in the history of mathematics, which is the 
foundation of modern-day mathematical knowledge. 

 To face challenges, and develop self-efficacy, tenacity, and intellectual and 
social collaboration.  

As mentioned, we are going “back to the future” with the Vieta theorem— 
back to the 16th century and his work but looking to the future—to deciphering 
the theorem and the elements of the language of mathematics, and to developing 
mathematical thinking with which to face the challenges of the 21st century. 

Activity Stages 

The journey back to the future is a modular journey. 
Stage 1—Vieta’s theorem—formulating the extended theorem, understanding 

the mathematical language, and understanding the meaning of the theorem in 
depth. We, hence, suggest two different approaches to developing the research 
work: 1) Induction from the specific to the general; 2) Deduction from the gen-
eral to the specific.  

Stage 2—Formal proof of the general Vieta’s theorem for an nth polynomial 
through mathematical induction. 

Stage 3—Discussion of the insights and use of Vieta’s theorem as a strategy to 
solving various questions.  

It is possible to move from Stage 1 to the assignments in Stage 3, and then go 
back to Stage 2 while learning and following the students’ questions and the 
processes they experience when solving the problems. The ability to think crea-
tively is the key to achieving good performance in mathematics. Discovery and 
proof of new theorems can be considered the peak of mathematical experience 
(Tall et al., 2012).  

Stage 1: Two approaches to learning 
Induction from the specific to the general. The starting point of the induc-

tive approach is the ZPD. Middle school students in Israel learn to factorize tri-
nomials 2 0x ax b− + =  by means of a mathematical “trick”: They are told to 
guess two numbers whose product is b and sum is a, and then they are taught to 
factorize a trinomial. The trick is presented without an explanation or proof 
(middle school curriculum). We propose showing the students what is behind 
the trick, and delving into the relationships, including proof for a 2nd order po-
lynomial.  

1) Vieta’s theorem for second-order polynomials is:  
If second order polynomial coefficients satisfy the relationship  
( )2

1 2 1 2 0x x x x x x+ ⋅− + = , then x1 and x2 are the equation’s roots.  
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We suggest to students to prove this theorem, giving the hint: to factorize the 
equation ( )2

1 2 1 2 0x x x x x x+ ⋅− + = .  
Then the following questions arise: 
2) Do you think the theorem is correct for every 2nd order polynomial that sa-

tisfies these relationships? Are there cases when the theorem is incorrect? 
3) Try to formulate the inverse theorem: 
If x1 and x2 are the roots of the polynomial ( ) 2

1 2 0P x x a x a= + + =  then 
holds the following 1 2 2x x a= , 1 2 1x x a+ = − .  

We suggest students to prove the inverse theorem, giving a hint: If x1, x2 are 
the equation’s roots, then ( )( )1 2 0x x x x− − = .  

4) What is the difference between the theorem and the inverse theorem? 
5) Write 2nd order polynomials that have: two roots, one root, no roots—ex- 

amine.  
Now the teacher can encourage the students to ask questions and search for 

answers and prove them, the teacher can make sure that the students understand 
the significance of the theorem and its proof, and to conclude with the mathe-
matical formulation of Vieta’s theorem in both directions which is as follows: 

Theorem 2. Let ( ) 2
1 2P x x a x a= + +  be the 2nd order polynomial. x1 and x2 

are its roots if and only if they satisfy: 1 2 1x x a+ = − , 1 2 2x x a= . 
Research of Vieta’s theorem for polynomials higher than 2nd order could be 

given as individual work, while presenting questions that stimulate interest and 
motivation. We give the students the opportunity to continue the work inde-
pendently: 

1) Relate to Vieta’s historical story, present the formulation of the theorem for 
n = 3, examine it, and prove it. If the third order equation with variable A is: 

( ) ( )3 2A B C D A BC BD CD A BCD− + + + + + =  then B, C, and D are its so-
lutions.  

2) Continue to investigate for n = 3, and search for constancy out of curiosity. 
Use the “what if not?” strategy and ask whether such relationships exist between 
coefficients in 3rd, 4th and 5th order polynomials. Finally, reach a generalization 
for an n-order polynomial.  

Deduction from the general to the specific. The starting point of the deduc-
tive approach is to present Vieta’s theorem in its precise mathematical formula-
tion, to give the students a chance to decipher a mathematical text and under-
stand it, through a process that imitates the work of the famous mathematician. 
This is a complex task, especially for students who have no idea how to deal with 
deciphering a mathematical text. However, this is an opportunity to allow stu-
dents to enter a process that imitates the mathematician’s work. The teacher’s 
goal is to mediate, to soften if necessary, and to provoke the students to ask 
questions about the number of coefficients in each polynomial, the characteriza-
tion of the series of sums of each coefficient, the products series of each sum, the 
signs of each coefficient, and how the constancy develops from an n order poly-
nomial to an n + 1 order polynomial. 
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The natural strategy is to examine the theorem for specific cases of n, and to 
observe the resultant items and the constancy in the transition from n to n + 1, 
and vice versa.  

Following is the proof of Vieta’s inverse theorem from n = 3 to n = 2. 
Theorem 3 (Inverse theorem): Let ( ) 3 2

1 2 3P x x a x a x a= + + +  be the 3rd order 
polynomial. 1 2 3, ,x x x  are its roots if and only if the polynomial coefficients 

1 2 3, ,a a a  satisfy the follows: 1 2 3 1x x x a+ + = − , 1 2 1 3 2 3 2x x x x x x a+ + = ,  

1 2 3 3x x x a= − . 
Proof:  

( ) ( )3 2
1 2 3 1 2 1 3 2 3 1 2 3 0x x x x x x x x x x x x x x x− + + + + + − =  

3 2 2 2
1 2 3 1 2 1 3 2 3 1 2 3 0x x x x x x x x x x x x x x x x x x x− − − + + + − =  

Extracting the common factor in pairs we get: 

( ) ( ) ( ) ( )2
1 2 1 3 1 2 3 1 0x x x x x x x x x x x x x x x− − − − − + − =  

( ) ( )( )2
1 2 3 2 3 0x x x x x x x x− − + + =  

Thus, by extracting the common factor (x − x1), we get the 2nd order poly-
nomial whose coefficients satisfy Vieta’s theorem. Therefore, x2 and x3 are the 
roots of the 2nd order polynomial. Hence, we get: 

( )( )( )1 2 30 x x x x x x= − − −  

It is very important to prove Vieta’s theorem and inverse theorem for n = 3 
and n = 4 order polynomials. In the first proof process, when you open the pa-
rentheses and combine like terms, it is important to discover the constancy in 
the transition from an n order polynomial to an n + 1 order polynomial. When 
proving the inverse theorem, factorization should be performed to move from 
an n + 1 order polynomial to an n order polynomial.  

The proof of specific cases is a good foundation for understanding how to use 
mathematical induction to build the general proof of Vieta’s theorem genera-
lized for every natural n. 

Stage 2: Formal proof of Vieta’s extended theorem through mathematical 
induction 

Proof of Vieta’s extended theorem through mathematical induction. 
Step I: Examine the theorem for n = 2:  

( ) 2
2 1 2 0P x x a x a= + + = , 

x1 and x2 are the solution of the given equation if and only if 1 2 1x x a+ = − , 
( )2

1 2 21x x a= − . It was proven (see Theorem 2). 
Step II: The hypothesis stage for a n − 1 order polynomial 
Consider that 2 , , nx x  are roots of the n − 1 order polynomial: 

( ) ( )1 1 2
1 1 2 11 nn n n

n nP x x a x a x a− − −
− −= + + + + −  

And:  
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( )

2 1

2 3 2 3 4 1 2

2 3 4 2 3 3 4 5 3 2 1 3

1
2 3 11

n

n n n

n n n n

n
n n

x x a
x x x x x x x x a
x x x x x x x x x x x x a

x x x a

−

− − −

−
−

+ + = −
 + + + + + =
 + + + + + = −


 = −



 







  

Step III: The transition stage based on the hypothesis that 2 , , nx x  are roots 
of the n − 1 order polynomial: We prove that 1 2, , , nx x x  which satisfies: 

( )

1 2 1

1 2 1 3 1 2 3 2 3 4 1 2

2 3 4 2 3 3 4 5 3 2 1 3

1 2 3 1

n

n n n n

n n n n

n
n n

x x x b
x x x x x x x x x x x x x x b
x x x x x x x x x x x x b

x x x x b

−

− − −

+ + + = −
 + + + + + + + + + =
 + + + + + = −


 = −



  

 





 

are the roots of the n-order polynomial: 

( ) ( )1 2
1 2 1 nn n n

n nP x x b x b x b− −= − + + + −  

Proof:  

( ) ( ) (
) ( )

1
1 2 1 2 1 3 1 2 3

2
2 3 4 1 1 2 31 0

n n
n n n

nn
n n n n

P x x x x x x x x x x x x x x

x x x x x x x x x x x

−

−
−

= − + + + + + + + + +

+ + + + + + − =

  

 

 

     

( ) ( ) ( ) ( )( )
( )( ( ) ( )
( ) ( ))

( ) ( )

1 2 2 2
1 2 1 3 1 1

3 3 3
2 3 1 2 4 1 2 1

3 3
3 4 1 1 1

2 3 11 0

n n n n
n

n n n
n

n n
n n

n
n

x x x x x x x x x x x x x x x

x x x x x x x x x x x x x x x

x x x x x x x x x x

x x x x x

− − − −

− − −

− −
−

= − − − + − + + −

+ − + − + + −

+ − + + − +

+ − − =





 

 

( ) ( ) ( )( )11 1 2
1 1 2 11 0nn n n

n nP x x x x a x a x a−− − −
−= − − + + + − =  

Based on the hypothesis that 2 , , nx x  are roots of the n − 1 order poly-
nomial, we get that 1 2, , , nx x x  are the roots of the n order polynomial.  

( ) ( ) ( )( )11 1 2
1 1 2 11 nn n n

n nP x x x x a x a x a−− − −
−= − − + + + −  

Stage 3: Discussion of the insights and uses of Vieta’s theorem as a prob-
lem-solving strategy  

The third stage consists of two parts: First, discussion of the issues that stem 
directly from dealing with the theorem and its components, and insights that 
stem from the theorem and are expressed in the solutions of appropriate ques-
tions. Second, applying Vieta’s extended theorem as a strategy to solve problems 
in algebra and geometry.  

Part 1—Issues that stem from the theorem and its components 
As mentioned, it is important to develop group discourse and discussions 

and/or personal reflection on the significance of the theorems and proofs, 
through cooperation between the students and the teacher. The teacher’s role is 
to elicit questions and issues for thought, and discuss them in class, in order to 
deepen the students’ understanding of the theorem and its significance. 
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1) Check whether the students understand the difference between the theorem 
and the inverse theorem, and how it is proven in each situation. 

2) Check the students’ understanding of the term “if and only if”. 
3) Check correct application of algebraic manipulations in proof of Vieta’s 

theorem for a general case of n-order polynomials versus specific cases when n = 
2 and n = 3. 

4) Check application of Vieta’s extended theorem in new situations and solv-
ing unusual problems that require high-order thinking. 

Following are number of issues for thinking and classroom discussion within 
this activity: 
 Is Vieta’s extended theorem for an n-order polynomial true for every natural 

n?  
 Are there solutions for an n-order polynomial whose coefficients do not con-

firm the relationships of Vieta’s extended theorem? 
 Does Vieta’s extended theorem indicate an algorithm to finding the roots of 

polynomials? 
 Given 2nd and 3rd order polynomials, suggest an algorithm for finding their 

roots (if they exist). 
 Given n different real numbers, how can you build an equation that they are 

its roots? 
Next, we present examples of questions that examine insights and compre-

hension performance of Vieta’s theorem, followed by didactic analyses: 
Question 1: Given three roots of a 3rd order polynomial 1 2 31, 1, 3x x x= = − =  
1) Find the polynomial coefficients. 
2) Are the roots the polynomial roots ( ) 3 23 3p x x x x= + − −   
Didactic analysis of Question 1: 

 Use of Vieta’s theorem and in the relationship between coefficients and roots 
in a 3rd order polynomial. 

 Use of algebraic manipulations and presentation units to find the roots. 
 Applying the meaning of the term if and only if in both directions.  

Question 2: Given the following system of equations: 

20
121

200

a b c
ab bc ac
abc

+ + =
 + + =
 =

 

1) Can this equation be solved? Yes/No. Explain your answer. 
2) If yes, develop an algorithm to find the solutions. 
Didactic analysis and solution of Question 2:  
1) Based on Vieta’s theorem, the given system of equations fits a 3rd order po-

lynomial, and a, b, c are roots of the equation: 3 220 121 200 0x x x− + − = . 
2) Developing the algorithm to a 3rd order polynomial is based on several hy-

potheses:  
An odd-numbered polynomial has at least one real root; 
By finding one real root, the polynomial can be divided and produce a 2nd or-
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der polynomial; 
One of the roots must be one of the divisors of the coefficient 3 2200 2 5abc = = ⋅ ; 
The divisors of 200 are: 1, 2, 4, 5, 8, 10, 20, 25, 40, 50, 100, 200; 
The fitting root is ( )( )28 12 25 0x x x− − + = , 8x = ; 
The solutions of the system are: 8a = , 6 11b = + , 6 11c = − . 
Question 3: Given is the following system of equations: 

2 2

6

6

a b
a b
+ =

+ =
 

1) Does this system of equations have real roots? 
2) If yes, find the solutions. If no, explain your answer. 
Didactic analysis and solution of Question 3: 
Through algebraic manipulations, we can obtain the product 15ab = , and 

the sum 6a b+ = . This gives us the equation 2 6 15 0x x− + = . Since 0∆ < , the 
equation does not have real roots. 

Question 4: 
When proving Vieta’s extended theorem, we extract the common factor 

( )1x x−  from pairs of expressions so that we get factorization of an n-order po-
lynomial to the product of multiplication of an n-1 order polynomial by the fac-
tor ( )1x x−  (see formal extended proof). How can we make sure that there is a 
common factor of all terms of partial sums?  

Didactic analysis and solution of Question 4: 
To solve this question, students should be guided to perform algebraic mani-

pulations for concrete cases of 2nd, 3rd and 4th order polynomials, focusing on the 
number of coefficients and the partial sums. In the transition from line n to its  

sequential line n + 1, the binomial formula 
1

1
n n n

k k k
+     

= +     −     
 assures that 

no member in the partial sums of the polynomial is left out. 

4. Applications of the Theorem in Algebra and Geometry  

Question 5: Solve the following system of equations: 

3

3

3

x y z
y z x
y z x
x y z
x y z

 + + =

 + + =


+ + =

 

Didactic analysis and solution of Question 5: 
Given is a system of three equations and three unknowns. We can convert the 

equations to a different system of equations as follows: , ,x y zu v w
y z x
= = = .  

The system is consequently written as: 

3
1 1 1 3

1

u v w

u v w
uvw

+ + =


+ + =

 =

. 
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Through mathematical manipulations we get: 
3

3
1

u v w
uv vu vw
uvw

+ + =
 + + =
 =

. 

The system conforms with Vieta’s theorem for a 3rd order polynomial. The 
polynomial is: 3 23 3 1 0t t t− + − = . u, v, w are the roots of the system. The roots 
product is 1, and the roots sum is 3. The roots are: 1u v w= = = . 

Question 6: 
Given is a triangle ABC. The radius of the incircle is r = 1. The radius of the 

circumcircle is R = 5. The triangle circumference is 20 cm. Find the sides of the 
triangle. 
 

 
 

Didactic analysis and solution of Question 6: 
This is a complex geometrical question. Finding the equations requires tho-

rough knowledge of geometry and use of triangle area strategies. The area of a 
triangle can be calculated in three different ways according to three different 
geometric theorems. The resulting system of equations indicates that there is a 
solution, because the system corresponds with Vieta’s theorem. Thus, the way to 
finding the solutions is challenging in itself.  

We mark the triangle sides as a, b, c. It is known that 20a b c+ + = . We use 
the three equations to calculate the triangle area: 
 Calculating the triangle area by incircle radius and sum of the three sides 

10
2

a b cS r+ +
= =  

 Calculating the triangle area by the three sides and circumcircle radius  

4 5 10 200
4
abcS abc

R
= ⇒ = × × =  

 Calculating the triangle area by the three sides and circle radius (Heron’s 
formula) 

( ) ( ) ( )2 , 10
2

a b cS p p a p b p c p + +
= − ⋅ − ⋅ − = =  
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When we substitute all the values, we get a system of equations: 

20
121

200

a b c
ab bc ac
abc

+ + =
 + + =
 =

 

a, b, c uphold Vieta’s theorem, and they are the roots of the polynomial: 
3 220 121 200 0x x x− + − =  

The triangle’s sides are: 8, 6 11, 6 11a b c= = + = − . 

5. Summary  

Learning to think mathematically means learning to create a point of view on 
mathematics, which is to appreciate the process of abstraction in mathematics 
and try to apply it to problem solving (Schoenfeld, 2016). Mathematical compe-
tencies (math problem solving, communication, literacy, presentation) are espe-
cially dependent on the level of thinking (decisive, critical, creative, metacogni-
tive thinking) (Maslihah et al., 2020). Mathematical thinking can provide the 
ability to solve mathematical problems and the skills needed in independent 
learning (Lee, Ng, & Bull, 2018). The thinking skills are also associated with ma-
thematical literacy (Zetriuslita et al., 2020). Many scholars share the view that 
thinking skills play a critical role in modern learning and education. Develop-
ment of mathematical thinking is the main goal in teaching mathematics. 
Teachers should focus on development mathematical thinking skills through 
learning activities that can improve mathematics achievements (Nepal, 2016). 

The “back to the future” activity with Vieta’s extended theorem is research 
work that provides an opening for 8th and 9th graders to the world of algebraic 
concepts, understanding and skills, and insights of mathematical research in al-
gebra, which fits their ZPD (Kozolin, 2004).  

We have shown how it is possible to lead students, through Vieta’s theorem, 
to read and understand what an algebraic theorem is, what the theorem means, 
what direct and reverse theorems are, and the differences between proof in ei-
ther direction. We presented two approaches to introducing Vieta’s theorem— 
the inductive approach that focuses on developing the theorem through specific 
cases and generalizing from them; and the deductive approach that starts with pre-
senting the general theorem in symbolic mathematical language, and deciphering 
Vieta’s extended theorem from the general to the specific. We have shown how 
Vieta’s theorem can be factorized and formulated for specific cases. We have al-
so shown how proof can be structured and formulated through mathematical 
induction.  

The journey culminated in introducing different and varied questions that 
require high-order thinking, and examine the students’ comprehension perfor-
mance regarding various aspects of the theorem.  

The “back to the future” journey with Vieta’s extended theorem is an appro-
priate solution for methodically cultivating the culture of mathematical thinking, 
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provided that the individual learner or group of students are put at the center of 
the learning. The teacher’s role is to mediate and guide the students in their en-
deavors. The mathematics teacher helps students to develop as independent re-
searchers, and encourages them to seek relationships, constancy, and generaliza-
tions. This experience can develop among the students a deep acquaintance with 
the essence of mathematical thinking, resilience, and confidence to cope with 
problem-solving, to boost their achievements, and to nurture higher mathemat-
ical skills (Bsharaa, 2016; Mani & Emanuel, 2006).  

Research activity on the Vieta theorem is proposed as extracurricular activity 
that could be offered as an alternative evaluation project, for self-directed learn-
ing, for group study of pairs or larger groups, for advanced students who are cu-
rious, math-lovers, and other forms of excellence classes.  

We hope that mathematics teachers choose this topic to cultivate their stu-
dents’ mathematical thinking.  
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