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Abstract 
According to psychological and cognitive development theories, the preferences 
of pupils in elementary school toward inductive versus deductive and general 
types of reasoning when asked to prove or review mathematical claims, changes 
along the school years. This study examines this hypothesis through a survey in 
which 267 pupils from the Arabic sector in three different elementary schools 
in Israel, in grades 4 to 6 participated. The survey, based on the math reason-
ing tasks by Healy and Hoyles (1998), is comprised of Algebra and Geometry 
reasoning tasks. Additionally, 12 of these pupils’ teachers were interviewed in 
order to explore their attitudes toward mathematical reasoning and math 
proving tasks. Findings show that: 1) There is a difference in students’ prefe-
rences towards types of reasoning, between grades 4 and 6; 2) Sixth graders 
will be less likely to accept tautologic and inductive reasoning than fourth 
graders; 3) Elementary school pupils tend to prefer empirical arguments (such 
as inductive and example-based) as their approach in contrast to the arguments 
that they believe will receive the highest scores from their teachers. However, 
findings do not support the hypothesis that there will be a difference in teach-
ers’ preferences towards different types of thinking. The research findings and 
their practical implications are discussed. 
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1. Introduction 

While studying mathematics at school, pupils are often required to formulate and 
test assumptions, to explain and justify conclusions and to prove general theorem 
or claims. The proof is the mathematical tool through which, by argumentation, 
the correctness of a mathematical claim is established and given universal vali-
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dation, or the opposite confirming that the claim is false thus refuting it (Hanna, 
1989). An argumentation consists of a claim, a statement that the addresser asks 
the recipient to accept as a truth or a modus operandi, and a conclusion requiring 
proof (Toulmin, 1969). The methodology of math and science relies on the discur-
sive nature of claims and include their expression and justification, observation 
of contrary indications, and the social negotiation of data and theories (Sadler & 
Fowler, 2006). A high level of argument expresses a high level of literacy (Glass-
ner & Schwartz, 2001), as elementary school students already apply external jus-
tification methods, empiric and analytic justification techniques (Flores, 2002).  

Accordingly, one of elementary school’s curricular goals is to foster critical think-
ing skills in students. Critical thinking refers to balanced reflective thinking intended 
to decide what to believe and how to operate, thus development of critical thinking 
skills is significant in consuming, processing and implementing new information. 
Argumentation skills are part of the critical thinking skills set and constitute pre-
liminary and essential background for the decision-making process. Students in 
elementary grades can potentially develop mathematical claims to be considered as 
proofs (Stylianides, 2007b). In fact, it is argued that each time they are asked to 
reason, explain or validate claims, we are fostering these abilities. Unfortunately, 
many times, students’ replies to these questions are poor due to various reasons, 
some of which originate from verbal and lingual development processes while 
others stem from age dependent cognitive and intellectual development processes.  

The importance of this study is in examining the inductive tendency of ele-
mentary school pupils in the Arab sector in Israel, in an effort to explore the de-
velopmental process of argumentation and reasoning in grades 4-6. This research 
differs from prior works in its focus on elementary school pupils as well as the 
focus on students in the Israeli Arab sector exclusively.  

2. Literature Background 

The status of math teaching in schools today is similar to that of Latin in the 
19th century. This profession is considered one of the hardest and most despised 
for some students. However, mathematic skills are important for all learners in 
scientific areas, since it is one of the basic tools used in these fields and require-
ment for higher learning. Moreover, realistic mathematical education and lite-
racy have been shown to have a critical impact on children’s likelihood to suc-
ceed in their studies later on in life (Papadakis, Kalogiannakis, & Zaranis, 2016; 
Zaranis, Kalogiannakis, & Papadakis, 2013). Like musical notes, the modern ma-
thematical markings have a precise and rigid syntax, most of which were invented 
only in the 16th century. Thus, beginners might find mathematical language dif-
ficult to understand, as words such as “or” have an accurate, and sometimes dif-
ferent, meaning from the everyday use.  

Various approaches refer to the development of early childhood thinking and 
their implications for mathematical education, as most differ in two main as-
pects. One is the extent to which the structures and developmental processes are 
domain-dependent, occurring at a uniform or varying in different areas. The other 
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pertain to the autonomy of the development process and whether it is innate or 
environment dependent (Dehaene & Cohen, 1995). Piaget (1965) argues that 
children are not passive to the environment but on the contrary, they examine 
the environment, actively seeking for solutions and asking questions.  

Piaget focused on the cognitive processes of collecting and processing know-
ledge. He compared the development of intelligence to physiological develop-
ment, while observing four major stages. At each stage, children acquire new in-
tellectual skills based on the previous stages. Although the stage sequence is fixed, 
each individual has their own pace in light of interpersonal and intercultural 
differences. Piaget argued that our ability to think develops with age resulting from 
interaction with the environment, which constantly triggers stimuli in the child 
leading to learning. Therefore, in order for the child to acquire mathematical con-
cepts such as “proof,” he must first understand what it is to prove, or know how 
to correctly explain things based on this concept. This constructivist approach 
states that as long as these skills had not been acquired, the child cannot reach 
the appropriate stage in the development of thinking (Figure 1). 

This study focuses on the third and fourth stages in Piaget’s model, and the 
development of the proof concept at these stages from pupils’ initial inductive 
tendency. The stage of concrete operations takes place during elementary school, 
at the age of 7 - 12. Commonly known, at this age thinking is no longer intuitive 
or egocentric, as it was during the preschool period, and is characterized by log-
ical thinking, allowing for reasoning and judgment through logic. Some pupils 
have the ability to understand symbolic or verbal examples while others are able 
to perform logical actions only in situations involving concrete, tangible objects. 
Such students still need illustrations through examples. The fourth stage is the 
most advanced stage in which intellectual development reaches a peak characte-
rized by deductive thinking. A person at this stage can acquire knowledge and use 
it in the most efficient manner. According to Piaget, the child is gradually released 
from the grasp of concrete thinking and acquires the ability of abstract thought. 
 

 
Figure 1. The four stages in Piaget’s cognitive development theory (Piaget, 1965). 
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Transition from a thinking style is based on the ability to think beyond the tangi-
ble, however, even pupils who have acquired formal thinking. However, they need 
concrete or inductive examples to illustrate the situation of a given argument, or 
before tackling the task they will have to make inductive inferences. I suggest here 
that there is a transition stage between the third and fourth stages, or there is 
room for dividing the two stages (third and fourth) into two parts: third stage, first 
part, simple concrete operations, and second, complex concrete operations. The 
fourth is divided into a pre deductive first part, and a second deductive part. In 
other words, I suggest an intermediate stage; a pre deductive stage that connects 
the concrete and the formal thinking stages (Figure 2). 

Cultivating thinking is a primary goal in all educational institutions and cur-
ricula, demanding every teacher’s awareness to promoting the learner’s thinking. 
But this is not a sufficient condition in itself (Zohar, 1996). Swartz (2008) offers 
the concept of stimulating learning in the context of high-order thinking, based 
on the constructivist approach of developing a deep understanding of a meaning-
ful subject for the learner. This understanding is achieved through problem solv-
ing, during which an emphasis is placed on building the learner’s knowledge in a 
thinking community and developing a self-directed and metacognitive and ref-
lective learner. Meta-cognitive intuitive thinking that develops in the early school 
years is very basic, and only becomes complex and linked to learning processes 
when learning incorporates explicit use of its components. Metacognitive skills 
first develop in separate content domains, and only in explicit conceptualization 
and inclusion processes may transfer beyond domains (Salomon & Perkins, 1989).  
 

 
Figure 2. Proposed subdivision in Piaget’s cognitive development theory (Piaget, 1965). 
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Most researchers have emphasized the need for developing argumentation and 
discussion skills among students. Means & Voss (1996) proposed it as a basis for 
informal reasoning learning, while Duschl (2008) proposed it as a separate sub-
ject to be taught in schools. However, in factual life, even teachers who combine 
argumentative skills in the classroom material promotion rarely do so (Newton, 
Driver, & Osborn, 1999).  

For the purposes of this study proof is seen as a process of: 1) determining truth-
fulness of mathematical statements and arguments and validating or refuting 
them through the construction of mathematical meanings that have individuality 
and social aspects, the same as Harel & Sowder (1998) who combine examina-
tion and persuasion; and 2) the transfer of these meanings through arguments as 
described by Stylianides (2007a), by means of groups of conventional statements, 
modes of argument, and methods of representing a common argument in a so-
ciety or group or class; that is proof is the product of the process of justification 
and validation accepted by the specific community. Martin & Harel (1989) and 
others indicated the difficulty of teachers’ understanding the proof essence and 
nature, showing they tend to accept inductive claims as proofs, as well as not re-
jecting deductive but false “proofs” in elementary and high school (Ball, Lu-
bienski, & Mewborn, 2001; Martin & Harel, 1989; Goetting, 1995; Knuth, 2002). 

Many researchers have pointed to the students’ difficulty in tracking and con-
structing mathematical proofs (Healy & Hoyles, 2000; Fischbein, 1982; Stylia-
nides & Stylianides, 2009), the students face difficulties in understanding ma-
thematical evidence, and do not distinguish between inductive-empirical evidence 
and formal evidence. Studies have found that there is an inductive tendency among 
students of different ages affected by everyday life; Anderson (1985) calls every-
day proofs as “inductive valid arguments” and explains that people create and 
examine assumptions based on their likelihood, and refute and criticize these as-
sumptions according to subjective experience. Inductive stages are the first in a 
series of hierarchical stages in the development of the understanding of formal 
proof (Van Dormolen, 1977). First, the student uses an example to obtain a sense 
of a given argument; afterwards, he tries several other examples, and examines 
the common characteristics of all the examples of the claim; finally, the student 
attempts to obtain formal proof. We can see that the first two stages are induc-
tive and the third is deductive. Following this model, the purpose of this study is 
to examine the development of acquiring the concept of proof and critical thinking 
among elementary school students. 

3. Methodology 
3.1. Sample 

This research is comprised of three studies, held in three Arabic sector elemen-
tary schools in Israel. In Study 1, a quantitate study, 267 pupils in grades 4 to 6 
participated in a survey. Study 2 is a qualitative study which included 12 teach-
ers of the pupils in study 1. Further statistical analysis of the data collected in 
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study 1 are performed in Study 3, in order to test the validity of the evolution of 
thinking scheme proposed earlier. All three schools are in the same socio-economic 
measure. All pupils who participated in this research come from heterogenic 
groups of all levels.  

3.2. Study 1 

Research procedure 
In this research I focus on the way pupils refer to two types of claims: 1) 

Arithmetic claims: “the sum of each two even numbers is even” and “the 
sum of each two odd numbers is odd”; and 2) Geometric claims: “the sum of 
interior angles of each triangle is 180 degrees” and “the sum of each qua-
drate is 360 degrees”. For this purpose, pupils were asked to respond to math 
reasoning tasks presenting different kinds of reasoning, according to the math 
reasoning tasks by Healy and Hoyles (1998) which include correct and false rea-
soning of the two claims mentioned above. Each pupil completed two tasks: one 
in algebra and another in geometry and were asked in each task to determine 
according to their opinion, concerning each presented argumentation whether it 
is correct or not. All the reasoning and argumentation is either explained by in-
ductive numeric examples, verbal generalizations, generic everyday reasoning or 
tautological reason.  

3.3. Research Tools 

The research tool is a closed math reasoning task in Algebra and in Geometry. It 
was found that the reliability level (Alpha Cronbach) of all items and all va-
riables is higher than 0.9. The task detailing according to reasoning kind is as 
in Table 1. 

3.4. Study 2: Teachers Interviews 

After pupils completed the tasks in study 1, their teachers were interviewed in a 
semi-structured interview about the same algebraic and geometric claims. The in-
terview was designated to add teachers attitudes regarding students’ reasoning pre-
ferences. Teachers’ textual content was processed and key ideas and motifs were 
extracted and formed into central themes in the qualitative analysis. We anticipated 
that in light of the developmental process of mathematical thinking over the years, 
 
Table 1. Types of reasoning in math reasoning task. 

Reasoning of Reasoning kind 

Yusif Inductive 

Faten Verbal 

Shirin Single example 

Mariam Tautological 

A’beer Generic 
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there will be a difference between the preferences of adults and the types of rea-
soning for mathematical arguments, with an emphasis on math teachers. How-
ever, insofar as to explaining mathematical argumentation in class, teachers would 
consider students’ need for concretization and examples in accordance with the 
mathematical thinking development process. 

3.5. Study 3: Further Analysis of Open-Ended Questions 

In this study, teachers in each classroom first explained to students, two claims. 
One was a claim in algebra and the other was a claim in geometry. Following this, 
students were asked to explain why the argument was correct while reasoning 
their answer. Students’ answers were coded in two scales. The first coding was of 
type of reason, either it was tautological, single example, inductive, verbal, generic 
or visual. The second scale was designed to give a quantitve measure of the qual-
ity of the students’ answer by a single mark, being a sum of three different marks 
given as in Table 2 

For example, an answer that contained partial reasoning that is tautological 
and can be applied only to a single case would get an overall mark of 2 + 1 + 1 = 4. 
Students’ replies were coded and analyzed using one-way Anova, exploring a possi-
ble statistical difference in the marks between different grades. The Chi-square 
test was conducted to look for a statistical difference in the type of reasoning 
between the three grades.  

3.6. Research Hypotheses  

1) There will be a difference in the students’ preferences towards the types of 
thinking, between grades 4, 5 and 6. 

2) Sixth graders will be less likely to accept tautologic and more inductive 
thinking than fifth and fourth graders. 
 
Table 2. Coding of reasoning types for Study 3. 

Mark Reasoning No. 

0 No reasoning 

1 
1 Contains reasoning but wrong 

2 Partial reasoning 

3 Correct reasoning 

3 Reasoning which can be generalized 

2 2 Reasoning which applies to several examples but cannot be generalized 

1 Reasoning which only applies to a single example 

Type of reasoning 

3 

4 Generic or verbal 

3 Inductive 

2 Single example or visual 

1 Tautological 
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3) Elementary school students tend to prefer empirical arguments (such as 
inductive and example) as their approach rather than the arguments that they 
believe will be the highest scores. 

4) There will be a difference in teachers’ preferences towards different types of 
thinking. 

5) Primary teachers will disapprove of empirical arguments (e.g., inductive and 
example), and will not give these reasons the highest scores. 

4. Results 
4.1. Descriptive Statistics 

The survey was administrated to 244 pupils in algebra and to 267 pupils in geo-
metry. In algebra the sample included 119 boys and 125 girls; there were 83 pupils 
in the 4th grade, 81 in the 5th grade and 80 pupils in the 6th grade; 82 pupils in the 
school Alzahra, 80 pupils in the school Alsalam; 82 pupils in the school Ailut-A. 
In geometry the sample included 126 boys and 141 girls; there were 91 pupils in 
the 4th grade, 89 in the 5th grade and 87 pupils in the 6th grade. 89 pupils in the 
school Alzahra, 92 pupils in the school Alsalam; 86 pupils in the school Ailut-A.  

4.2. Research Hypotheses Testing 

Testing the hypothesis that there will be a difference in the preferences of pupils 
toward types of reasoning, between the 4th, the 5th and the 6th grade, a chi-square 
test was conducted. Supporting the hypothesis, the distribution of reasons was 
significantly different between the grades in Algebra: χ2(8) = 33.874, p < 0.001 
but not in Geometry (χ2(8) = 10.277, p = 0.246). Regarding pupils’ knowledge 
about their teachers’ preferences, this time a chi-square test was not significantly 
different between the grades in Algebra: χ2(8) = 12.377, p = 0.135, as more than 
50% of all pupils chose inductive reasoning, but was significant in Geometry 
(χ2(8) = 24.662, p = 0.002 < 0.01).  

A difference in domain was indicated as significant differences were found 
between 4th and 6th grade in Algebra: χ2(2) = 29.932, p < 0.001 but not in Geo-
metry: χ2(2) = 3.932, p = 0.08, as well as for 5th and 6th grade, (Algebra: χ2(2) = 
24.537, p < 0.001; Geometry: χ2(2) = 2.957, p = 0.228). 

Supporting the hypothesis that there would be a difference in the answers of 
pupils to questions A1.1 - A1.3, a Friedman test showed that the distribution of 
reasons was significantly different between the questions for Algebra: χ2(2) = 
35.421, p < 0.001 as well as for Geometry: χ2(2) = 24.632, p < 0.001. The hypo-
thesis that there would be a difference in the preferences of pupils toward visual 
type of reasoning, between the grades, was not supported by a chi-square test. 

Analysis of the Answers to the Open Question 
Most of the explanations given by pupils as answers to the open question in 
geometry, combine visual examples with rectangles or squares which can be at-
tributed to students’ intuition. However, sixth graders’ answers frequently com-
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bined different representations indicating more developed thinking. Similarly, 
most of the explanations given by pupils in algebra used a single example or an 
inductive way of reasoning.  

4.3. A Thematic Analysis of Teachers’ Attitudes Regarding Proofs 

A textual qualitative analysis produced five main themes as follows. Depth and 
complexity—The expressions “depth” and “complexity” versus “simplicity” were 
used frequently by the teachers. These terms were used for characterizing students’ 
arguments as well as for characterizing questions that require proof as “deep” or 
“complex” questions. Use of examples—The teachers relate to the students’ use 
of examples as proof, and the development of these examples with age. The exam-
ples are not only used by students to prove claims, but also by the teachers while 
teaching new material or explaining a problem. The texts show that examples 
play an important role in both processes. The teachers’ preference for certain 
arguments versus what they think about their students’ preference—Teachers 
often distinguish between arguments or examples they would prefer, and those 
they thought the students would preferable. Teachers preferred to accept formal 
arguments based on definitions or arithmetic operations, in contrast to everyday 
life or numerical examples that pupils would prefer. Instrumental value of learn-
ing to prove—All the interviews indicated that teachers refer to the learning and 
teaching of mathematical reasoning as an activity that develops thinking, crea-
tivity, and inter-disciplinary thought. Teachers perceive these tasks as requiring 
the application of high-level thinking. Elementary school does not teach enough 
mathematical proof—Teachers mentioned lack of teaching time and other cur-
ricular constraints as reasons for not investing enough in teaching to prove. 

4.4. Analysis of the Answers to the Open Question 

The Chi-square test was conducted to compare whether there is a statistical dif-
ference between grades, finding one in algebra: χ2(10) = 20.308, p = 0.02 as well 
as in geometry: χ2(10) = 40.474, p < 0.001, as sixth grade student use less tauto-
logical and visual ways of thinking and use more inductive and verbal ways of 
thinking. The explanation of student and the way of thinking were coded to ad-
ditional mark that reflected the way of thinking and correctness. One-way 
ANOVA test found a difference between grades only in geometry: F(2) = 33.985, 
p < 0.001, suggesting that the differences between ways of thinking are more sig-
nificant in geometry than in algebra. 

4.5. Validation 

To validate pupil’s own statement by types of reasoning and score they received, 
two criterions were used—student’s total average score and student’s math’s score. 
To explore for differences in students’ total average score and math score depend-
ing on students’ preferences toward types of reasoning and between the grades, 
two-ways ANOVA tests were conducted. The first ANOVA test examined if there 
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is a difference in the student’s total average scores between types of reasoning, 
and between the grades, and revealed a significant difference in student’s total 
average score between types of reasoning and between the grades: F(14, 120) = 
6.504, p < 0.001. A main effect for types of reasoning variable was found: F(4, 
120) = 14.233, p < 0.001. The post hoc tests revealed that there are significant 
differences between tautological type of reasoning and between every other type 
of reasoning (p < 0.001) for all cases. The second ANOVA test examined a poss-
ible difference in math grade between types of reasoning, and between the grades. 
The model indicated a significant difference in math grade between types of rea-
soning, and between the grades: F(14, 120) = 6.562, p < 0.001. A main effect for 
types of reasoning was found: F(4, 120) = 17.283, p < 0.001. The post hoc tests 
revealed that there are significant differences only between tautological type of 
reasoning and between every other type of reasoning (p < 0.001) for all cases. 

To check for a statistical correlation between the score students received in 
accordance with types of reasoning in pupil’s own statement and between stu-
dent’s average score and math score, Pearson correlations were calculated for 
each grade. The test indicated powerful correlations between the scores accord-
ing to types of reasoning and between students’ total average score and math 
score for each grade, with some differences between the grades. 

5. Discussion 
5.1. General  

A survey in which 267 pupils in three different schools in the Arabic sector in 
Israel participated, has been held in order to learn about the preferences of ele-
mentary school pupils toward types of reasoning, in geometry and algebra rea-
soning tasks. Results of the survey, alongside text analysis of teachers’ positions 
regarding them, reveal a lot on mathematical thinking development.  

5.2. Theoretical Implications of the Results 

The sum total of findings emerging from the empirical chapter of this study in-
dicate differences in the form of reasoning preferred by elementary school pupils 
as they advance through grades. The resulting picture suggests that as they ma-
ture, pupils tend to prefer verbal and generic reasoning over tautological and em-
pirical ones. These findings are consistent and robust beyond different schools 
and teachers. The basis for a theory that can explain this finding lies in Dewey’s 
(1933) definition of the concept of reflective thinking. This concept attempts to 
explain the process of creating new information while processing existing in-
formation as defined similarly by Bartlett (1932) as well as Lewis & Smith (1993). 
Furthermore, it can be suggested that there is a cycle-like process in which reflec-
tive thinking produces new information while the pupil progresses into a higher 
level of thinking. At the new level, reflective thinking is even more complex, al-
lowing for the creation of new information based on what had been learned earlier 
and so forth.  
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At the same time, this process of mathematical argumentation itself consti-
tutes a framework of reflective thinking, in which the student is required to ap-
ply formal knowledge in order to create a logical structure that will confirm or 
refute a claim. In doing so, the pupil creates new information, referring both to 
the correctness or refutability of the specific claim and to the use of critical logic 
and thinking tools in mathematical arguments. As the process continues the pu-
pil will be able to apply these methods and information in other fields of know-
ledge as well, constituting a stage of reflective thinking by definition (Brown, 1987; 
Flavel, 1979). 

Another theoretical contribution that can be attributed to the current research 
is the confirmation of Eshet’s (2004) claim that high-order thinking can be taught 
and developed at school. Referring to the Passig’s (2001) definition in revision of 
Bloom’s taxonomy (1956), one of the high levels of thinking is that of transcrip-
tion thinking. This level resembles synthesis, as the learner makes use of formal 
information that already exists, and the techniques he masters, to produce new 
information. For pupils, this is the process by which they need to prove or refute 
a mathematical claim. As the findings of the present study suggest, this ability 
develops with age. 

Finally, a unified conceptual framework of the contribution of the present work 
to theoretical research in this field can be found in the scheme proposed earlier. 
This scheme seeks to describe how student’s learning experiences and other in-
dividual traits influence the development of the set of skills whose joint action 
produces the result of formal thinking in a funnel-like configuration. This struc-
ture, based on recurring rounds of feedback and relies on them for improvement, 
does not necessarily operate linearly and unidirectionally. A substantial part of 
the theoretical background described and explained various factors and contri-
butors of math inconsistency in students. These factors include teaching methods, 
inherent difficulties in math, language and visual aspects, perception of mathe-
matics as a set of local rules and more. Producing inconsistencies, these factors 
disrupt the assimilation of mathematical concepts and procedures. Moreover, 
this inconsistency adversely affects the development of mathematical intuition, 
damaging essential elements within the funnel. The respective result may be ex-
pressed as pupils might show signs of regression in the level and quality of for-
mal thinking. This can also result in the pupil being treated by inappropriate 
means, resulting in all-around frustration and even decline in academic achieve-
ments. Hence, the importance of teaching lies in its ability to reduce sources of 
inconsistency, to create positive learning experiences, to empower fundamental 
skills of math literacy and intuition.  

5.3. Limitations of the Study 

Several limitations may apply to this study, as it was conducted Arab sector schools 
exclusively, thus potentially limiting the ability to generalize its conclusions. How-
ever, it should be noted that the study involved students from three different 

https://doi.org/10.4236/ce.2020.115059


S. Y. Abo-Romi 
 

 

DOI: 10.4236/ce.2020.115059 831 Creative Education 
 

schools and different layers of society. Second, the test used in this study is pre-
sented in a format that is unfamiliar to the pupils. Nevertheless, it is possible that 
if the test was presented in a format that is too familiar, there might have been a 
ceiling effect. It should also be noted that the test chosen for this study is based 
on the valid and reliable Math Reasoning Tasks by Healy & Hoyles (1998). Fur-
thermore, results of study 3 support the findings obtained using the Healy & Hoyles 
(1998) reasoning task in study 1, as they are based on pupils’ overall achievements, 
contribute to the robustness of the findings.  

5.4. Conclusion 

At the basis of this research stands the assumption that development of critical 
thinking skills is a necessary condition for learning and processing of new in-
formation as well as implementing it. In the process of critical thinking argu-
mentation skills are a preliminary and essential component. As shown in the 
schema describing the development of formal thinking in mathematics and in 
general, there is a process of recurring feedbacks corresponding with the stu-
dent’s psycho-intellectual development stages. This scheme was validated through 
an exhaustive examination using quantitative and qualitative techniques. Its ex-
planatory ability for the phenomenon described is very high, in keeping with the 
research literature that preceded it and offering solutions to material problems 
arising from previous writing. The findings of the present study indicate that the 
process is not as linear and unidirectional as Piaget’s theory might suggest. There-
fore, the descriptive framework proposed in this study may help to somewhat al-
leviate the contradiction some teachers may experience in the classroom.  
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