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Abstract 
In this paper, we investigate the algebraic structure of certain 2-generator 
groups of permutations of the integers. The groups fall into two infinite classes: 
one class terminates with the quaternion group and the other class terminates 
with the Klein-four group. We show that all the groups are finitely presented 
and we determine minimal presentations in each case. Finally, we determine 
the order of each group. 
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1. Introduction 

We determine finite minimal presentations for certain 2-generator groups of 
permutations of the integers. Much of the work contained herein appeared in 
[1]. For further results in this area, we recommend [2] and [3]. For all algebra 
definitions and terminology not found in this paper, we refer the reader to [4], 
and for more background on permutation groups, we refer the reader to [5]. 

First, we introduce some notation that we will follow in this paper. We will 
denote by +  and −  two separate copies of the integers, i.e.,  

{ }, 3 , 2 , 1 ,0 ,1 , 2 ,3 ,+ + + + + + + += − − −  , { }, 3 , 2 , 1 ,0 ,1 , 2 ,3 ,− − − − − − − −= − − −  , 
and let S + −=   . We denote by Σ  the group of all one-to-one mappings of 
S onto itself. We will refer to Σ  as the infinite symmetric group, and its ele-
ments will be called permutations of S. This paper will, for the most part, deal 
with the combinatorial group theory aspects of the permutation group G gener-
ated by σ  and τ . In our notation, στ  denotes τ  followed by σ . The 
permutations ,σ τ ∈Σ  that are the focus of this work are defined as follows:  

How to cite this paper: Aloff, S., Miniere, 
M. and Saccoman, J.T. (2021) A Minimal 
Presentation of a Two-Generator Permuta-
tion Group on the Set of Integers. Advances 
in Pure Mathematics, 11, 816-834. 
https://doi.org/10.4236/apm.2021.1110055 
 
Received: September 20, 2021 
Accepted: October 26, 2021 
Published: October 29, 2021 
 
Copyright © 2021 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/apm
https://doi.org/10.4236/apm.2021.1110055
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/apm.2021.1110055
http://creativecommons.org/licenses/by/4.0/


S. Aloff et al. 
 

 

DOI: 10.4236/apm.2021.1110055 817 Advances in Pure Mathematics 
 

• ( ) ( )1x xσ ++ = −  

• ( ) ( )1x xσ −− = +  

• ( )x xτ − +=  

• ( ) ( ) ( )
( ) ( )

2 0 mod 2

2 1 mod 2

x x
x

x x
τ

−

+
−

 + ≡= 
− ≡

 

We illustrate σ  and τ  in Figure 1.  
We state a few pertinent definitions.  
Definition 1.1 Let G  be an arbitrary group.  
1) A group G  is finitely generated by elements 1 2, , , jg g g G∈ 

  if each 
x G∈   has a representation 1 2 nx x x x=   with each  

{ }1 1 1
1 1 2 2, , , , , ,i j jx g g g g g g− − −∈ 

. For the following definitions, we assume that 
G  has a specified set of generators 1 2, , , jg g g .  

2) A word in G  is a sequence 1 2, , , nx x x  with each  

{ }1 1 1
1 1 2 2, , , , , ,i j jx g g g g g g− − −∈ 

. The word 1 2, , , nw x x x=   represents the ele-
ment 1 2 nx x x G∈ 


, so we will write 1 2 nw x x x=  . We will allow the empty 

word (no symbols) which represents the identity in G . 
3) If 1 2 nw x x x=   is a word, then 1 1 1 1

1 1n nw x x x− − − −
−= 

. 
4) A relator is a word that represents the identity. A trivial relator is a word 

1w xx−=  with x a word. The set of relators is denoted ( )R G . 
5) Two words are equivalent if one can be transformed into the other in a fi-

nite number of steps by inserting or deleting a trivial relator at an arbitrary loca-
tion during each step. This is a valid equivalence relation on the set of words. 
Hereafter, a word will mean the equivalence class of the word.  

6) If ,x y  are words, then 1x yx−  is a conjugate of y. The conjugate of a re-
lator is itself a relator, and a finite product of relators is also a relator. 

7) A relator z can be inserted into a word 1 ABω =  (with ,A B  words) to 
obtain a new word 2 AzBω =  by multiplying 1ω  on the right by 1B zB− , i.e., 

( )1
1 2AB AB B zB AzBω ω−= → = = . 
8) If 1 2, , , nω ω ω  are words, then ( )1 2, , , nN ω ω ω

 is the set of words that 
are the finite products of the conjugates of 1 1 1

1 1 2 2, , , , , ,n nω ω ω ω ω ω− − −


. If each 
( )i R Gω ∈  , then ( ) ( )1 2, , , nN R Gω ω ω ⊂ 

 . 
9) G  is finitely presented if there is a finite set of relators { }1 2, , , nz z z

 
such that ( ) ( )1 2, , , nR G N z z z=  . The presentation { }1 2, , , nz z z

 is minimal 
if ( ) ( )1 2 1 1, , , , , ,i i nR G N z z z z z− +≠    for 1,2, ,i n= 

. 
 

 
Figure 1. The permutation σ  is represented by the single arrow, and τ  is represented 
by the double arrow. 
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2. Main Results 
2.1. Properties of τ and σ 

Theorems 2.1 and 2.2 demonstrate how the application of τ  and σ  to integers 
impacts the resulting parities.  

Theorem 2.1 The permutations τ  and σ  satisfy the following properties:  
1) If ( )0 mod 2x ≡ , then  

• ( ) ( )2 2x xτ ++ = + , and ( ) ( )2 2x xτ +− + = −  
• ( ) ( )2 2x xτ −− = + , and ( ) ( )2 2x xτ −− − = −  
• ( ) ( ) ( )2 2x xτσ ++ = − , and ( ) ( ) ( )2 2x xτσ − ++ = +  
• ( ) ( ) ( )2 2x xτσ −− = + , and ( ) ( ) ( )2 2x xτσ − −− = −  

2) If ( )1 mod 2x ≡ , then  

( ) ( )2 2x xτ ++ = − , and ( ) ( )2 2x xτ +− + = +  
• ( ) ( )2 2x xτ −− = − , and ( ) ( )2 2x xτ −− − = +  
• ( ) ( ) ( )2 2x xτσ ++ = + , and ( ) ( ) ( )2 2x xτσ − +− = −  
• ( ) ( ) ( )2 2x xτσ −− = − , and ( ) ( ) ( )2 2x xτσ − −+ = + . 

Proof: (1.) Suppose ( )0 mod 2x ≡ . We prove the first formula:  
• ( ) ( )( ) ( )2 2 2 ,x x xτ τ − ++ = + = +  
• ( ) ( ) ( )2 2 ,x x xτ τ −− += = +  

• ( ) ( )( ) ( )( ) ( )( ) ( )1 3 2 2 ,x x x x xτστσ τστ τσ τ+ − − ++ = − = − = − = −  

• ( ) ( )( ) ( )( ) ( ) ( )1 1 2 .x x x x xτστσ τστ τσ τ− + −− += + = + = = +  

To determine inverses, note that 2τ  and ( )2τσ  preserve both sign parity 
(i.e., +, −) and even/odd parity. If ( )2 x yτ − + += , then ( ) ( )2 2x y yτ ++ += = + , 
so 2y x= − , and thus, ( ) ( )2 2x xτ +− + = − . The proofs of the other formulas are 
similar. (2.) Suppose ( )1 mod 2x ≡ . We prove the first formula:  
• ( ) ( )( ) ( )2 2 2 ,x x xτ τ − ++ = − = −  
• ( ) ( ) ( )2 2 ,x x xτ τ −− += = −  

• ( ) ( )( ) ( )( ) ( )( ) ( )1 1 2 2 ,x x x x xτστσ τστ τσ τ+ − − ++ = − = + = + = +  

• ( ) ( )( ) ( )( ) ( ) ( )1 1 2 .x x x x xτστσ τστ τσ τ− + −− += + = + = = −  

The inverse properties follow as in part (1.), and the other formulas follow 
similarly.   

The next theorem generalizes Theorem 2.1.  
Theorem 2.2 Let , ,a b c∈  and 2x∈  .  
1).  

• ( ) ( ) ( ) ( )
( ) ( )

, 0 mod 2

2 , 1 mod 2
a x a a

x
x a a

τσ
+

+
−

 − ≡= 
− − ≡

 

• ( ) ( )( ) ( ) ( )
( ) ( )

1 , 0 mod 2
1

1 , 1 mod 2
a x a a

x
x a a

τσ
+

+

−

 + + ≡+ = 
+ + ≡

 

• ( ) ( ) ( ) ( )
( ) ( )

, 0 mod 2

, 1 mod 2
a x a a

x
x a a

τσ
−

−
+

 + ≡= 
+ ≡
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• ( ) ( )( ) ( ) ( )
( ) ( )

1 , 0 mod 2
1

3 , 1 mod 2
a x a a

x
x a a

τσ
−

−

+

 + − ≡+ = 
+ − ≡

 

2).  

• ( ) ( ) ( )
( ) ( )

, 0 mod 2

1 , 1 mod 2
b c x b c c

x
x b c c

σ τ
+

+
−

 − + ≡= 
+ + + ≡

 

• ( )( ) ( ) ( )
( ) ( )

1 , 0 mod 2
1

, 1 mod 2
b c x b c c

x
x b c c

σ τ
+

+

−

 + − − ≡+ = 
+ − ≡

 

• ( ) ( ) ( )
( ) ( )

, 0 mod 2

1 , 1 mod 2
b c x b c c

x
x b c c

σ τ
−

−
+

 + + ≡= 
− + − ≡

 

• ( )( ) ( ) ( )
( ) ( )

1 , 0 mod 2
1

2 , 1 mod 2
b c x b c c

x
x b c c

σ τ
−

−

+

 + + − ≡+ = 
− − + ≡

 

Proof:  
1) First, suppose ( )0 mod 2a ≡ , so 2a k= . By Theorem 2.1,  

• ( ) ( ) ( ) ( ) ( ) ( )2 2
ka x x x k x aτσ τσ + ++ + = = − = −   

• ( ) ( ) ( ) ( ) ( ) ( )2 2
ka x x x k x aτσ τσ − −− − = = + = +   

• ( ) ( )( ) ( ) ( )( ) ( ) ( )21 1 1 2 1
ka x x x k x aτσ τσ+ + + + + = + = + + = + +   

• ( ) ( )( ) ( ) ( )( ) ( ) ( )21 1 1 2 1
ka x x x k x aτσ τσ− − − − + = + = + − = + −   

Now suppose ( )1 mod 2a ≡ , so 2 1a k= + . Then  

• ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )2 2 2 3 2a kx x x k x k x aτσ τσ τσ τσ + − −+ += = − = − − = − −  

• ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )2 2 2 1a kx x x k x k x aτσ τσ τσ τσ − + +− −= = + = + + = +  

• 
( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )

( ) ( )

21 1 1 2

2 2 1

a kx x x k

x k x a

τσ τσ τσ τσ+ + +

− −

+ = + = + +

= + + = + +
 

• 
( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )

( ) ( )

21 1 1 2

2 2 3

a kx x x k

x k x a

τσ τσ τσ τσ− − −

+ +

+ = + = + −

= + − = + −
 

2) Suppose ( )0 mod 2c ≡ , so 2c k= . Then  

• ( ) ( ) ( ) ( )( ) ( ) ( )2 2 2
kb c b bx x x k x k b x b cσ τ σ τ σ + + ++ += = + = + − = − +  

• ( ) ( ) ( ) ( )( ) ( ) ( )2 2 2
kb c b bx x x k x k b x b cσ τ σ τ σ − − −− −= = + = + + = + +  

• 
( )( ) ( ) ( )( ) ( )( )

( ) ( )

21 1 1 2

1 2 1

kb c b bx x x k

x b k x b c

σ τ σ τ σ+ + +

+ +

+ = + = + −

= + − − = + − −
 

• 
( )( ) ( ) ( )( ) ( )( )

( ) ( )

21 1 1 2

1 2 1

kb c b bx x x k

x b k x b c

σ τ σ τ σ− − −

− −

+ = + = + −

= + + − = + + −
. 

Also, if ( )1 mod 2c ≡ , so 2 1c k= + , then 
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• 
( ) ( ) ( )( ) ( )( )

( ) ( )

2 2 2 2

2 2 1

b c b k b bx x x k x k

x k b x b c

σ τ σ ττ σ τ σ+ −+ +

− −

= = + = + +

= + + + = + + +
 

• 
( ) ( ) ( )( ) ( )( )

( ) ( )

2 2 2

2 1

b c b k b bx x x k x k

x k b x b c

σ τ σ ττ σ τ σ− +− −

+ +

= = + = +

= + − = − + −
 

• 
( )( ) ( )( ) ( )( )

( )( ) ( ) ( )

21 1 1 2

1 2 1 2

b c b k b

b

x x x k

x k x b k x b c

σ τ σ ττ σ τ

σ

+ + +

− − −

+ = + = + −

= − − = + − − = + −
 

• 
( )( ) ( )( ) ( )( )

( )( ) ( ) ( )

21 1 1 2

1 2 1 2 2

b c b k b

b

x x x k

x k x k b x b c

σ τ σ ττ σ τ

σ

− − −

+ + +

+ = + = + −

= + − = + − − = − − +
.   

We can use Theorem 2.2 to prove a uniqueness of representation theorem for 
the permutations ,σ τ .  

Theorem 2.3 Let , ,a b c∈  and 0a ≥ . Suppose ( )a b cτσ σ τ= . Then 
0a b c= = = .  

Proof. If ( )a b cτσ σ τ= , then their images agree on all values in S. In particu-
lar, on 0 ,1 ,0+ + −  and 1− . There are two cases:  

1) First suppose ( )0 mod 2a ≡ . Then we must have ( )0 mod 2c ≡  in order 
to preserve sign parity. We substitute the values 0 ,1 ,0+ + −  and 1−  into the eq-
uation ( )a b cτσ σ τ=  and use Theorem 2.2. This yields  
• At 0+ , have a b c− = − + . 
• At 1+ , have 1 1a b c+ = − − + . 
• At 0− , have a b c= + . 
• At 1− , have 1 1a b c− + = − + . 

These equations imply that 0a b c= = = . 
2) Now suppose that ( )1 mod 2a ≡ , and again substitute the values 0 ,1 ,0+ + −  

and 1− , respectively. Now,  
• At 0+ , have 2 1a b c− − = + + . 
• At 1+ , have 1a b c+ = − . 
• At 0− , have 1a b c= − + − . 
• At 1− , have 3 2a b c− + = − − + . 

These equations imply that 1a b c= = = − . Since we assumed 0a ≥ , this is 
impossible, so the desired result follows.    

Now we return to the group G generated by the permutations 1, ,σ τ σ −  and 
1τ − . We will show that G is finitely presented and determine a minimal presen-

tation. 
Theorem 2.4 The following words are in ( )R G .  

• 1 2 2
1ω τ σ τσ−=  

• 1 2 2
2ω σ τ στ−=  

• 2 1 2 1 2 2
3 1ω σ ω σ τ σ τσ− − − − −= =  

• 2 1 2 2 1 2
4 1ω σ τωτ σ τσ τ σ− − −= =  

• 1 1 2 1 2
5 1ω τω τ τσ τ σ− − − − −= =  

• 1 2 2 1
6 2ω σω σ τ στ σ− −= =  
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• 2 2 2 1 2
7 2ω τ ω τ τ σ τ σ− −= =  

• 2 1 1 2 2 2 1
8 2ω τ σω σ τ τ στ σ− − − − − −= =  

Then ( ) ( )1 2,N R Gω ω = , and { }1 2,ω ω  is a finite presentation for G. 
Proof. We will prove this theorem by demonstrating containment in both di-

rections. To show ( ) ( )1 2,N R Gω ω ⊆ , we first show that 1ω  and 2ω  are in 
( )R G . If ( )0 mod 2x ≡ , then  

• ( ) ( ) ( )( ) ( ) ( )( )1 2 2 1 2 1 2 1
1 2 2x x x x x xω τ σ τσ τ σ τ τ σ τ+ −+ − + − − − − += = − = = + =  

• 
( ) ( ) ( )( ) ( )( )

( )( )
1 2 2 1 2 1 2

2

1

2 1

1

x x x x

x x

ω σ τ στ σ τ σ σ τ

σ

+ ++ − + − −

+− +

= = + = +

= − =
 

• 
( ) ( ) ( )( ) ( )( )

( )

1 2 2 1 2 1 2
1

1

2 2x x x x

x x

ω τ σ τσ τ σ τ τ σ

τ

− +− − − − −

− + −

= = + = +

= =
 

• 
( ) ( ) ( )( ) ( )( )

( )( )
1 2 2 1 2 1 2

2

1

2 3

1

x x x x

x x

ω σ τ στ σ τ σ σ τ

σ

− −− − − − −

−− −

= = + = +

= + =
 

If ( )1 mod 2x ≡ , then  

• 
( ) ( ) ( )( ) ( )( )

( )( )
1 2 2 1 2 1 2

1

1

2 4

2

x x x x

x x

ω τ σ τσ τ σ τ τ σ

τ

+ −+ − + − −

−− +

= = − = −

= − =
 

• 
( ) ( ) ( )( ) ( )( )

( )( )
1 2 2 1 2 1 2

2

1

2 3

1

x x x x

x x

ω σ τ στ σ τ σ σ τ

σ

+ ++ − + − −

+− +

= = − = −

= − =
 

• 
( ) ( ) ( )( ) ( )( )

( )

1 2 2 1 2 1 2
1

1

2 2x x x x

x x

ω τ σ τσ τ σ τ τ σ

τ

− +− − − − −

− + −

= = + = +

= =
 

• 
( ) ( ) ( )( ) ( )( )

( )( )
1 2 2 1 2 1 2

2

1

2 1

1

x x x x

x x

ω σ τ στ σ τ σ σ τ

σ

− −− − − − −

−− −

= = − = −

= + =
 

Since the conjugate of an element in ( )R G  is also in ( )R G , it follows that 

( ) ( )1 2,N R Gω ω ⊆ . In addition, since 3 4 8, , ,ω ω ω  are conjugates of 1
1 1 2, ,ω ω ω− , 

or 1
2ω
− , they are in ( )R G .  

Now, to show that the reverse inclusion holds, we assume that g is a word in G 
having the form g AxyB= , where ,A B  are words in G. Then g can be trans-
formed to g AyxB=    by multiplying g on the right by 1 1B y zyB− −  where 

, , , ,x x y y z   are as indicated below: 
 

x  y  y  x  z  

τ  2σ −  2σ  τ  1ω  

2σ  1τ −  1τ −  2σ −  1
1ω
−  

σ  2τ −  2τ  σ  2ω  

2τ  1σ −  1σ −  2τ −  1
2ω
−  
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Continued 

τ  2σ  2σ −  τ  3ω  

2σ −  1τ −  1τ −  2σ  1
3ω
−  

1τ −  2σ −  2σ  1τ −  4ω  

2σ  τ  τ  2σ −  1
4ω
−  

1τ −  2σ  2σ −  1τ −  5ω  

2σ −  τ  τ  2σ  1
5ω
−  

2τ −  σ  σ  2τ  6ω  

1σ −  2τ  2τ −  1σ −  1
6ω
−  

2τ −  1σ −  2τ −  1σ −  7ω  

σ  2τ  2τ −  σ  1
7ω
−  

2τ  σ  σ  2τ −  8ω  

1σ −  2τ −  2τ  1σ −  1
8ω
−  

 
Hence, 1 1g gB y zyB− −= , implying that 1 1 1g gB y z yB− − −=  . Since  

( )1 1 1
1 2,B y z yB N ω ω− − − ∈ , this shows that any word g G∈  can be transformed 

to an element g  by moving even powers of σ  to the left and even powers of 
τ  to the right. When this process is completed, g  has the form b cxσ τ′ ′ , 
where x has the form 1 1 2 2 n ni ji j i jτ σ τ σ τ σ , with each , 1k ki j = ± . If some ex-
ponent is −1, say, 1τ − , then we can represent this as 1 2τ ττ− −= . Now, the 2τ −  
can be moved to the right. In this way, we eventually arrive at  

( ) , 0ab cg aσ τσ τ= ≥ , and g gC= , with ( )1 2,C N ω ω∈ . Now, suppose  
( )g R G∈ . Since ( )1 2,C N ω ω∈ , it follows that ( )C R G∈ . Therefore,  
( )g R G∈ , so ( )ab cσ τσ τ  is the identity, and ( )a b cτσ σ τ− −=  in G. By Theo-

rem 2.3, 0a b c= = = . This means that g  is the empty word, and g is the 
word ( )1

1 2,C N ω ω− ∈ . Thus, ( ) ( )1 2,R G N ω ω⊆ , and we have  
( ) ( )1 2,R G N ω ω= .    
Theorem 2.4 has an immediate corollary. 
Corollary 2.5 Every word Gω∈  has an equivalent form ( )ab c xω σ τσ τ= , 

where ( )1 2,x N ω ω∈ . and 0a ≥ .  
We are now ready to prove our main result.  
Theorem 2.6 { }1 2,ω ω  is a minimal presentation for G.  
Proof. We must show that ( )1 2Nω ω∉  and ( )2 1Nω ω∉ , where 

1 2 2
1ω τ σ τσ−=  and 1 2 2

2ω σ τ στ−= . For any word 1 1 n ni ji jx σ τ σ τ=  , define 
( ) 1 2 ne x i i iσ = + + +

, and ( ) 1 2 ne x j j jτ = + + +
. If 1

1y z zω−= , then 
( ) 4e yσ = . If 1

2y z zω−= , then ( ) 4e yτ = . If 1 1
1y z zω− −= , then ( ) 4e yσ = − . If 

1 1
2y z zω− −= , then ( ) 4e yτ = − . If x is a conjugate of 2ω  or 1

2ω
− , then  

( ) 0e xσ = . If ( )1 2Nω ω∈ , then 1 1 2 nx x xω =  , with each ix  a conjugate of 

2ω  or 1
2ω
− . Therefore, ( ) ( ) ( ) ( )1 1 24 0ne e x e x e xσ σ σ σω= = + + + =

, a con-
tradiction. Hence, ( )1 2Nω ω∉ . By a similar argument, ( )2 1Nω ω∉ .    
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Example 2.7 Transform 4 1 2 3 3ω τ σ τσ τ σ−=  by AxyB AyxB→    of Theorem 
2.5 and show that ( )1 2,Nω ω ω∈ .  

The step-by-step process involves multiplying AxyB  on the right by 
1 1C B y zyB− −=  (where z is a particular value of iω  or 1

iω
− ) to obtain AyxB  . 

At each stage, we make use of the reductions a b a bσ σ σ += , a b a bτ τ τ += , delete 
0 0,σ τ . We halt the procedure when the identity, i.e., the empty word, is 

reached. 
 

A  x  y  B  y  x  z  1 1C B y zyB− −=  

2
1A τ=  2τ  1σ −  2 3 3

1Bτσ τ σ =  1σ −  2τ −  1
2ω
−  1 1 1

1 1 2 1C B Bσω σ− − −=  

2 emptyA =  2τ  1σ −  1 2 3 3
2Bτ σ τ σ− =  1σ −  2τ −  1

2ω
−  1 1 1

2 2 2 2C B Bσω σ− − −=  

1 2
3A σ τ− −=  1τ −  2σ  3 3

3Bτ σ =  2σ −  1τ −  5ω  1 2 2
3 3 5 3C B Bσ ω σ− −=  

1 1
4A σ τ− −=  1τ −  2σ −  2 3

4Bτ σ =  2σ  1τ −  4ω  1 2 2
4 4 4 4C B Bσ ω σ− −=  

1
5A σ −=  1τ −  2σ  3

5Bτσ =  2σ −  1τ −  5ω  1 2 2
5 5 5 5C B Bσ ω σ− −=  

 
So the first step replaces 2 1τ σ −  with 1 2σ τ− −  and simplifies by reducing ex-

ponents. At the final step, we obtain 1 2 3 4 5C C C C C Iω =  (i.e., the empty word). 
Hence, ( ) 1 1 1 1 1 1

1 2 3 4 5 5 4 3 2 1C C C C C C C C C Cω − − − − − −= = . Expressing everything in terms 
of powers of σ  and τ  reduces the equation to 4 1 2 3 3ω τ σ τσ τ σ−= , with dele-
tion of 0 0,σ τ .   

2.2. The Finite Permutation Groups G4n 

We define a translation operation on S + −=    for each positive integer n. 
We then form equivalence classes denoted by 4nS . The permutations ,σ τ  are 
well-defined mappings on 4nS . The permutation group generated by ,σ τ  on 

4nS  is denoted by 4nG . Theorem 2.2 is generalized in order to determine the 
relators ( )4nR G  of 4nG . We also determine the order of each 4nG .  

Definition 2.8 Let n be a positive integer and S + −=   . Define a map-
ping :n S Sφ →  by  
• ( ) ( ) ( )n

n x x n xφ σ++ − += + =  
• ( ) ( ) ( )n

n x x n xφ σ−− −= + =  
If x S∈ , then x n+  denotes ( )n xφ .  
Theorem 2.9 If n is even, then ( ) ( )x n x nσ σ+ = + , and ( ) ( )x n x nτ τ+ = +   
Proof. If x x+= , then ( ) ( )( ) ( ) ( )1x n x n x n x nσ σ σ+ ++ ++ = + = + − = + , 

and  

( ) ( )( ) ( ) ( )
( ) ( )

2 , if 0 mod 2

2 , if 1 mod 2

x n x
x n x n

x n x
τ τ

−
++

−

 + + ≡+ = + = 
+ − ≡

 

= 

( ) ( )

( ) ( )

, if 0 mod 2

, if 1 mod 2

x n x

x n x

τ

τ

+

+

 + ≡


+ ≡
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If x x−= , then ( ) ( )( ) ( ) ( )1x n x n x n x nσ σ σ− −− −+ = + = + + = + , and  
( ) ( )( ) ( ) ( )x n x n x n x nτ τ τ− +− −+ = + = + = + .   
Definition 2.10 Let n be a positive integer. Define a relation n  on S by 

• x ny+ +
  if ( )mod 2x y n≡  

• x ny− −
  if ( )mod 2x y n≡  

Theorem 2.11 n  is an equivalence relation on S.  
Proof. Trivial, since ( )mod 2x y n≡  is an equivalence relation on  .    
Remark: For simplicity of notation, we write ~ instead of n  when n is a fixed 

positive integer.  
Definition 2.12 4nS  is the set of equivalence classes of S under ~. 
Example 2.13 Let [ ]  denote an equivalence class in 4nS . Then  

• { }4 0 , 1 , 0 , 1S + + − −       =          

• { }8 0 , 1 , 2 , 3 , 0 , 1 , 2 , 3S + + + + − − − −               =                  

Theorem 2.14 Let ,x y S∈ . If ~x y , then ( ) ( )~x yσ σ  and ( ) ( )~x yτ τ . 
Therefore, ,σ τ  induce permutations of 4nS .  

Proof. Suppose 
~

x y+ + . Then ( )mod 2x y n≡ , so 2x y kn+ += +  for some 
k ∈ . By Theorem 2.9, ( ) ( ) ( )2 2x y kn y knσ σ σ+ + += + = + , and  

( ) ( ) ( )2 2x y kn y knτ τ τ+ + += + = + . Therefore, ( ) ( )~
x yσ σ+ +  and  

( ) ( )~
x yτ τ+ + ; an identical argument applies to ~x y− − . Therefore, ,σ τ  in-

duce maps of 4nS  to 4nS . Since , : S Sσ τ →  are onto, the induced maps on 

4nS  are onto.  
RTS: the induced maps are 1-1. Suppose ( ) ( )x yσ σ+ +   =    . Then  

( ) ( )x yσ σ+ + , implying, for some k ∈ , ( ) ( ) ( )2 2x y kn y knσ σ σ+ + += + = +  
by Theorem 2.2. Since σ  is 1-1, 2x y kn+ += + , and x y+ +   =    . Identical 
arguments apply to ( ) ( ) ( ) ( ),x y x yσ σ τ τ− − + +       = =        , and  

( ) ( )x yτ τ− −   =    .   
Definition 2.15 4nG  is the group of permutations of 4nS  generated by the 

permutations of σ  and τ .  
Corollary 2.5 still applies, so that each word w in 4nG  has an equivalent word 

representation ( )ab cw xσ τσ τ=  with 0a ≥  and ( )1 2,x N ω ω∈ . However, 
Theorem 2.3 no longer applies, so we require a modification.  

Theorem 2.16 Let 4 4, : n nS Sσ τ →  as defined above. Let , ,a b c  be integers. 
Then ( )a b cτσ σ τ=  if 

1) ( )mod 20a b c≡ ≡ ≡ , ( )m d 22 0 ob n≡ , ( )m d 22 0 oc n≡ ,  
( )mod 2a b c n≡ + , or 

2) ( )mod 21a b c≡ ≡ ≡ , ( ) ( )2 1 0 mod 2nb + ≡ , ( ) ( )2 1 0 mod 2nc + ≡ ,  
1a b c≡ + +  (mod 2n). 

Proof. First suppose ( )d 20 moa ≡  and ( )a b cτσ σ τ= . The formula for 
( )aτσ  in Theorem 2.2 imply that ( )d 20 moc ≡ . Let ( )d 20 mox ≡ . Equating 
( )aτσ  and b cσ τ  on the classes ( ) ( ), 1 , , 1x x x x+ −+ −      + +       .  

1) ( ) ( )x a x b c+ +   − = − +     

2) ( ) ( )1 1x a x b c+ +   + + = + − −     
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3) ( ) ( )x a x b c− −   + = + +     
4) ( ) ( )1 1x a x b c− −   + − = + + −     
5) Equations (1)-(4) imply, by Definition 2.10, that ( )mod 2a b c n− ≡ − +  
6) ( )1 1 mod 2a b c n+ ≡ − − +  
7) ( )mod 2a b c n≡ +  
8) ( )1 1 mod 2a b c n− + ≡ − + . Now, (5) and (7) imply that ( )2 0 mod 2c n≡ . 

Additionally, (5) and (6) imply that ( )2 0 mod 2b n≡ . Finally, (7) implies  
( )mod 2a b c n≡ + . Hence, ( )d 20 moa ≡ , and Equations (1)-(4) imply  

9) ( )0 mod 2a b c≡ ≡ ≡   
10) ( )2 0 mod 2b n≡  
11) ( )2 0 mod 2c n≡  
12) ( )mod 2a b c n≡ +  
Conversely, suppose 9 - 12 hold. Then, working mod 2n,  

( ) 2a b c b c c b c− ≡ − + ≡ − − + ≡ − + , while  
1 1 1 2 2 1a b c b c b c b c+ ≡ + + ≡ + + − − ≡ − − + , with a b c≡ + , and thus,  

( )1 1 1 2 1a b c b c b b c− + ≡ − + + ≡ − − + + ≡ − + , so Equations (5)-(8) hold. This 
Implies (1)-(4), which implies ( )a b cτσ σ τ= .  

Now suppose ( )1 mod 2a ≡  and ( )a b cτσ σ τ= . Again, by Theorem 2.2, we 
must have ( )1 mod 2c ≡  and the equations 

1') ( )( )2 1 mod 2a b c n− − ≡ + +  
2') ( )( )1 mod 2a b c n+ ≡ −  
3') ( )( )1 mod 2a b c n≡ − + −  
4') ( )( )3 2 mod 2a b c n− + ≡ − − + ; substituting ( )1 mod 2a c≡ ≡  into (2') 

yields ( )( )2 1 mod 2b≡ − , so  
5') ( )1 mod 2a b c≡ ≡ ≡ ; (1') and (2') yields 
6') ( ) ( )2 1 0 mod 2b n+ ≡ ; (1') and (3') yields 
7') ( ) ( )2 1 0 mod 2c n+ ≡ ; (4') yields 
8') ( )( )1 mod 2a b c n≡ + +  
Conversely, if (5')-(8') hold, then, working mod 2n,  

• ( ) ( )2 1 2 2 1 2 1 1a b c b c b c− − ≡ − − − − + + + + ≡ + +  
• ( )1 1 1 2 1a b c c b c+ ≡ + + + − + ≡ −  
• ( )1 2 1 1a b c b b c≡ + + − + ≡ − + −  
• 3 1 3 2a b c b c− + ≡ − − − + ≡ − − +  

Hence, (1')-(4') hold, which implies ( )a b cτσ σ τ= .   
Corollary 2.17 ( )ab cσ τσ τ  is the identity in 4nG  if and only if  
1) ( )0 mod 2a b c≡ ≡ ≡ , ( )2 0 mod 2b n≡ , ( )2 0 mod 2c n≡ ,  

( )0 mod 2a b c n+ + ≡ , or  
2) ( )1 mod 2a b c≡ ≡ ≡ , ( ) ( )2 1 0 mod 2b n− ≡ , ( ) ( )2 1 0 mod 2c n− ≡ ,  

( )1 mod 2a b c n+ + ≡  
Proof. ( )ab cσ τσ τ  is the identity if and only if ( )a b cτσ σ τ− −= . Now, replace 

,b c  with ,b c− −  in Theorem 2.14.   
Corollary 2.18 If a word ω  represents the identity in 4nG , i.e.,  

( )4nR Gω∈ , then ( )ab c xω σ τσ τ=  where ( )1 2,x N ω ω∈  and , ,a b c  satisfy 
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(1) or (2) of Corollary 2.17.  
Proof. By Corollary 2.5, there is a word ( )1 2,y N ω ω∈  such that  

( )ab cyω σ τσ τ= . Hence, ( ) 1ab c yω σ τσ τ −= . Since ω  and 1y−  represent the 
identity in 4nG , ( )ab cσ τσ τ  represents the identity, and Cor. 2.17 applies.    

We can improve Corollary 2.18 as follows:  
Theorem 2.19 A word ( )4nR Gω∈  if ( ) 1ab cg gω σ τσ τ ω− ′= , where 

( )1 2,Nω ω ω′∈ , g σ=  or 1 (i.e., empty word), and a, b, c satisfy (henceforth 
(*)): ( )0 mod 2a b c≡ ≡ ≡ , ( )2 0 mod 2b n≡ , ( )2 0 mod 2c n≡ ,  

( )0 mod 2a b c n+ + ≡ .  
Proof. Suppose ( )4nR Gω∈ . By Corollary 2.18, ( )ab c xω σ τσ τ=  where 

( )1 2,x N ω ω∈ , and a, b, c satisfy (1) or (2) of Corollary 2.17. Suppose they satisfy 
(2). Making use of 2 2τ σ στ −= , which follows from the relator 2 2 1

6ω τ στ σ −= , 
and 2 2τ σ στ− = , which follows from the relator 2 2 1

8ω τ στ σ− − −= , we can move 
even powers of τ  to the right to obtain  

( ) ( )
( ) ( )

1 1 1

1 1 1 1

a ab c b c

a ab c b c

x x

xy

ω σ τσ τ σσ τσ ττ σσ

σσ τσ τστ σ σσ τσ τ σ ω

− − −

′′ ′− − − −

= =

′= =
 

where ( )1 2,y N ω ω∈ , 1a a′ = + , 1b b′ = − , 1c c′ = − , ( )1 2,xy Nω ω ω′ = ∈ . 
Then 

( )0 mod 2a b c′ ′ ′≡ ≡ ≡ , ( )2 0 mod 2b n′ ≡ , ( )2 0 mod 2c n′ ≡ , and  
( ) ( )1 1 1 2 1 1 0 mod 2a b c a b c a b c c n′ ′ ′+ + = + + − + − = + + − − − ≡ .  

If (1) holds, we can take g = 1 and xω′ = .    
Next we determine the relators ( )4nR G  and minimal presentations for 4nG . 

We first consider 1n = , then n odd and greater than 1, then n even. 
Theorem 2.20 ( ) ( )( )22 2

4 , ,R G N σ τσ τ=  and ( ){ }22 2, ,σ τσ τ  is a minimal 
presentation for 4G .  

Proof. The diagram for 4S  (see Figure 2) shows that ( )22 ,σ τσ , and 2τ  all 
belong to ( )4R G . Therefore, ( )( ) ( )22 2

4, ,N R Gσ τσ τ ⊂ . Conversely, suppose 
( )4R Gω∈ . By Theorem 2.19, ( ) 1ab cg gω σ τσ τ ω− ′=  with , ,a b c  even and 
( )1 2,Nω ω ω′∈ , and g σ=  or 1. But 1 2 2

1ω τ σ τσ−=  and 1 2 2
2ω σ τ στ−=  be-

long to ( )( )22 2, ,N σ τσ τ , so ( ) ( )( )22 2
4 , ,R G N σ τσ τ⊂ .  

Now we show that ( ){ }22 2, ,σ τσ τ  is a minimal presentation for 4G . First, 
we show that ( )2τσ  cannot be expressed as a product of conjugates of 

2 2 2 2, , ,σ σ τ τ− − . Suppose it could, so (a) ( )2
1 2 kc c cτσ =  , where each ic  is a 

conjugate of 2 2 2 2, , ,σ σ τ τ− − . Now (a) is an equation valid in the free group on 
the symbols ,σ τ . It must hold if ,σ τ  take values in any group G. Let G be the 
permutation group on { }1,2,3  and ( )12σ = , ( )23τ = . Then 2 2 idσ τ= = , 
 

 
Figure 2. The diagram shows ,σ τ  on 4S . 
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and ( )132τσ = , ( ) ( )2 123τσ =  as permutations in G. In G, (a) becomes 
( )123 id= , which is a contradiction. Therefore, ( )2τσ  cannot have (a) as a re-
presentation in the free group of ,σ τ .  

For the other two cases, take (b) 2
1 2 kc c cσ =  , with ic  conjugate in 

( )22 ,τ τσ . Choose ( ) ( ) ( ) ( )132 , 23 , 12σ τ τσ= = = . Then (b) yields ( )123 id= , 
a contradiction. Finally, take (c) 2

1 2 kc c cτ =  , ic  conjugate in ( )22 ,σ τσ . 
Choose ( ) ( ) ( ) ( )12 , 132 , 23σ τ τσ= = = . Then (c) yields ( )123 id= , a contra-
diction. Therefore, ( ){ }22 2, ,σ τσ τ  is a minimal presentation for 4G .    

Theorem 2.21 If n is odd and 1n > , then  
( ) ( )( )22 2

4 1 2, , , ,nn n
nR G N σ τσ τ ω ω=  and ( ){ }22 2

1 2, , , ,nn nσ τσ τ ω ω  is a  
minimal presentation.  

Proof. Clearly, ( )22 2, ,nn nσ τσ τ  all satisfy the hypothesis of Theorem 2.19, so 
they clearly belong to ( )4nR G . Since 1 2,ω ω  also belong to ( )4nR G , we have 

( )( ) ( )22 2
1 2 4, , , ,nn n

nN R Gσ τσ τ ω ω ⊂ .  
Conversely, suppose ( )4nR Gω∈ . By Theorem 2.19, ( ) 1ab cg gω σ τσ τ ω− ′= , 

with , ,a b c  satisfying (*), and ( )1 2,Nω ω ω′∈  with g σ=  or 1. Then , ,a b c  
are multiples of 2n, so ( )( )22 2

1 2, , , ,nn nNω σ τσ τ ω ω∈ .  
Let ( ),F σ τ  be a free group on the symbols ,σ τ . To show  

( ){ }22 2
1 2, , , ,nn nσ τσ τ ω ω  is a minimal presentation, we argue as follows:  

Let 1 1 k ki ji jω σ τ σ τ=  . Define ( ) 1 2 ke i i iσ ω = + + + ,  
( ) 1 2 ke j j jτ ω = + + +  Then ,e eσ τ  are well-defined for ( ),Fω σ τ∈ . Since 

1 2 2
1ω τ σ τσ−= , 1 2 2

2ω σ τ στ−= , we have ( )1 4eσ ω = , ( )2 0eσ ω = . Also, 

( ) ( )( )22 2nne e nσ σσ τσ= = , and ( )2 0neσ τ = . If ( )( )22 2
1 2, , ,nn nNω σ τσ τ ω∈ , 

applying eσ  to the representation for 1ω  yields ( )4 0 mod 2n≡ . Since 3n ≥ , 
this is a contradiction. Therefore, ( )( )22 2

1 2, , ,nn nNω σ τσ τ ω∉ . Using eτ  and 
employing a similar argument, we obtain ( )( )22 2

2 1, , ,nn nNω σ τσ τ ω∉ .  
Now suppose ( ) ( )2 2 2

1 2, , ,n n nNτσ σ τ ω ω∈  so that ( )2
1 2

n
kc c cτσ =  , where 

each ic  is a conjugate in ( )2 2
1 2, , ,n nN σ τ ω ω . Since this equation holds in 

( ),F σ τ , it most hold in any group G in which ,σ τ  are assigned values. Let G be 
the permutation group on { }1,2, , 2 1n +  and set ( )( ) ( )12 34 2 1,2n nσ = − , 

( )( ) ( )23 45 2 ,2 1n nτ = + . Then 2 2 idσ τ= = , so 1 2 kc c c id=  in G, but 

( ) ( ) ( )( )1,3,5, , 2 1 , 2 1 ,2 , 2 2 , , 2n n n nτσ = − + − 
, which has order 2 1n + , so 

that ( )2n idτσ ≠  in G. Therefore, ( ) ( )2 2 2
1 2, , ,n n nNτσ σ τ ω ω∉ .  

To show that ( )( )22 2
1 2, , ,nn nNσ τ τσ ω ω∉ , let G be as above, with 

( )1,2,3, , 2 , 2 1n nσ = + , ( )( )( )( ) ( )1,2 3,2 1 4,2 5,2 1 1, 3n n n n nτ = + − + + . 
Then ( )( ) ( )2,2 1 3,2 1, 2n n n nτσ = + + + , while  

( )( )( ) ( )2 1, 2 1 2,2 3,2 1 , 2n n n n nτσ = + − + . Thus, 2n idσ ≠ , but  
( )22 nn idτ τσ= = , 1 2 2

2 idω σ τ στ−= = , 1 2 2
1 idω τ σ τσ−= = . Therefore,  

( )( )22 2
1 2, , ,nn nNσ τ τσ ω ω∉ .  

Finally, we show that ( )2 2 2
1 2, , ,n n nNτ σ τ ω ω∉ . Let G be as above, with 

( )1,2,3, , 2 , 2 1n nτ = + , ( )( )( )( ) ( )1,2 3,2 1 4,2 5,2 1 1, 3n n n n nσ = + − + + .  
Then ( )( )( ) ( )1,3 4,2 1 5,2 2, 3n n n nτσ = + + + ,  

( )( )( ) ( )2 1, 2 1 2,2 3,2 1 , 2n n n n nστ = + − + . Thus, ( )22 nn idσ τσ= = ,  
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1 2 2
1 idω τ σ τσ−= = , 1 2 2

2 idω σ τ στ−= = , but 2n idτ ≠ . Therefore,  
( )( )22 2

1 2, , ,nn nNτ σ τσ ω ω∉ . This proves that ( ){ }22 2
1 2, , , ,nn nσ τσ τ ω ω  is a 

minimal presentation for ( )4nR G , the relators in 4nG .   
Theorem 2.22 If n is even, then  

( ) ( ) ( ) ( )( )2
4 1 2, , , ,n n nn n

nR G N τσ σ τσ τσ τ ω ω= .  

Proof. First note that ( ) ( ) ( )( )22 2
1 2, , , , ,n n nn n n nNτ σ τσ σ τσ τσ τ ω ω∈ , since  

( ) ( ) ( ) ( ) ( )22 n n n n nn n nτ τσ τσ τσ τ τσ τσ τ− −  =    
 and  

( ) ( ) ( ) ( ) ( ) 22 n n n n nn n nσ σ τσ τσ σ τσ τσ τσ− −  =    
. Therefore it is sufficient to  

show that ( ) ( ) ( ) ( )( )22 2
4 1 2, , , , , ,n n nn n n n

nR G N N σ τ τσ σ τσ τσ τ ω ω= = . By  

Theorem 2.19, ( )4nR Gω∈  if ( ) 1ab cg gω σ τσ τ ω− ′= , with ( )1 2,Nω ω ω′∈ , 
g σ=  or 1, and ( )0 mod 2a b c≡ ≡ ≡ , ( )2 2 0 mod 2b c n≡ ≡ ,  

( )0 mod 2a b c n+ + ≡ . The conditions on , ,a b c  are equivalent to  
( )0 mod 2a b c≡ ≡ ≡ , ( )0 moda b c n≡ ≡ ≡ , ( )0 mod 2a b c n+ + ≡ . Each of the 

elements ( ) ( ) ( )22 2
1 2, , , , , ,n n nn n n nσ τ τσ σ τσ τσ τ ω ω  has the required form ω  

of Theorem 2.19. Therefore, ( )4nN R G⊂ .  
Conversely, suppose ( )4nR Gω∈  with ( ) 1ab cg gω σ τσ τ ω− ′=  as above. It 

remains to show that ( )ab c Nσ τσ τ ∈  , which would imply that Nω∈  . There 
are four cases.  

1) ( ) ( )0 mod 2 and 0 mod 2b n c n≡ ≡   
Then ( )0 mod 2a n≡ , so 2 , 2 , 2a na b nb c nc′ ′ ′= = = , and  

( ) ( ) ( ) ( )22 2
ab ca nb c n n Nσ τσ τ σ τσ τ
′′ ′ = ∈ 

 . 

2) ( ) ( )0 mod 2 and 0 mod 2b n c n≡ ≡/   
Since ( )0 mod 2a b c n+ + ≡ , we must have ( )0 mod 2a n≡/ . Then  

2 , 2 , 2a na n b nb c nc n′ ′ ′= + = = + , so  

( ) ( ) ( ) ( ) ( )22 2
ab ca n nb c n n n Nσ τσ τ σ τσ τσ τ τ
′′ ′   = ∈   

 . 

3) ( ) ( )0 mod 2 and 0 mod 2c n b n≡ ≡/   
Then ( )0 mod 2a n≡/ , so 2 , 2 , 2a na n b nb n c nc′ ′ ′= + = + = , and  

( ) ( ) ( ) ( ) ( )22 2
ab ca n nb c n n n Nσ τσ τ σ σ τσ τσ τ
′′ ′   = ∈   

 . 

4) ( ) ( )0 mod 2 and 0 mod 2b n c n≡ ≡/ /   
Then ( )0 mod 2a n≡ , so 2 , 2 , 2a na b nb n c nc n′ ′ ′= = + = + , and  

( ) ( ) ( ) ( ) ( ) ( )
122 2

ab ca n n nb c n n n n Nσ τσ τ σ σ τσ τσ τσ τ τ
′−′ ′     = ∈     

 .  

Therefore, ( )4nR G N⊂  .    
We can improve Theorem 2.22 with the following result.  
Theorem 2.23 Let n be an even positive integer. Let G be any group contain-

ing elements ,x y  such that ( ) ( ) 1 2 2 1n nn nx yx yx y y x yx−= = = . Then  
( )2 1nyx = .  

Proof. First note that 1 1m my x yx− =  for all even 0m > . This is true for 
2m =  by hypothesis, and the general result follows inductively from 

( )1 2 2 1 1 2 2 1 1m m m m m my x yx y x y y x yx x y x yx− + + − − −= = = . Also, ( ) 1nnx yx =   
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implies ( ) nnx yx −= , and ( ) 1n nyx y =  implies ( ) nny yx −= , so n nx y=  and 
( )2 2n nyx y−= . Therefore, it suffices to show that 2 1ny = . But n nx y=  and 

1 1n ny x yx− =  imply that 2 1 1 1n n n n ny y y yy y x yx− −= = = .    

Corollary 2.24 If n is even, then ( ) ( ) ( )( )4 1 2, , ,n nn n
nR G N σ τσ τσ τ ω ω= .  

Proof. Since 1 2 2
1ω τ σ τσ−= , Theorem 2.23 implies that  

( ) ( ) ( )( )2
1 2, , ,n n nn nNτσ σ τσ τσ τ ω ω∈ . Therefore,  

( ) ( ) ( )( )4 1 2, , ,n nn n
nR G N σ τσ τσ τ ω ω= .   Now we determine minimal pres-

entation for ( )4nR G  when n is even. We start with 2n = . 

Theorem 2.25 ( ) ( ){ }2 22 2
1, ,σ τσ τσ τ ω  is a minimal presentation for 8G .  

Proof.  
1) Since 2 2σ τ=  follows from ( ) ( )2 22 2 1σ τσ τσ τ= = , this implies that 

( ) ( )( )2 21 2 2 2 2
2 1, ,Nω σ τ στ σ τσ τσ τ ω−= ∈ .  
2) We have ( ) ( )( )2 22 2

1,Nσ τσ τσ τ ω∉  since ( )( )22 2eτ σ τσ = , whereas 
( )( )2 2 4eτ τσ τ =  and ( )1 0eτ ω =  are both divisible by 4. 

3) We have ( ) ( )( )2 22 2
1,Nτσ τ σ τσ ω∉  since ( )( )2 2 2eσ τσ τ = , whereas 

( )( )22 4eσ σ τσ =  and ( ) ( )1 2 2
1 4e eσ σω τ σ τσ−= =  are both divisible by 4. 

4) To show that ( ) ( )( )2 22 2
1 ,Nω σ τσ τσ τ∉ , let G be the permutation group 

on { }1,2,3  and set { }1,2,3σ τ= = . Then ( ) ( )2 22 2 6 1τσ τ σ τσ σ= = = , but 
1 2 2 4

1 1ω τ σ τσ σ σ−= = = ≠ , so ( ) ( )( )2 22 2
1 ,Nω σ τσ τσ τ∉ .   

Theorem 2.26 If n is even, 2n > , then ( ) ( ){ }1 2, , ,n nn nσ τσ τσ τ ω ω  is a mi-
nimal presentation for 4nG .  

Proof. Corollary 2.24 states that it is a presentation. To demonstrate its mini-
mality, we consider two cases:  

1) ( )0 mod 4n ≡/ : In this case, 2n m=  with 1m > , m odd. 

(a) ( ) ( )( )1 2, ,n nn nNσ τσ τσ τ ω ω∉  

because ( )( ) ( )0 mod 4nne nτ σ τσ = ≡/ , whereas  

( )( ) ( ) ( ) ( ) ( )1 2 2
12 0 mod 4 , 0 0 mod 4 ,n ne n e eτ τ ττσ τ ω τ σ τσ−= ≡ = = ≡  

and  

( ) ( ) ( )1 2 2
2 4 0 mod 4e eτ τω σ τ στ−= = ≡  

(b) ( ) ( )( )1 2, ,n nn nNτσ τ σ τσ ω ω∉ , because ( )( ) ( )0 mod 4n ne nσ τσ τ = ≡/ , 
but ( ) 1 2, ,nnσ τσ ω ω  all have eσ  values divisible by 4. 

(c) ( ) ( )( )1 2, ,n nn nNω σ τσ τσ τ ω∉  because ( ) ( )1 4 0 mode mσ ω = ≡/ , but the 
other elements have eσ  values divisible by m. 

(d) ( ) ( )( )2 1, ,n nn nNω σ τσ τσ τ ω∉  because ( ) ( )2 4 0 mode mτ ω = ≡/ , but the 
other elements have eτ  values divisible by m. 

2) ( )0 mod 4n ≡ : In this case, 4n k= . 

(a) ( ) ( )( )1 2, ,n nn nNτσ τ σ τσ ω ω∉ . Let G be the permutation group on 
{ }1,2, , 2 ,1, 2, , 2n n 

  . Let  
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( ) ( )( ) ( )  ( )( )1,3,5,7, , 2 1 1,3,5,7, , 2 1 2 ,2 2, , 2 2 , 2 2 , , 2n n n n n nσ = − − − −   

    ,  

and ( )  ( )1, 2,3, , 2 2 ,2 1, , 2,1n n nτ = −  

  . Then 1, 1n nσ τ= ≠ . Also, ( )2 1τσ = , 
so ( ) 1nτσ = . Therefore ( ) 1nnσ τσ = , but ( ) 1n n nτσ τ τ= ≠ . Let 

 

, if
, if

y x y
x

y x y
=′ =  =





 

Let a b+  denote addition (mod 2n).  
If x is odd, ( )2 2 1

4 4 1 1x x x x xσ τ σ τ −→ + → + ± → ± →   
If x is even, ( )2 2 1

4 4 1 1x x x x xσ τ σ τ −→ − → − ± → ± →   
so 1 2 2

1 1ω τ σ τσ−= =  in G.  
For example, if 4n = , then G is the permutation group on  

{ }1,2,3, ,8,1, 2, ,8  

  .  
( )( )( )( )1,3,5,7 1,3,5,7 8,6,4,2 8,6,4,2σ =          

( )( )( )( )( )( )( )( )2 1,5 3,7 1,5 3,7 8,4 6,2 8,4 6,2σ =          

( )( )1,2,3, ,8 8,7, ,1τ =  

    
( )( )1 8,7, ,1 1,2, ,8τ − =   

    

( )( )2 1,6,3,8,5, 2,7,4 1,4,7,2,5,8,3,6τσ =          

( )( )1 2 1, 4,7, 2,5,8,3,6 1,6,3,8,5,2,7,4τ σ− =          
so 1 2 2 1τ σ τσ− =  
For 1 2 2

2ω σ τ στ−= , we have:  

If x is odd, ( ) ( )2 2 1
2 2 2 2x x x x xτ σ τ σ −′ ′→ ± → ± + → + →     

If x is even, ( ) ( )2 2 1
2 2 2 2x x x x x

σ
τ τ σ −′ ′→ ± → ± − → − →     

Therefore, 2 1ω =  in G.  
Since ( ) 1 2, ,nnσ τσ ω ω  are equal to the identity in G, but ( ) 1n nτσ τ ≠ , it fol-

lows that ( ) ( )( )1 2, ,n nn nNτσ τ σ τσ ω ω∉ .  
(b) ( ) ( )( )1 2, ,n nn nNσ τσ τσ τ ω ω∉ .  
Using σ  and τ  from part (a), we note that ( )2 1στ = . Therefore, if we 

exchange the definitions of σ  and τ , we obtain ( ) 1nnσ τσ ≠ , but  
( ) 1 2 1n nτσ τ ω ω= = =  in G, which proves (b).  

(c) ( ) ( )( )1 2, ,n nn nNω σ τσ τσ τ ω∉ .  
Recall that 4n k= . Let G be the permutation group on { }1,2, ,8k .  
If 1k = , let ( )( ) ( )( )1,2,3,4 5,6,7,8 , 1,5 2,6σ τ= =   
Then ( )( )1,6,7,8 2,3,4,5τσ = , so ( )44 4 1σ τ τσ= = = , but (using 1τ τ− = ) 
( ) ( ) ( ) ( ) ( )2 2 2 2

1 1 1 3 3 1 5ω τσ τσ τσ τ τσ τ= = = = = .  
If 1k > , let ( )( )1,2, , 4 4 1,4 2, ,8k k kσ = + +  ) and  
( )( ) ( )1,4 1 2,4 2 4 ,4 4k k k k kτ = + + +   

Then 2 1n nσ τ ω= = = .  
Also, 

( )( )1,4 2,3,4 4, , 4 1,4 4 2,4 3,4,4 5, , 4 , 4 1k k k k k k k k kτσ = + + − + + + +  , so  
( ) 1nτσ =   

But ( ) ( ) ( ) ( ) ( )2 2 2 2
1 1 1 3 4 3 4 5 5k kω τσ τσ τσ τ τσ τ= = = + = + = .  
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Therefore ( ) ( )( )1 2, ,n nn nNω σ τσ τσ τ ω∉ .  

(d) ( ) ( )( )2 1, ,n nn nNω σ τσ τσ τ ω∉ . Let G be defined as in part (c).  
If we exchange ,σ τ  from part (c), we obtain ( ) ( )( )2 1, ,n nn nNω σ τσ τσ τ ω∉ . 

  
In summary, minimal presentations for ( )4nR G  are:  
(a) ( ){ }22 2, ,σ τ τσ  for 1n = ; 

(b) ( ) ( ){ }2 22 2
1, ,σ τσ τσ τ ω  for 2n = ; 

(c) ( ){ }22 2
1 2, , , ,nn nσ τ τσ ω ω  for n odd, 1n > ; 

(d) ( ) ( ){ }1 2, , ,n nn nσ τσ τσ τ ω ω  for n even, 2n > . 

Definition 2.27 The order of a group is the number of elements in the group.  
We require two lemmas to prove a theorem about the order of 4nG :  
Lemma 2.28 The following identities hold in 4nG :  
1) ( ) ( )1 12 2τσ σ σ τσ− −−=   
2) ( ) ( )1 12 2τσ σ σ τσ− −− =   
3) ( ) ( ) ( )1 12 1 , ,a ac c a cτ τσ τ σ τσ τ τσ τ− −−= ∈   
4) ( ) ( ) ( )1 11 2 , ,a ac c a cτ τσ τ σ τσ τ τσ τ− −− = ∈   
Proof (of Lemma 2.28):  
1) ( )1 2 2

1 4nR Gω τ σ τσ−= ∈ , so  
( ) ( )1 11 2 2 1 2 1 1 2 2 1 1 2τ σ σ τ τσ σ σ τ σ σ σ τ σ τσ− −− − − − − − − − −= → = = = . 

2) ( )1 2 2
3 4nR Gω τ σ τσ− − −= ∈ , so  

( ) ( )1 11 2 2 1 2 1 1 2 2 1 1 2τ σ σ τ τσ σ σ τ σ σ σ τ σ τσ− −− − − − − − − − −= → = = = . 
3) ( ) ( ) ( )1 12 2a a ac c cτ τσ τ τ σ τσ τ στ τσ τ− −−= =  (since  

( )1 2 2
2 4nR Gω σ τ στ−= ∈ )  

( ) ( ) ( ) ( )1 1 1 12 2 2 1a ac cσ τσ τ τ τσ τ σ τσ τ τσ τ− − − −− − = =  . 

4) ( ) ( ) ( ) ( )1 1 11 2a a ac c cτ τσ τ σ τσ τ σ τσ τ τσ τ− − −− = = .   
Lemma 2.29 Every element 4nx G∈  has representation ( )ab cx σ τσ τ=  

with b even.  
Proof (of Lemma 2.29): By Corollary 2.5, every 4nx G∈  has a representation 

( )ab cx σ τσ τ= , with 0a ≥ . If b is even, the proof is complete. Let b be odd and 
set 1b B= + , B even. Then  

( ) ( ) ( ) ( ) ( ) ( )1 1 1 12 2 2 1a a aB c B c B cx σ σ τσ τ σ σ τσ τ τσ τ σ σ τσ σ τσ τ τσ τ− − − −− = = =    

(by part (3) of Lemma 2.28) ( ) ( ) ( ) ( )1 1 1 22 2 2 aB cσ σ τσ σ τσ σ τσ τ τσ τ− − − −=  (by 
part (4) of Lemma 2.28)  

Continuing to apply parts (3) and (4) we obtain  

( )

( )

112 1

112

, odd

, even

a
B c

a
B c

a
x

a

σ σ τσ τ τ

σ σ τσ ττ

+− −

+−

  
  = 
  

 

 

By parts (1) and (2) of Lemma 2.28, all powers of 2σ  can be commuted to 
the left of ( ) 1τσ −  while preserving even parity. Hence, ( ) ( )1 1aB cx σ τσ τ− +′ ±=  
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with B′  even.    
Theorem 2.30 The order of 4nG  is:  
1) 4n3 if n is odd 
2) n3 if n is even. 
Proof.  
1) Suppose n is odd. By Lemma 2.29, ( )ab cx σ τσ τ= , with b even. By Theo-

rems 2.20 and 2.21, ( )22 2, ,nn nσ τσ τ  all belong to ( )4nR G . Therefore we can 
take ( )ab cx σ τσ τ= , with 0 , , 2a b c n≤ < , and b  even. There are 
( )( )( ) 32 2 4n n n n=  possibilities for , ,a b c . If ( ) ( )1 21 1 2 2a ab c b cσ τσ τ σ τσ τ= , 
then ( ) ( )2 11 2 1 2 1a ab b c cτσ σ τσ τ− − − = . Since 1 2b b−  is even, we can use the com-
mutation rules to obtain ( ) ( ) 1 21 2 1 2 1a ab b c cσ τσ τ−± − − = . 

Also, Corollary 2.17 implies that 1 2a a−  and 1 2c c−  are both even, and  
• ( )1 2 0 modb b n− ≡  
• ( )1 2 0 modc c n− ≡  
• ( )1 2 0 moda a n− ≡ . 

Since ( )1 2 1 2 1 2 2 modb b c c a a n− ≡ − ≡ − ≡ , and n is odd, this implies  
• ( )1 2 0 mod 2b b n− ≡  
• ( )1 2 0 mod 2c c n− ≡  
• ( )1 2 0 mod 2a a n− ≡ , 
which implies 1 2 1 2 1 2, ,b b c c a a= = =  because of the conditions on , ,i i ia b c . 
Therefore the representation ( )ab cσ τσ τ  is unique, and 4nG  contains 34n  
elements when n is odd. 

2) Now assume n even. Again, let ( )ab cx σ τσ τ= , with b even.  
By Theorem 2.19, ( ) ( ) ( )2, ,n n nn nσ τσ τσ τ τσ  belong to ( )4nR G . Using 

( ) nnσ τσ −= , we can transform x so that 0 b n≤ <  and b is even. Using 
( )n nτσ τ −= , we can transform x so that 0 a n≤ < . Finally, using ( )2 1nτσ = , we 
can transform x into:  

(*) ( )ab cx σ τσ τ=  with 0 ,0 ,0 2b n a n c n≤ < ≤ < ≤ < , b even.  
The total number of choices for , ,a b c  is ( ) 32

2
nn n n  = 

 
. The choices 

yield distinct elements of 4nG , for if ( ) ( )1 21 1 2 2a ab c b cσ τσ τ σ τσ τ= , then 
( ) ( )2 11 2 1 2 1a ab b c cτσ σ τσ τ− − − = , and by commuting even powers of σ  with 
( ) 1τσ ± , we obtain ( ) ( ) 1 21 2 1 2 1a ab b c cσ τσ τ−± − − = . By Condition (1) of Corollary 
2.17, we obtain  
• ( )1 2 0 modb b n− ≡  
• ( )1 2 0 modc c n− ≡  
• ( )1 2 0 moda a n− ≡ . 

Since 1 2 1 20 ,a a b b n≤ − − < , we must have 1 2b b=  and 1 2a a= . However, 
by Condition (1) of Corollary 2.17, ( )1 2 0 mod 2c c n− ≡ , so 1 2c c= , since 

1 20 2c c n≤ − < . Therefore, all the elements ( )ab cx σ τσ τ=  in (*) are distinct 
and the order of 4nG  is 3n .   

Finally, we determine isomorphic group structures for 4G  and 8G .  
Theorem 2.31  
1) 4G  is isomorphic to the Klein-4 group  . 
2) 8G  is isomorphic to the multiplicative quaternion group  . 
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Figure 3. The diagram shows ,σ τ  on 8S . 

 
Proof.  
1) The diagram for 4G  is:  
(σ  is single line, τ  is double line).  

0 1

0 1

+ +

− −

      
⇑⇓ ⇑⇓

      





 

By Theorem 2.30, 4G  has order 4, so { }4 1, , ,G σ τ στ τσ= = . Since 
( )22 2 1σ τ στ= = = , 4G  is Abelian, but not cyclic, it is  .   

2) Quaternions { }1, , , , 1, , ,i j k i j k= − − − − , with 
• ij k=  
• ji k= −  
• 2 2 2 1i j k= = = −  
• jk i=  
• kj i= −  
• ki j=  
• ik j= −  
each has a unique representation of the form a bi j , with 0 3a≤ ≤ , 0 1j≤ ≤ . 
Also, 2 3ji k i ij i j= − = = . The diagram for 8G  is shown in Figure 3.  

Clearly, 2 2σ τ= , and each 8x G∈  has a representation a bx σ τ= , with 
0 3a≤ ≤ , 0 1b≤ ≤ . Also, 3τσ σ τ= . Therefore, 8: Gφ →  is an isomor-
phism defined by ( )a b a bi jφ σ τ=  for 0 3a≤ ≤ , 0 1b≤ ≤ .   
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