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o
pen Access 1. Introduction

A great number of researchers referred to the connection between, time-dependent,

time-independent, Laplacian, manifold, wave operators, matrices, Riemannian
metric, and Schrédinger equation linked to the theory of scattering.

For example, Itoa, K. and Skibsted, E. in [1] included time-dependent scatter-
ing theory along with allowed range perturbation and scattering by obstacles.
The “independent” and “dependent” scattering by particles has been studied in
appropriate single-particle, and examples of independent scattering are de-
scribed by Michael I. Mishchenko, see [2]. The scattering theory for the Lapla-
cian on symmetric spaces of a non-compact type in the frame work of Ag-
mon-Hoérmander has been updated by Koichi Kaizuka in [3]. Thierry Cazenave
and Ivan Naumk in [4] modified scattering for the critical nonlinear Schrodinger
equation. The exhibited conditions under which the stationary wave operators
and the strong wave operators exist and coincide have been discussed by R. Tie-

dra de Aldecoa [5]. The scattering matrices for dissipative quantum system and
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Neumann maps have been studied by many authors see [6] [7]. Subsequently,
Rainer Hempel, Olaf Post, and Ricardo Weder [8] obtained the existence and
completeness of the wave operators for perturbations of the Riemannian metric
for the Laplacian on a complete manifold of dimension.

In this paper, we follow the exact reviews and approaches of Werner Muller
and Corm Salomonsen in [9] with a slight change. The current study contributes
to the expansion of the knowledge in this field by addressing the scattering
theory for the Laplacian spectrum (A, and A, ) on the manifold with
bounded curvature comparison dynamics.

Definition 1. Let S :[O,oo) — R be a positive, continuous, non-increasing
function. Then S is called a function of moderate decay, if it satisfies the fol-
lowing condition:

() sup, gy, XB(X)<o;
(i) 3C,>0:8(x+y)=C,B(x)A(y). x,y=1 (1)

Further [ is called of sub-exponential decay if forany ¢>0, e%B(x)—>x.
As X—> 0.

Definition 2. Let B be a function of moderate decay. Two metrics
g,heM aresaid to be f -equivalent up to order kif There exist M and
C>0 suchthatforall xeM wehave |g - |’1|g (x)< Cﬁ(1+ d, (x, q)) holds.

In this case, we write ¢ ~; h.

Definition 3. Let s>0. For s>&>0 let K _(M,g;s)e NU{oo} be the
smallest number such that there exists a sequence {Xi }; such that
sup #{i e N|x e By, (X )} <K, (M,g;s) Further, let
ffA(M,g;s): Ko (M,g;s) put

k(M,g;s)=1.
Definition 4. Let (M,g) be a complete. Then A:C”(M)— L2 (M ) is es-

sentially self-adjoint and function f (\/Z ) can be defined by the spectral theo-

rem for unbounded self-adjoint operators by f(«/K ):j: f (l)dE( , where

2)
dE( 2 s the projection spectral measure associated with JA . Let fe LI(R) be
even and let fA(ﬂ) = ji f (x)cos(Ax)dx. Then f (\/X) can also be defined by

(V)= ]" T ()cos(2a)d2. @)

Eichhorn, Proposition 2.1 in [10] has shown that M can be endowed with a
canonical topology given by a metrizable uniform structure. For a given Rieman-
nian metric g, on A denote by V% the Levi-Civita connection 2.5 in [11] of g
and by ||0||g the norm induced by g in the fibers of @ ., (TM ®T*M® ) . Let

hbe any other Riemannian metric on M. For k>0 set
o k
Zi:l |gi _hi|gi (X)

- ol o) 2 Y

(ve) (v -v")

(X)j,XEM,
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and Zzl( “ ||gi -h ||g ) = sup* Z::l(|gi -h |g_ (X)) . Recall that two metrics g;,h,
! xeM !

are said to be quasi-isometric if there exist C,,C, >0 such that
Cpy (X)< D77 i (X)<Cyy(X), for all xeM (4)

in the sense of positive definite quadratic forms. We shall write g, ~h, for qu-
asi-isometric metrics g, and h,. If g and A are quasi-isometric, then (4) im-
plies that for all p,q>0, there exist A, B, >0 such that for every tensor
field Ton M of bidegree (p,q) we have

Ay a[TI(X) < Z:O:1|T|hi (x)<B,, |T|g (x),xeM (5)

2. Theorems and Lemmas

Lemma 1. Let [ be of moderate decay. Then there exist a constants C >0
and ¢>0 such that,

B(x)=Ce ™, xe[L o) (6)

Lemma 2. Let g,heCM be quasi-isometric. For every k >0, there exists a

polynomial B (X,,---,X,) depending on the quasi-isometry constants, with

nonnegative coefficients and vanishing constant term, such that
k
|g - h|h (X)

<P, [|g —h|g (X),|Vg —Vh|g (x),...,‘(vg )kfl(vg —Vh)

(x)j xeM
9
Proof. From (4) follows that |g—h| (x)<C,|g—h|, (x) and
Ve V"] (x)<C[VE V"] (x).xeM . 7)
This is as important as the first two terms in (3) and deals with the question

for k =0,1. Now we shall proceed by induction. Let k>2 and suppose that
the lemma holds for | <k —1.Foreach, p<0 we have

() (94 -2 =0 () (799 (799 (7 9) )

Let p <k using (7), (6) and the hypothesis, we can estimate the point wise A
norm the second term on the right-hand side of (8) in desired way deal with the

first term. We use the formula
() (v (v )
(7)) () (7w () (79 () ()
Applying the Leibniz rule, we get

(v2) (v =ve ) () (9" -v2)

((v2) (v -v2))

e

< Cg (x)- ((vg )(pfi) (v“)('fl) (Vh-ve )) ()

9 g
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for some C >0 and all Xxe M .Inserting (8) and iterating these formulas re-
duces everything to the induction hypothesis.
Lemma 3. Let [ be a function of moderate decay. Then for all X,y,qeM,

we have

. A(1+d(x.q)) L 1 ©

- B(1+d(v.0))  CyB(1+d(x.Y))

Moreover, for every q'€ M there exists a constant C >0, depending only

C,B(1+d(x,y))

on gand Q' such that
CA(1+d(x.q'))< B(1+d(x,q))< A(1+d(x7')).
Lemma 4. There exists a constant C >0 depend only on Ksuch that
[(x)>Ci(p) e " ketxn) (10)

forall x,peM.
Lemma 5. For r<i(X%,),

n n n-1
2n? J-r sintV/K 272 Jr sinhv/K ( )dt
(nj VK (n] L VK
Il — rl=
2 2
We note that the inequality on the right-hand side holds for all reR. In
particular Vol (B, (,)) = O(E(n_l)m) as I —> oo,

(n-1)
J dt <VOL(B, (%)) <

It is also important to know the maximal possible decay of the injectivity ra-
dius.
Lemma 6. k. (M,g;s) finite for all s> ¢ . Moreover, there exist constants

C,c>0, which depend only on K, such that for S>2—n+€, we have

JK
k,(M,g;s)<Ce®.
Lemma 7. Let k>1 be even. Assume that A has bounded curvature of order

k Let k>0 be such that sup,., ZIZ:kO|V' R(X)| <k, there exist constants
h=r(k)>0 and C=C(k)>0 suchthatforall x,eM and

rismin{ro,r’(xo)} one has Ziil||ui"w“(sn(x0))SCzL"ui”HZk(Bn(xo)) for all

u €Cy (B, (%))

Lemma 8. Let ke N be even. Suppose that (M,g;) has bounded curva-
ture of order 2k Let f:M — R" be a function of moderate decay. Then there
exists a canonical bounded inclusions H;f’”“ (M ) —)W/f (I\/I ) and
Hy (M)W 0 (M)

Proof. By Theorem (2.6) in [9] in M there exist a covering zzl B Lk )

2

(%)

of Mby balls and a constant C >0 such that
VxeM Z{XJXGZLBi(Xi)(Xi)}SC (11)

Let ¢ C”(R) go besuch that =1 on [0,1] and ¢=0 on [2,x) for
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XxeM and 1< j<k,wedefine

K k i d(X, y) . )
2,015 (¥)= jzf{z #(x) J Y & By (¥);

0, otherwise.

then zl;zlﬁﬁj,x €Cy(M). Let feH“(M). Using Lemma 6, it follows that

g fe H* (BfX(X)). Then by Lemma 7, we get ¢;, f eW* (fo(x)) and by
the Leibniz rule thereis C >0 such that

Z52 (0 F), () <CEy oV, (1)

By estimating the supremum-norm of the derivatives of ¢, and using

-|V"‘pf|g (y).yeM.

Lemma 7, we get

e zclrba(8, )5 (% 0o

o

k) .
el
By induction, this yields

s Wl [Bf(x><X>]+C’f(k]fP(X)"¢k1'*f

2k—1

||(/)k,x

=

p=1

|H"*p

S R

Kk
2k—1 p=

5N

||¢k'xi LNkfp (12)

Let f e H/k;. By Lemma 7, (11) and (12) we get

[y <CZ 8 ()l T 2 () <CZ 7 ()

1
2

B2 ()7 (%) [l
(ﬁf(Xi)(x))

By (10) there exists C, >0 such that 7(x )" 7(x)" <C, forall ieN and

Hk

s

]
[iN

<C

KB, (x). This implies 37,4% (x)7" OO a0 < Coll

Assume that (M,g) is complete. Then A:Cy (M )—> LZ(M) is essentially

2k

self-ad joint and function f («/K ) can be defined by the spectral theorem for
unbounded self-ad joint operators by f( ) I f(A)dE,, where dE, is

the projection spectral measure associate with JA . Let fel (R) be even
and let f(/l) = I_i f (x)cos(Ax)dx, then f (\/Z) can also be defined by

f(\/X)zz—lnjif(l)cos(lx/Z)dl (13)

This representation has been used in [12] to study the kernel of f (\/Z ) we
will used (13) to study f JA) as operator in weighted L’ -spaces. To this end
we need to study cos(A A) as operator in L5 (M) given $>0, let
K(M,g;s) be the constant introduced in Definition (1.3).
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Theorem 1. Assume that (M , g) has bounded curvature. Let S be a func-
tion of moderate decay. Then COS(&\/Z ) extends to a bounded operator in
Lzﬁ (M) forall seR and thereexist C,c>0,such that

“COS(S\/—)

<cel seRr. (14)
5.5

Moreover cos(s\/X ) L5 (M)— L5 (M) is strongly continuous in S,

Proof. Let s>0 Choose a sequence {X,} <M which minimizes.
xk(M,g;;s). For keN let B denote the multiplication by the characteristic
function of B (Xk )\U: B, (Xi ) Then each P, is an orthogonal projection in
L’(M) and L} (M) respectively. Moreover the projections satisfy BB, =0
for k=k' and 2:):1 P, =1 where the series is strongly convergent. Obviously
the image of R consists of functions with support in B, (X, ). Now recall that
Cos(r\/X) has unit propagation speed [13], Ze, sup pcos(rf)é c B\r\( )
forall xeM and 7eR.Let fel?(M).Then it follows that
sup pcos(s\/X)Pkf < By, (%) and

sup pcos(s\/X)((l—;(BBS(xk)) f ) =M -B, (%) Hence

Hcos(sx/—) ” => l<cos(s\/—)Pf cos(sf) >
= zk:1<003(5x/X) P f ,cos(s\/Z)>

/ (15)

Now observe that the norm of (S\/Z) as an operation in L*(M) is
bounded by 1. This implies

<cos(s«/Z) P f ,cos(s\/Z)(;(B3s(xk) f )>

< sup AR

yeBsg )

ZB3S Xk)f

12

To estimate the right-hand side, we write

1 2
P fl,<C, ————|PR.f|>
yesipxk ﬂ(y)" ||L /" ﬂ(1+4s " k ||Lﬁ

Since the support of R f is containedin B, (X, ) we can use (9) to estimate

the right-hand side. This gives yi:stk BY)|R f|||_2 < m"ﬁ( |||_§j .

similar inequality holds with respect to " X, (%) f

.o butting the estimations

together, we get

KCOS(S\/X) P f ,cos(s\/K)(;(BSS(xk)f

L1
)>‘ < Cﬁlm"ﬂ s oo f

t

Now recall that by Lemma 6, we have K‘(M , g;s) <. Hence together with
(14) and (15) we obtain
1
“cos(sf ) s

1
———«x(M 2 || f 22
L2 Cﬂ ﬂ(1+65) ( 19’5)2" ”l_,j

) - /3 ﬂ 1+65 ” "ﬁZ”ZBgs (%)
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Recall that by (1) we have ,B(X)SC(l+d(X, p))_l,Xe M . Therefore,
L*(M)c L3 (M), and L*(M) is a dense subspace of L7 (M). This implies
that COS(S\/Z ) extends to a bounded operator in L; (M ) Moreover by (7)
and Lemma 6, it follows that there exist constants C,c>0 such that

“cos(s@) 22 , <Ce®,se[0,0) . Since cos(—S\/Z)=cos(s«/Z) this extends

L Ls
toall seR such that holds. The strong continuity is a consequence of the lo-

cal bound of the norm and the strong continuity on the dense subspace

COS(—S\/K) L*(M)< L (M). Using Theorem 1, we can study f(\/Z) as an

operator in Lzﬁ (M) given ¢>0,let F'(c)= { fel (R): Jf;‘ f(/l) e } .

Lemma 9. Let S a function of moderate decay. If 1 and A satisfy con-
ditions (b) of Corollary 4.3 in [9] then

Hi (M) =(a-2)" (L (M)).

Proof. First: note that C;(M) is dense in L% (M). Indeed C; (M) is
densein L*(M) and L*(M) isdensein L7 (M). Let
f= Z;(A —/1)_1 0,0, € L; (l\/l ) . Then there exists a sequence )
{#},., ©Co(M) which converges to )" g, in L5(M) and (A-2) ¢
converges to fin L*(M).Let gLy (M). Then

(f.Ap)=lim, <(A—ﬂ)71 ,A(p> =lim,_ <q)i +A(A—/1)7l (oi,(o> =(g+1f,p).

Thus Af =) (g, +4f)e L; (M) and hence fel%(M) now suppose
that f elj(M) andset g=(A-2)f.Then gel’(M) and we need to show
that f = Z‘:(;I(A—}Ly1 g;. Let 9 eCy(M). By definition of ZL(A_A)& g »
there exists a sequence {g}_. < L*(M) such that (A—/I)fl g; converges to
(A —l)fl g in L5(M) as I = Using this fact, we get

<z;’;(A_A)*gi,z;(pi>=<gi,(A_z)*lzj;¢i>=<(A_z)f,(A_z)*1¢>. (16)

Now, observe that (A —/1)71 D¢ Dbelongsto H?(M).ByLemma (3.1) in
[9] there exists a sequence Zzlgoi (M ) which converges to (A -1 )_1 in
H?(M). Thus

<(A—/1) t(a-2)" ¢>= lim. <(A—,1) f,ziil%>
~(1(a-D) T 0)=(1 )

Together with (16) this implies that (A— /1)71 g;-

Lemma 10. Let S be of moderate decay. Assume that g; ~; h then the
Sobolev spaces W;(M;gi) and W;(M;hi) are equivalent.

Proof. First note that by Lemma 1.7 in [9] the metrics g and A are qua-
si-isometric. This implies that L:(M;g;) and L}(M;h) are equivalent. So
the statement of the lemma holds for k=0. Let f €eC”(M) and keN by
induction we will prove that for |<k there exists C, >0 such that for
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abeN,, a+b=I,
(75 (7" (v*)'

Let | =1. Since on functions the connections equal, (17) follows from qua-

(x)<c 3

(x),xeM. (17)

hy

(%)

si-isometry of gand h;. Next suppose that (17) holds for 1<| <k . To establish
(17) for 1+1, we proceed by induction with respect to a. Let a,beN, with
a+b=I1+1. We may assume that a<|+1. Using

i(w )a (Vhi )b f o i(vgi )a (Vhi _y )(Vhi )(b—l) f +(Vg‘ )(a+1) (Vh‘ )(b—l) ;|

and ¢ ~kﬂ h, it follows that (17) holds for |+1. Especially, putting a=0 we
get

|(70) f
Suppose that f e C*(M)NW; (M;g;) then (18) implies that
f eCw(M)ﬂW;(M;hi) and ”f"wg(m;hi) SC||f||wg(w|;gi)'

By Lemma (3.1) in [9] C*(M )ﬂWSEk (M;g;) is dense in Wfk (M;g;) .
Therefore this inequality holds for all f € C*(M,g;). By symmetry, a similar

o

v f‘hl (x<cy!

(x),xeM,I<k. (18)

9i

inequality holds with the roles of g; and h, inter-changed. This concludes the
proof.
Next we compare the Sobolev spaces Héfk (M;g;) and H;k (M;h). Let A,

denote the Laplace operator with respect to the metric g Recall, that
DA, =221(V9i )*Vgi , and that the formal ad joint (Vg‘ )* of (Vg‘) is

given by (Vg )* =—Tr(g"1Vg‘) Where > " A, = :O:l(Vg‘ )*Vgi is the iso-
morphism induced by the metric and Tr:T'M ® TM — R denotes
Z. 2y = Z;(Vg‘ )* V9  contraction. Since contraction commutes with cova-
riant differentiation and V%g;* =0, we get the well-known formula

A= —Tr(g’lvz) . This can be iterated. For o ®---®a, € (T*M )®k define
0 (2@ ®0) 0® 0 89" (0,)®n0,,®®n,, and let Tr,;(g;")

denote, (g}l) followed by the contraction of the ith and jth component using.

That contraction commutes with covariant differentiation and V%g; 1=0, we

get
2k
A; =(- ) Tr12(92 )O"'OTr2k—1,2k<g£l})(vg) - (19)
In more traditional notation this mean A';i f =(—1)k Zilm'k £ iy i, - FOT
short notation we will write Tr ((g’l )®k ) =Tr, (gz’l)o 0Tl o (921%) :

Lemma 11. Assume that g; ~;kﬂ. Then for each 1,0<1<2k and
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j,0<j<2, there exist section &7 (Hom T M ) such that

IZL(O(AIQ—AL)=Z§LOJ-Q| ( ) Z] RS ( ) and there exists C <0
such that for 0< p<I, ZTLO((VQ) al(x )) CB(x),
Zj‘_o((v“)"gg h(x)jsCﬁ(x), xeM .

Lemma 12. Assume that /£ is a function of moderate decay and there exist

real numbers a,b such that
(i) b>1,and a+b=2,

b
(i) p2el’(M),
(i) g7 """ el (M).

Let M, be the operator of multiplication by /. Then the operator all

M, M, Ap is a trace-class operator for SN and ¢in a compact inter-

val, the trace-class norm is bounded.

3. Main Results

The main verification results are the following corollaries and lemma.
Corollary 1. Let K,A>0 be given. There exists r,=r(K,1)>0 and

C=C(4)>0 such that for all r<r, pesl™(r,K,2) and x €B, .

S lbee SCZL{ Rl Il ) foral S s (S1.8,)

Proof. Let 1>1, >0 andlet Peell™(r,K,1). Put R =Z‘a‘:maa (0) D“ By
lemma 17.1.2 in [14] there exists C, >0 which depends only on A such that
forall Y7 u, Cy(B,):

Srlhinisy) < O P e e ) 00
Now Y pu; = ZL Pu +>." (P—Py)u; . Thus
Zin:l"uimvm(Bn) (”Pu ”l_2 (8s) +||(P_ F)o)u

that

2(8,) +||u || ) Next observe

Y(P-R)u =Y T (a,(0)-a,(0)Du+3 ¥ a,(x)D"

i-1 i=1 [a]=m i=1 |a]<m
Hence by lemma 17.1.2 in [14]:
:“1|| (P=P)ui]z(s
Tis IZM o2 "c1 (g, ) +Zin:12\a\<m a,
< KzH( Jdnge +||ui oo
By the Poincare inequality there exists C, >0 which is independent of

2. _,I <1 such that for all Z | € CE;OZ:?:l(Bri ):

ui”\Nm’l(Bn) (21)

"CO(Bn)
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>y |LNm_1(BrI) <> nC |y, "Wm ) Using this inequality, it's follows from (21)

that >

(P-R)uy, ||L2(B"|) i hC ||U |LN Together with (20) we get

20 (1=6CC(K)) Ju

(e cg(upuiug(%)+||ui||L2(Br,))

Set I, =min {1, } then it follows that for all Zinzlri <1, and

1
2CC(K)
gui eCy Z( ) Z”u

ZC;("P”i "B(B,,) +|u; "B(sn))'

Corollary 2. Assume (M,g;) has bounded curvature and let B be func-
tions of moderate decay. Then there exists a constant C=C(M,qg;,) such
that for all functions f; € F'(c), the operator f; (\/K ) extends to abounded
operator in Lzﬁ (M). Moreover, there exists a constant C, = Cl(M ' 0;, ﬂ) >0

such that Y " |If, (\/Z) <C Y, forall f; asabove.If x(M,g;;s)

2,2
1515 L_‘

is at most sub-exponentially increasing, then C(M 08 ) >0 can be chosen ar-
bitrarily.
Proof. By Theorem 1, there exist constants C,c>0, depending on

M,g;,8) such that (cOS JA SCeCH, for all seR. Let pel*(M
I 2 2

Ls.Lp

f; (x/Z)go

using (15), it follows that ZT . Since

=1

C n ‘
2 < EZi:l fi LlecH
L*(M) =L} (M), it follows from (2) that f (\/K ) extends to a bounded oper-

ator in Lzﬁ (M). The last statement is obvious.

Corollary 3. Let S be a function of moderate decay. Assume that there exist
real numbers a,b such that:
(i) a+b=2,
(i) p*el’(M),
_~2n(n+1)
i) g2 el”(M).
Let M, the operator of multiplication by S . Then for every peN, the

operator M (Z. . g)

intervalin R* the Hilbert-Schmidt norm is bounded.

-t1Zhe) |
"% s Hilbert-Schmidt. For e (s in a compact

1 -1
Proof. We have M, A"e™ :(Mﬂe ZAJ(APeZAJ. Note that the operator

1
—ZA
norm of APe 2 is bounded on compact subsets of R*. Hence we assume that

p=0.Lemma 11, (i) implies that ™1 L;b (M).Let e™(x,y) be the ker-

nel e™ then <| ,eftA>L2 :IM IM Hin:lﬂb (X)e_tAgi (X, y)dydx. The integral con-

—tA

verges since e (X,y)>0 we get
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i (x, y)dydx

TS 1A 00e
=Ju fMiﬁﬁz(X)(efmg' (x, y))2 dydx
lijﬂa(z)e-tm (z,w) IM -[Mlijﬁb (X)e—mgj (x,y)dydx

n(n+1)

A (f 2 (2)

< Supz,WeM

<Csup,.u

IM Yisd (x)(e’tA (1))(x)dx

<Cfe™ (1)

2
Lb'

This proves the corollary.

Lemma 13. Let [ be a function of moderate decay, satisfying the conditions
of Lemma 11. Let ¢;,h, be two complete metrics on A such that g; ~2 h,. Let
A, and A, be the Laplacians of g; and N, respectively. Then
Z:il(Agi —A, )e_mg‘ and Zile_mgi (Agi —Ahi) are trace class operators, and
the trace norm is uniformly bounded for 7 ina compact subset of (0,0).

-7 —1/ 0 — ;tA i
Proof. We decompose € "% as € 9 =Zi1[e oM 1]{M 1e° g']. By
B3 B3
Lemma 11, the second factor is a Hilbert-Schmidt operator and it suffices to
show that (Agi —A, )eftAg M _, is Hilbert-Schmidt and that the Hil-
53

bert-Schmidt norm is bounded for #in a compact interval, using Lemmas 8, and
Lemmas 10, it follows that the Hilbert-Schmidt norm can be estimated by

2

©

2

i=1

—tAg

M

(Agi —A, )e E

2

1 2

(ve) e (xv)57 ()

2
dy
2

ﬁZ

B (x)dxdy

i

<X,

-1

Jule™ (y)Ae (y)

(Il)
'MS

Il
o

ol () 8° (9)

IA
O
.MS

In
o

IA
@)

M-

[ BOT™ ()ale™ (Ly)B2 (y)

2

dy

2

0

q 2

| dy-

ﬂS

1
—tA,
CZZOJM MM, A% e M
q:

2

By Lemma 13, the right-hand side is finite and bounded for #in a compact in-

terval of R prove that Zilefmg‘ (Agi —A, ) is a trace class operator, it suf-

fices to establish it for its adjoint ZL(Agi - (Ahi ) i )e_mg‘ with respect to £ By

DOI: 10.4236/apm.2020.1011040

655 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2020.1011040

M. Y. Youssif, E. E. E. Dalam

(19) and (18) we have
i1A9i (Ahi )*9 = Z:[( % )*g +(V +[ Vg' } o(&y )*QJ using

(14) and (16), it follows that there exists 7, ( R)) such that

P

(Agi —(Ahi )*gi ) = Z;(no +1,0V% 41, o(Vg‘ ) ) and these sections satisfy

|1|;7,| )<CB(x),0< j<2,xeM. (22)

By principle we have

i(qugi oty )_ = (_[ oS ( a, )e—(t—s)Ahi dS)
i=1

i=1

= i“il(J‘OzesAgi (Ahi _Agi )e*(tfs)Ahi ds_i_J‘;e—sAgi (Ahi _Agi )e’(t*S)Ahi de
2

(23)

Using (22) and (23) we can proceed as above and prove that

2

Con

i\ —tA, .
(Agi —(Ahi ) )e 9 is a trace class operator.
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