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1. Introduction

The concept of projective change between two Finsler spaces has been studied by
many geometers [1]-[6]. An interesting result concerned with the theory of pro-
jective change was given by Rapscak [7]. He proved necessary and sufficient
conditions for projective change. S. Bacso and M. Matsumoto [8] discussed the
projective change between Finsler spaces with («, ) -metric. H. S. Park and Y.
Lee have studied on projective changes between a Finsler space with (a,f) -
metric and the associated Riemannian metric.

In Riemannian geometry, two Riemannian metrics @« and & on a mani-
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fold M are projectively related if and only if their spray coefficients have the re-
lation G} =G_ +P,y', where P=P(x) isa scalar function on M and
R =P, y*. In Finsler geometry, two Finsler metrics Fand F on a manifold M
are called projectively related if G'=G' +Py', where G' and G' are the geo-
desic coefficients of Fand F, respectively and P =P(x,y) is a scalar function
on the slit tangent bundle TM,.

In [9], we introduced the generalized (a, ﬁ) -metric

2

F =,u,la+,uzﬂ+/13ﬂ— (14, 14, and g, = 0 are constants) (1.1)
a

where « isa Riemannian metric, £ isa l-form.
We know from [4], that two Finsler metrics Fand F=a + 3 are projective-
ly related if and only if their spray coefficients have the following relation:

G' =G +Py' (1.2)

where P(y) is a scalar function on TM —{0} and homogeneous of degree
onein y.

Also, from [1] we know that a Finsler metric is called a projectively flat metric
if it is projectively related to a Minkowskian metric. From [4], we know that the
Randers metric F =&+ 8 is projectively flat if and only if & is projectively
flatand S is closed.

The purpose of the present paper is to continue the study on the generalized
2

(a,B) -metric F = o+ u,+ ysﬂ— and to investigate the locally projective
a

flatness. Also, the projective change between between generalized (e, ) -metric
2

F=ua+up+ /13’8— and Randers metric F=a+ 3, where o and & are
a

two Riemannian metrics, # and S are l-forms. Further, we characterized

such projective change. Precisely, we have the following
2

Theorem 1.1. Let F:;Lla+y2ﬁ+y3ﬂ— and F=a+f, be two (a,p) -
a

metrics, where o and & are two Riemannian metrics; [ and 3 arel-
forms. Then F is projectively related to F , if and only if the following equations,
holds
2
G =G. +0y -85
H

bi

by, = ri[(ﬂl +20%)a - 3uyD |

dg=0

where b' = aijbj;b :||,B||a and b; are the coefficients of the covariant deriva-
tive of B with respect to o ; r=7(X) is a scalar function and 6=6y" isa

1-form on M.

2
Corollary 1.1. Zet F :;Lla+y2ﬂ+y3ﬂ— and F=a+f, be two (a,p)-
a
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metrics, where o and & are two Riemannian metrics; f and S arel-

forms. Then F is projectively flat if the following relation holds:
2
G =G. +0y — 2% p (1.3)
H
where b' = aijbj;b =||ﬂ||a and b; are the coefficients of the covariant deriva-
tive of S with respectto «; r=7(x) is a scalar function and 9=6y' isa

1-form on M.
2

Theorem 1.2. Let F = ,ula+/12ﬂ+,u3ﬂ— the (a, ) -metric an
a

n-dimensional manifold M, with o is a Riemannian metric; [ Iis a 1-form.

Then F is locally projectively flat if and only if

pb_poa B2,
e Er I T ey

P o (oa) . dal_
{”1 “%;J{ay [6x jy ax‘}

Finally, we have shown that the generalized («,/)-metric satisfy the sign
property.

(1.4)

2. Preliminaries

Definition 2.1. [1] Let

3 m
D!, =8yjaaykay' (Gi _nil(?sm yiJ 2.1)
where G' are the spray coefficients of £ The tensor
D= D}k,ai ®dx' ®dx* ®dx' is called the Douglas tensor. If Douglas tensor va-
nishes then Finsler metric is called Douglas metric.

Some interesting results concerning Douglas metrics are recently obtained in
[10] & [11].

The function ¢=g¢(s) isa C” positive function on an open interval
(—by,by) and it satisfies the following condition:

B(s)—s4'(s)+(b*=s*)¢"(s)>0, |s|<b<b, (2.2)
Also, Fis a Finsler metric if and only if ||ﬂx||a <b, forany xeM .
In general, the (a, ) -metrics are defined as follows:
Definition 2.2. [1] For a given Riemannian metric o =, /aij y'y!  and one form

B=by', satistving B, <b, for VxeM , them F=ag(s), Szﬁ, is
a

called (a, ) -metric.

The covariant derivative of S with respectto a is Vf= dX ®dx!. Al-

so, in [1], the following notations are given:

1
(b,“ +bm)' i Z(bilj _bni)- (2.3)
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Itis clear that s; =0 ifandonlyif S is closed. Also, we can take:

_hic ol —ailg ol _elyley _pr vyl
s;=Db's;;s;=a"s;;S, =8yl =YY

22
If we consider the fundamental tensor of Randers space g =%% , then we
have the following formulae
p =ty =, 2% g —ap = 2%,
a Toyt T Ny
i 1 i 6L . Al aL _ .
I —Iy _gijﬁ’li =g W_ pi +b;
1 i i o
I.:— I;III.: ! :1;" i:—;
T pulli=pp p L
pili :L;bi p' :é;bili :é-
a a L

The geodesic coefficients G' of Fand the geodesic coefficients G! of « , are

related as follows (see [1]):
G' =G, +aQs) +{-2Qas, + I, }{¥b' +Oa'y'} (2.4)

where
p
¢—s¢’

o0 —s(d¢' +4¢)
26(p—s¢'+(b* ~5*)¢")
_ ¢

2(¢—s¢'+(b2 —sz)¢")'

Q=

0= (2.5)

In [2] and [4], the condition for an (a, ,B) -metric to be locally projectively flat
is presented as follows:

Lemma 2.1. A Finsler space F"=(M,F) is locally projectively flat if and
only if

2
oF akF. yk=0. (2.6)
ox!  ox“oy'

In [12], we have the following condition for an (a, ﬁ) -metric to be a Douglas
metric
aQ(sey’ —siy')+ W (-2aQs, + 15, ) (b'y’ —b'y')
1 2.7)

=E(Gli<|yj _ijlyi)ykyl

o°G!
oy“oy'
B

Theorem 2.3. [12] Let F :a¢(s),s:— be an (a,f) -metric on an open
a

where Gy =T}~y and y, =

subset U c R"(n>3), where a = aij(x)y‘yj and one form B=by #0. Let
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b= || B, ||a . Suppose that the following conditions holds

a) [ isnot parallel with respectto « ;

b) Fis not of Randers type;

c) db=0 everywhere or b=constant on U. Then Fis a Douglas metric on
U if and only if the function ¢=g(s) satisfies the following ODE

{1+ (k; +ks?)s? + k352}¢”(s) =k, +k;5°){#(s) - s¢'(s)} (2.8)

and the covariant derivative VA =h y'dx’ of S with respectto « satisfies

i1j
the following equation

by, =2¢{(1+kb? )a, + (kb* +k; )b, (2.9)

where 7=7(X) isascalar functionon Uand kj;,k,,k; are constants with

(k,.k;)#(0,0).
Remark: The above equation holds good in dimension n>3.

3. Main Results

2
By the Theorem 2.1, we compute the coefficients by; for F=a+u,f+ 1, ﬂ—,
a

taking into account that F =ag(s), where ¢(S)= 14 + 1,5+ 8%, using Equa-
tion (2.9), we get

by, :{[Hﬁbz)aij —%bibj}. (3.1
H H
Next, we obtain
- =1K1+%b2ja2 —Sﬁﬁz} (3.2)
H H
Make use of (2.5) for ¢(S)= 4 + 11,5+ 115, we get
o 2,u3s+,u22 ,
My — H5S

tutt, = S° (4145 + 31,11 )

0= , (3.3)
2( s+ 15+ 1158 ) (4, = 318 + 27
y2’
Y= e >
My = 318" + 2130
Plugging (3.3) in (2.4), we get
o at(up+ o [—2a(2u,8 +
ol ) [2u(o )
o = s f3 e = i f
2
M i
x b 3.4
{:“1“2 -3u, 7 +2ub’a’ G4
. a0 =455 5° = 31, 1,0° y
(240 + 2p,0B + 211, ) (100” — 31 8° + 2’ )
where I, is givenin (3.2).
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Now, we can formulate the first result:

2
Remark. The (a,B)-metric F = o+ 10,8+ s is a Douglas metric with
a

respect to Theorem 2.1, if and only if (3.1) is of the form

b, :{(u%b% —%bibj}.
H H

for some scalar function 7 =7(x), where by; represents the coefficients of the
covariant derivative f#=by' withrespectto « .Inthiscase S is closed.

If B isclosed, then s; =0=b;=b; and s, =0:5s,=0.

Replace (3.2) in (3.4), we get:

_ 3 223 2| 2
Gl =G | A :_r4ﬂ3ﬂ 3/”2,”30‘:23 y g (3.5)
1 (2ma” + 2p,08+ 2448

We consider a scalar function P=P(y) on TM —{0}, e,

G'=G. +Py". (3.6)
From (3.5) and (3.6), we get
_ 3 223 2 . . . 2 .
Pir HtLO ':4xusﬂ 3/”2:“30‘:23 =G -Gl +Tﬂ3a b (3.7)
1 (2407 + 24,0 + 24 8° ) t

Since RHS of above equation is in quadratic form, thus there must be a 1-form
0=0y', such that

b | Tttt + A B~ Spn o’
1 (2mma” + 21,08 + 215

Then, we get

2
o

G =G.+0y — 5%
th

b'. (3.8)

Using (3.1) and (3.8) and also the above remark, we can conclude the following

result
2

Theorem 3.4. Let F :,ula+y2ﬂ+y3ﬂ— and F=a+f, be two (a,p) -
a
metrics, where o« and & are two Riemannian metrics, f and J are 1-
forms. Then F is projectively related to F , if and only if the following equations,
holds

2
G =G. +0y -2
t

by, = ri[(ﬂl +20%)a - 3uyD |

bi

dg=0
where b' = aijbj;b :||,B||a and b; are the coefficients of the covariant deriva-

tive of B with respect to o ; r=7(X) is a scalar function and 6=6y" isa
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1-form on M.
The proof is obtained using (3.1) and (3.8). Also, we can now formulate the

following corollary:
2

Corollary 3.2. Let F :,ula+y2ﬂ+,usﬂ— and F=a+f, be two (a,p) -
a

metrics, where o« and & are two Riemannian metrics, f and JB are 1-

forms. Then F is projectively flat if the following relation holds:

2
(24

2 i (3.9)
ﬂl

G =G.L+0y -1

where b' = aijbj;b :||,B||a and by; are the coefficients of the covariant deriva-
tive of S with respectto «; r=7(X) is a scalar function and 9=6y' isa

1-form on M.
2

Theorem 3.5. Let F = ,ula+/12ﬂ+,u3ﬂ— the (a, ) -metric an
a

n-dimensional manifold M, with o is a Riemannian metric; [ Iis a 1-form.
Then F is locally projectively flat if and only if

O (B9 _Boa B db b ) «
2”3ay( j[ax aax}y { + 2, j(ax ax‘jy

(3.10)
N i[@_ajyk_a_a _
Mo oy o) T
Proof: We apply lemma 1.1, using
2
F_SE g
ox!  ox“oy'
First, we compute
oF B\op £° ) da
o (ﬂz #3aj6xk [M Hy jax (3.11)
Then, we obtain
0 ( oF p\op S ob'
CiC i) - ) )
5 5 505 (3.12)
a a
_Zﬂs(ﬁ)_(ﬂj ky xu3ﬂ_ ( jyk-
a)oy' a? oyt L oxk
From (3.11), replacing kand 7and substituting S =b, () y*, we get
oF Bb, B\ oa
Dol 2 Py | - 2 |22 3.13
o (,”2 ﬂsajax.y H ﬂ3a2 ox ( )
Finally, substituting (3.12) and (3.13) in (2.6), we obtain
o (p\op /3) ab, (ﬁ] a(ﬂjaa K
20, — + +2 - == ==
,U3ay( jaky (,uz Hs 8ky a)oy aaxky -
B2 6 aa B éb B\ oa '
{ﬂl Hs— o g — Y- ﬂz+2/13; a—xﬁyk— M—M@,? §=0-
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Thus

O (BB _Poa| B[ b b
2”3ay‘(aj[axk aaxk:|y +['u2+2ﬂ3a}(8xk ﬁxijy

L% o [80{] v Oa
+ oy~ || = — |y ——|=0
(”1 o oyl ) o
This completes the proof of necessity. The converse part follow easily.
2

Theorem 3.6. Let F = ,ula+/12ﬁ+/13ﬂ— the (a, ) -metric given by (1.1),
a

be locally projectively flat. Assume that o is locally projectively flat. Then

ysii(ﬁj(p_(g)zl H M {a_bli(_%}yk_ (3.15)
o'\ a 2\ 28 «a Jox"  ox
where P=ia—0:yk;Q=ia—ﬂkyk
2a OX 2 ox
Since « islocally projectively flat and from (2.6), we get
i(a—ﬂ gk 9% o, (3.16)
oy' \ ox ox'

From (3.10) and (3.16), we get

O (B 9B _Boa | x__ B ob b
Zﬂaayi(a][axk aaxk}y (y2+2y3a](6xk 6x‘)y (3.17)

Use definitions of Pand Qand dividing with 24 in (3.17), we get

OB\ p gyttt B _ B |
”3ay‘(a](P Q) 2[2ﬂ+aj[axk 6x‘}y'

Hence the proof.
From [13], we have the following:

Definition 3.3. We say that an (a, ,B) -metric F = aqﬁ(éj on a manifold M,
a

satisty the sign property, if the function
A (8)=¢'(=s)g(s)+4(-5)4'(s)
B

has a fix sign on a symmetric interval (—by,b,). Here, with sis denoted s==.
a
2

Let us consider the metric (1.1), F = ga+ 1,0+ 1, LN , with
a

B(S) =t + 1,8 + 41:8°

In this case, we have:
A (s)=¢'(=5)p(3)+8(=5)¢'(S) = 211ty — 211, 1155
We conclude that, for se (—JE a ) , A,(s) hasa fix sign.
Thus metric (1.1) satisfy the sign property.
4. Conclusion

In this paper, we have obtained some important results concerning the pro-
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jective change and locally projective flatness of the generalized (e, ) -metric
2

F=pa+u,p+ /13’8— (4, p, and p; #0 are constants). Further, we have
a

shown that the generalized (e, ) -metric satisfy the sign property.
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