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Abstract

We analyse the Diophantine equation of Fermat ¥’ + y¥ = 2 with p > 2 a
prime, x, y; z positive nonzero integers. We consider the hypothetical solution
(a, b, ¢ of previous equation. We use Fermat main divisors, Diophantine re-
mainders of (a, b, ¢), an asymptotic approach based on Balzano Weierstrass
Analysis Theorem as tools. We construct convergent infinite sequences and
establish asymptotic results including the following surprising one. If z- y =
1 then there exists a tight bound NN such that, for all prime exponents p > N,
we have x* + y¥ # 2.

Keywords

Fermat’s Last Theorem, Fermat-Wiles Theorem, Kimou’s Divisors,
Diophantine Quotient, Diophantine Remainders, Balzano Weierstrass
Analysis Theorem

1. Introduction and Main Results

In 1637, Fermat wrote in Latin the following statement translated into modern lan-

guage: there does not exist a non-zero natural number x,y,z and »n>2 such that,
xX"+y'=z" (1)

He claimed to hold a marvellous proof of it that the margin could not contain.
In 1670, Samuel de Fermat reissued Bachet’s arithmetica augmented with his fa-
ther’s annotations. Then, Fermat’s words were made public and popular. Subse-
quently, they proved to be a powerful stimulus in number theory research and
contributed to the development of modern mathematics. We note the following

significant facts attached to the problem posed by Fermat.
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In 1670, the proof of Fermat theorem for regular triangle established by
using descent infinity method was published. The case n=4 was an im-
mediate consequence of this theorem.

In 1770, Euler used the infinite descent method and the arithmetic of num-
bers a+bv—-3 with a, bare integers to prove the case n =3 of the prob-
lem ([1], pp. 24, 33).

In 1825, Dirichlet proposed a proof of the cases n=35. His proof will be
published in 1928 ([2], pp. 49, 55).

In 1839, Lamé proved the case n =7. He made use of a polynomial iden-
tity of degree 7 ([1], p. 220). In 1840, Lebesgue found a simpler proof ([1],
pp- 57, 62).

There have been numerous papers devoted to the proof of Fermat’s theo-
rem for special exponents, other than 7. The methods used were specific to
the exponent in question and in most instances not susceptible of generali-
zation ([1], pp. 63, 64).

Between 1840 and 1847, Lamé and Cauchy produced erroneous evidence
for a general solution to FLT ([2], p. 6).

In 1823, Sophie Germain established that the first case of FLT is true for
any prime p <100 . A corollary to Sophie Germain’s theorem asserted that
the first case of FLT for all odd exponents p such that 2p+1 is also
prime is true. In the same year, Legendre extended this result for exponent
psuchthat kp+1 were ke{4,8,10,16} isalso prime ([1], pp. 109, 112).
In 1846, Kummer introduced the theory of cyclotomic field and proved that
the first case of FLT is true for regular prime exponents. He also proved
that FLT is true for all exponent p <100 [2].

In 1909, Wieferich proved that, if FLT fails in the first case, then

27" —1=0[ p*] ([1], p. 266).

In 1977, Terjanian used the modular arithmetic, the residues theorem, and
the law of quadratic reciprocity and establish the first case of the exponent
2pwith pis an odd prime ([1], p. 203).

In 1952 Harry Vandiver used a SWAC computer to prove FLT for all ex-
ponents below 2000. Later, Wagstaff pushed this limit to 125000 ([2], p. 102).
In 1983, the Falting theorem is proved. One consequence of this result was
that Fermat’s equation has only a finite number of solutions [3].

In 1985 Adleman, Heath-Brown, and Fouvry used methods from Sieve’s
theory, and they established that the first case of FLT is true for an infinity
of prime numbers. The tools mentioned go beyond the framework of ele-
mentary arithmetic ([1], p. 363). Other authors have investigated the den-
sity of the prime exponent for which FLT is true. Their results were pub-
lished in [4] [5].

In 1994 André Wiles proposed an indirect and complex proof based on el-
liptic curves, Galois representations and modular forms. But his proof con-
tained an error. A year later, it was repaired, and FLT was finally demon-

strated in 1995. The tools mentioned go beyond the framework of elemen-
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tary arithmetic ([1], pp. 366-374, [6]).

Since that time, the hope of finding a direct or elementary proof at FLT dis-
appeared to give way to indirect and sophisticated methods. After a period of
euphoria maintained by the proof of Wiles, the idea of a direct and simple proof
is reborn but in isolation [7] [8].

It’s well known that the proof of FLT would be shortened if the abc conjecture
were proven. By application of the abc conjecture, there exists a number n,
such that if n>n, then FLT is true ([1], pp. 364-365; [9], p. 1436). But this
evidence is indirect, and today inadmissible because the abc conjecture has still
not been fully demonstrated.

In 2023 Kimou Prosper and Tanoe Frangois introduced Fermat divisors, quo-
tients and Diophantine remainders and demonstrated results attached to them.
These efficient tools have given new possibilities to indeed compute and analyse
the Fermat equation and other Diophantine type equations [10] [11] [12]. Our
tools have enabled us to find new properties of Fermat’s equation or its hypo-
thetical solution that were previously unsuspected. In this paper, we use an
original asymptotic approach and Fermat divisors, Diophantine quotients and
Diophantine remainders to prove the following main results.

Theorem 1. Let p>2 a prime and let (ap,bp,cp) a non-trivial primitive
triple of positive integers solution of Equation (1) with exponent p such that
(a ,<b,<c, ) . Consider the Diophantine Quotient and Remainders
(ql,p,qz‘p,}q)p,rz)p) of (ap,bp,cp) and a positive real M. Then

c
lim—2=1lim—% =g, +1if q,, is bound
P q P q P

P P

lim - = lim — = +o0 if ¢, , is'nt bound
po® ap pPo® ap

lim-£ =1
p—>© bp

where b, =a,q, ,+5 ,.¢,=a,q, ,+1 . 5, <d, and ¢, = [171_1)136%’,).
The 4-uple (ql,p,qzyp,rl,p,rzgp) is define as the Diophantine Quotients and
Remainders of (ap,bp,cp) .

Theorem 2. Let p>2 a prime and let (ap,bp,cp) a non-trivial primitive
triple of positive integers solution of Equation (1) with exponent p such that
(ap <b,< cp). Consider the quotient of the Euclidean division of ¢, by a,.
Then

e
lim f—p =1
po©

9, > 1= ¢
lim—£=1
pPow }/p

where e, :gcd(bp,cp —ap),fp :gcd(cp,ap +bp),bp =e,B,.c,=1,7,
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Theorem 3. Let p>2 be a prime and let (a,b,c) be a triple of non-trivial
primitive solution of Equation (1) with degree p such that a < b < ¢. Consider
c=q,a+n,b=qa+yn with r,5 <a.Then,

g =1t 2

Theorem 4. Let p>2 bea prime and let (a,b,c) be a non-trivial primitive
triple solution of Equation (1) with exponent p such that (@ <b<c). Consider
(e,f) the Main Kimou’s Divisors of (b,c). Then

bEO[p],c=b+l,f>e:>ElN>2,Vp>N,a"+b” #ct

We give definitions, lemmas, and theorems with their proofs in the following
secund section. In the third section, we give complementary results. In the sec-
tion 4, we prove the main results. We conclude and give some perspectives at the

end.

2. Preliminary

In this section, we give definitions, lemmas and theorems known in the litera-
ture and useful to establish our main results.

Theorem 2.1. (Bolzano-Weierstrass). Every bounded sequence has a con-
vergent sub-sequence.

Definition 2.1. Let (u, )n>1 and (v, )n>1 two positive real sequences. We say

that (u,) ., and (v,) ., are equivalent near infinity and we note u, ~ v, if
n= n= n—o
only if:
. u
lim—==1.
n—>%0 Vn

Lemma 2.1. Let (u,)  and (v,)
lim (u, +v,)=0 Then

n—om0

two positive real sequences such that

nxl1

(u, )nZl is bound = Els(n)’,l,mu-'( )= }iigvs(") =0

Proof.
If (u,) _, isbound then,

limu, A >0=> Els(n)andl >0, lim Uiy = I[Theorem 2.1.]

n—oo S(ﬂ)
= gﬁ(u.y(n) + V.x(n) ) =0

= limu, +limy,, =0

n—o n—o

= lim Vi) = -l

n—»0

= Absurd because Vi) > 0vn>1.

Notation 2.1.
We denote by F, the set of non-trivial hypothetical primitive solutions of

Equation (1) with degree p:
F, = {(a,b,c) eN”:a” +b" =c”,ged(a,b,c)= 1} )
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Definition 2.2. Let p>2 aprime and (a,b,c)e F,. We recall that the Ki-
mou’s Divisors (or Fermat Divisors) is the sextuple (d,e, f,a,,7) defined
that:

d =ged(a,c—b),e=ged(b,c—a),
fzgcd(c,a—i—b)and a=da,b=ef,c=fy,

where (d,e, f) is the Main Kimou’s Divisors (MKD) and (a,/f,7) the Aux-
iliary Kimou’s divisors (AKD).

Remark 2.1. The elements of the 6-uplet (d,e,f,a,f,y) were originally
called Fermat’s divisors. We now call them Kimou’s Divisors after the author
who first introduced them in 2023 [10]. This new name will distinguish them
from Fermat’s divisors, which are all the integers that divide the polynomial
x"—x.

Theorem 2.2. Let p>2 beaprimeandlet (a,b,c)e F,.Consider
(d,e, f) the Main Kimou’s Divisors of (a,b,c). Then

2a:d”—e”+f—p

da=d"—e + f7 .

abc;JSO[p]: 2b:—d”+e”+f”,(:£0[p]:> 2b=—d”+e”+f—.
2c=d” +e’ + f? 1;

2c=d” +e’ +—
p

Proof. See [10], Theorem 1.
Theorem 2.3. Let p>2 beaprimeandlet (a,b,c)eF, .Consider
(d,e, f) the Main Kimou’s Divisors of (a,b,c). Then

p p
2a:d——e”+f” 2a:d”—e—+f"

p p

d’ e’

a=0[p]|= 2b=——+e"+ " ,b=0[p]=>2b=—d" +—+ f".

p p

p P
20=d—+e”+f‘” 2e=d" +5 4 7

p p

Proof. See [10], Theorem 1.
Lemma 2.2. Let p>2 be a prime and let (a,b,c)e F,. Consider (d.e.f)

the Main Kimou’s Divisors of (a,b,c). We have:

c-b=d* c—b=d*

abcaéO[p]: c—a=eée’ ,CEO[p]:> c—a=eée’.
a+b=f" 4

4 a+b=f—

p

Proof. See [10], Theorem 1.
Lemma 2.3. Let p>2 be a prime and let (a,b,c)e F,. Consider (d,e, f)

the Main Kimou’s Divisors of (a,b,c). We have:
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P
c—bzd— c—b=d”’

p P

e
a=0[p]=>{c—a=e" ,b=0[p]=>{c—a=—.
a+b=f" p

a+b=f?

Proof. See [10], Theorem 1.
Remark 2.2. We also have,

(a,b,c)e F, = e=ged(b,c—a)

ep
e=ged| fe,— |ifb=0] p]
p

l—gcd[
= p

1= gcd(ﬁ e””")otherwise

e=gcd ( Pe,e? ) otherwise
)

= ged(B.e) =1

Lemma 2.4. Let p>2 a prime. If (a,b,c)eF, such that a<b<c then,
there exist (¢,,7;) and (g,,r,) suchthat b=agq +5 and c=agq,+r, with
n,n <a.

Proof. Immediate consequence of the Euclidean Division Theorem.

Theorem 2.5. Let p>2 a prime and let a,b and c a pairwise relativity
prime such that @ <b<c. Consider (g,,7;) and (g,,r,) the respective quo-
tient and the remainder of Euclidean divisibility of 4 and ¢ by a.Then

(a,b,c)er =q,=q,0rq,=q +1.

Proof. See [11] (p. 201).

Theorem 2.6. Let p>2 a prime and let (a,b,c)e F, such that a<b<c.
Consider (g,,1) and (g,,r,) the respective quotient and the remainder of
Euclidean divisibility of 5 and ¢ by a.Then

c-b=1=>¢q, =g,

Proof. See [11] (p. 201).

3. New Complementary Results

In this section, we establish news results necessary to prove our main results. A

little further, we use the asymptotic approach whose principle is as follow. Let

p>2 be a prime parameter. We assume that for all p>2 it is possible to

construct primitive solutions (ap,bp,cp) or (ax(n),bx(n),cs(n)) of Equation (1)

where (s(n))n21

of prime numbers and define the sequence s of primes number as follow:
s:N' P

ne—p,.

is a sub-sequence of prime numbers. We consider the set P
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If s(n) is a finite sequence, Fermat Last Theorem is asymptotically proved.

s\n

Otherwise, we consider that s(n) is an infinite sequence. Then a,»by, and
Cy(n) form three infinite sequences of positive integers. Consider the Diophantine

quotients and remainders (g,,q,,%,%) of (as(n),bs(n),cs(n)). We construct two

K I
other sequences (—lj and (—2] then we prove their convergence by using.
a n=1 a nxl

the Bolzano-Weierstrass analysis theorem.

Let note that when we study FLT with arbitrary exponent, we implicitly work
with sequences.

Lemma 3.2. Let p>2 beaprimeandlet (a,b,c)eF, such that
a<b<c. Consider the Principal Kimou’s Divisors (d,e, f) of (a,b,c) and
the Diophantine quotient and remainder (g,,7,) of b. We have:

ep
 S1ifb=0[p]
pa
P

e .
— > 1 otherwise
a

q, >1=

Proof. With the hypothesis of Lemma 2.7. We have:

q, >1=c—a=(q,—1)a+r, because c = aq, +r,

el’
s - -1 i b=0
=15 (Qz )a+r2 i [p][Lemmas 2.1,2.2]
o? =(6]z —1)a+r2 otherwise
ep

?>(q2—l)a if b=0[p]

e’ >(q,—1)a otherwise

eP
—>aif b=0
=4p aif [p]because q, 21.

e’ >a otherwise

Lemma 3.3. Let p> 2 be a prime and let (a,b,c) be a triple of positive integers
such that a< b<c Then,
d<e<fifabc$0[p]

%<e<fifa50[p]

(a,b,c)eF, = e

d<\/;<fifb50[p]'

d<e<L l'fCEO[p]

I

where (d,e, f) isthe Main Kimou’s Divisors of (a,b,c).
Proof.

a,b,c)e F, >c-b<c—a<a+b
(a,b,c)eF,

According to lemmas 2.1., 2.2. and taking account each case, we have:
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dl <e? < f? ifabciO[p]
d[’

—<el < f? ifaEO[p]
p

,b, F = »
(a C)E p dp<e—<fp ibeO[p]
p

fp
d? <e’ <— ifCEO[p]
p

d<e<fifabc$0[p]
%<e<fifa50[p]

= e

d<\/;<fifb50[p]
d<€<LifCEO|:p]

I

Lemma 3.4. Let p>2 be a prime and let (a,b,c) a triple of positive inte-

gers such that a <b <c. Then,
f<4B3peif e=0[p]
(a,b,c)er = f<1\7/%e if bEO[p]
f< {f3¢ otherwise

where (d,e, f) is the Main Kimou’s Divisors of (a,b,c).
Proof.

In the one hand,

P P 2 P
CEO[p],q2 >13%> 1,%2%[Lemma 3.2]

P P 2 P
:>e—>l,e—: ¢ > [Theorem 2.2]
a a dP eP+L
p
e’ e’ 2
:_>1’_:dp—P
a a 7_1+f7
e[’ pe.”
P p
=0< —1+f—<2
e pe’
p p
=—+ J <3
e’ pe’
P
= S <3
pe’

= f <{3pe.
In the other hand,
P P 2eP

bEO[p],q2 1= >land &=
pa pa 2pa

[Lemma 3.2, Theorem 2.2]
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P P
:>e—>1,e—:;[Theorem 2.2]
pa pa dr | r
P

dP P
=>0<p—-1+p—<2
e’r e’

d’ p
:j‘p:;7+ip:;7<<3

P
:>17:;7‘<3

:f<</ze.
P

For the other cases (abc #0[p] and a=0[p]) we proceed in the same way
and obtain

abciO[p],aEO[p]3f<f/§e.

Remark 3.1. We also have,
b=0[p].q, >1:>f<</ze:>f<e.
p
Lemma 3.5. Let p>2 aprime. We have,
b)Y ¢
(a,b,c) €F, = p(c—b)(—j <a< p(c—b)[—j
a a

Proof.Let p>2 aprime.

(a,b,c)er =a’ +b" =c’

p-1

=a’ =c? -b"

-1
=a’ = (c—b)chkb”’l’k
k=0

—~1 1
= (c —b)pz:bkbp_l'k <a’ < (c—b)chkc”'l_k

k=0 k=0
-1 -1
= (c—b)prp’l <a’ < (c—b)pzckcp’l’k
k=0 k=0

= p(c=b)b"" <a” < p(c-b)c""

- p(c—b)[éjpl <a<(c —b)(gjpl .

a

Lemma 3.6. Let p>2 aprime, (a,b,c)eF, and (g,,q,) the quotient of
(b,c) by a.Then

pg! " (c—b)<a<p(l+q, )p_] (c—D).

Proof. Let (a,b,c)eF, suchthat a#0[p], we have:

(abc) F, = p(c—b)(g)p_] ca< (c—b)[%]p_l [Lemma 3.5]

p-1 p-1
= p(c—b)(q] +ij <a< (c—b)(q2 +r_2) [Lemma 2.3.]
a a
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= p(c-b)g™ <a<(c—b)(q, +1)"" because L, 2 <1.
a a

Remark 3.2. According to Lemmas 2.1, 2.2 and 3.6. we deduce that,

d’q’" <a<d” (q2+1)p_lif azO[p]

(a,b,c)er = g )
pd?ql™ <a<pd”(q,+1)"" otherwise

Lemma 3.7. Let p>2 be a prime and let (a,b,c) be a triple of integers
such that a <b<c.Then
c-b 1
<—.
a p

(a,b,c) €eF, =

Proof. Let (a,b,c)eF, and ¢, the quotient of Euclidean division of b by
a . We have
a= O[p] =a>q’" (c—b)[lemma 3.6]
=a> p(c—b)
=a> p(c—b)
N c—b 1

<—.
a p

Lemma 3.8. Let p>2be a prime and let (a,b,c) a triple of positive inte-

gers such that a <b <c. Then,

a,b,c)e F, = c=b =0.
(a.b,c)eF,

a

Proof.

c-b

< l[Lemma 3.4]
a p

:os(c_bj <0
a o0

:(C_bj =0.
a o0

Lemma 3.9. Let p>2 be a prime and let (a,b,c) be a triple of positive in-
tegers such that a <b <c. Consider the Main Kimou’s Divisors (d,e, f ) of
(a,b,c). Then,

(a,b,c)er =0<

(972 _%)oo =0
(a,b,c)er = [rz —rlj -0
a o0
Proof.
(a,b,c)€eF, :>ﬂ=q2 -q, L 2Th

rn—r c¢—b
2 1<

=>0<g,—q +
a

3(Q2_q1+rz_rlj =0
a o0
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= (q2 -q )w =0 and (uj
a 0

n-n

=0 because <1.

a

Theorem 3.10. Let p>2 bea prime and let (a,b,c) be a triple of positive
integers such that a <b < c. Consider the quotients ¢, and ¢, ofthe
Euclidean division of »and cby a. Then,

(a,b,c)e F,=3N,p>N.q, =q,.
Proof.

(a,b,c)eFﬂ,q2 =q+1=>¢q,—q =1

= (% —q, )O0 =1
=0= I[Lemma 3.9]
= Absurd

Hence there exist a rank Nsuch that ¢, =g, forany p>N.

Lemma 3.11. Let p>2 be a prime and let (ap,bp,cp) be an infinite se-

nx

quence such that (ap,bp,cp)e F,. Consider (ql,p»%,p) and (r,, 1,,) the Dio-
phantine quotients and remainders of (ap,bp,cp). We construct

K ¥
a new sequence of rational numbers (ij , [—zj . Then, there exist two sub-
P

a a »

. 5
sequence’s [—2) and (—lj converging to the same limit /:
a a

» »

n

31>0,(r—1j =(r—2j "y
(ap,bp,cp)er: a), \a), .
(01), =(4),

p
Proof. Let (—lj be a converging subsequence extracted from the se-
a S(n),n>1

p
quence (—lj . Let’s simplify notations by adopting the following conventions:
a
p=3

. K . K . h

lim [—‘j = lim (—lj =lim—=>=]/

n—o0 n—0 n—0
aJswm asp, a,

We’'ll do the same with [”_z] .
S(n),n=1

a

In the one hand

(a,b,c) ek, :ﬂ=u[Theorem 3.10]
a a
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In the other hand,
(a,b,c)er =0<n,n<a
nn

=0<—,=<1
a a

:(ij and (’”_2] are bound.
a/p asp

p
So according to Theorem 2.1. There exist convergent subsequences (—2) )
S(n)

a
(QJ . Hence
@ Js(n)

(abc)eF:llm(—zj —hm(aj ~0

n—x

= lim( ) =lim
n—»o0 n—»o0 a

Furthermore
(a,b,c)e F, = (q,-q,), =0[Lemma 3.9.]

N (@), =(a,),if g, <+
(‘11 )Oc = (6]2 )w = +oo otherwise

=(a),=(2),-

Lemma 3.12. Let p >2 be a prime and let (ap,bp,cp) ] be an infinite se-
p=
quence such that (aﬁ,bp,cp)e F,. Consider (ql,p»%,p) and (rl,,,,rzﬁp) the
Diophantine quotients and Remainders of (ap b, ,cp) and the

Iz n
convergent subsequence | = | and || .Then
aly, a/p,

n

lim[r—zJ :lim[r—lj —I=1¢e[0,1].
n—w% a » n—w0 a o

n

Proof.

a,b,c,|=>0<n .1, <a
( ) Lp

P>

n r,

1, 2,
_p’_p<1

a, 4,

= 0< lim (”—Zj <1
n—>ow0 a pn

=0</<1.

=0<

Remark 3.3. Figure 1 shows the Flowchart of the proof of Lemma 3.11. it’s

shows that the basic assumption b =agq, +7, c¢=aq,+r, has three possible

1 c=b 1 ,, c-b 1 B
consequences: —< <—gq/' ,—=<— or L,2<I.
p(q, +1)" a p a p a’a
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b=aq +n

c=aq; +n

il 1
p(gz + P! Se-bs pqll"_1

Hn n 1
<q;—q +E——<—

il
p(qz + 1) a pq}

li ( 2B g
im(g-q+=—=)=
A 12 — q1 o

lim g, = lim q; = o0
poe

p—oo

lim g, = lim ¢;
pow p-w

Figure 1. Flowchart of Lemma 3.11.

4., Proof of the Main Results

Proof of Theorem 1
For the proof of this theorem, we will need the following Theorem.
Theorem 4.1. Let p>2 aprime and let (ap,bp,cp ) € F, such that
a,<b, <c,.Consider the Diophantine Quotient and Remainders
(%,pa‘b,p:’i,p»”z,p) of (ap,bp,cp) . Then there exist [ e [0,1] such that

. V4 . cp .
lim—=Ilim—=gq,+/if g <o
P> ap po®© ap

. p . cp .
lim — = lim — = +o0 otherwise
po® ap P> ap

7 7
. . Db . h
with /=lim =% = lim —£.
P ap p—o®© ap

Proof.
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(ap,bp,cp)er =b,=q,,a,+1 ,,c,=q,,a,+r, , where 0<n .,  <a

b n, ¢ 7
i, 2,
=2 =g +-2,L=q, +=L where 0<7, ,r <a
a P a a P a P P
Pu p “p P
e 7.
1 2
=3IN,p>N-Lt=q +-L,L=¢q , +=£
a r a Pra
P P p I3

1im(ﬁj = lim(fj =g, +lif g, <o

=
lim Eéj = lim (Ej = [+ (+0) = 400 otherwise
P a » P> a »
1im[2j = 1im(£j =q, +lif g, <o
P a » p>o a »
=

. (b . [c o
lim| —| =lim|—| =-oo otherwise
P a » P a »

Proof of Theorem 1. Let p>2 a prime and let (ap ,b,,c, ) € F, anon-trivial
primitive triple of positive integers, (qlﬂ YL p) the Diophantine Quo-
tients and Remainders of (a »sb,sc p) and a positive fix real M.

On the one hand, according to theorem 4.1.

1 1
lim -2 = lim—= i <o
pooh  pow bl q. +1 if q.
a,
a, 1 ’
lim —£ = lim — = 0 otherwise
po®© b po®© b
a,

a
we proceed as the same for the sequence (—j .
P

In the one hand, we have

2
+ 20,
g, > 1 whenn>1=S=202"0 _ —;’[LemmaZA]
aq, +r,
q, 1 ql +i1
a
¢, g, +1

- ~ —[Lemma3.12]
b, =g, ,+1

c
£~ 1if g, , is bound
b p—>0 P
N »

c q

-2~ 22 otherwise
bp p—o© qup po©

(.-

Remark 4.1. When ql is bound, we can give another proof of theorem 1.
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Proof of Theorem 2

For the proof of this theorem, we will need the following lemma.

Lemma 4.1. Let p>2 a prime and let (a bp,cp) e F, with a,<b, <c
Consider the Main Kimou’s Divisors (e, f) o
of Euclidean division of ¢ by a.Then

q2>1:>(1] =1.
e 0

Proof. According to the previous lemma hypothesis, we have

(bp,cp) and ¢, the quotient

e< f<XBeif abe #0[p],a=0[p]

q,>1= ﬁ<f<l\?/%eifb50[p]

e<ﬁ<f/§eifCEO[p]

<£<4’Eifabc#*-0[l’]’“50[p]
e

= ﬁ<£<1§/§iszo[p]
{/;<l<€/§ifczo p
e

|/\
\.\

<lwhenp ~ +o

:[ Lzl.

Now let us prove the theorem 2.

& |~

Proof of theorem. Consider (a,b,c) € F,. On the one hand, according to
Lemma 4.1., we have
q,>1= (ij =1.
e o0
On the other hand,
1= J -(£)(5).
e
=1= (

j T heoreml]

©

= X
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=1= (lj [Lemma4.1].
B,

Proof of Theorem 3

For the proof of this theorem, we will need the following lemma.

Lemma 4.2. Let p>2 be a prime, let (a,b,c)€ F, be a non-trivial primi-
tive triple for Equation (1). Consider the main Kimou’s Divisor f of ¢. We

have,

Proof.

<lif p~+4o

7 V4
:(H—‘j ~ 1
a p—>o©

Now let us prove the theorem 3.

Proof. Let p>2 be a prime, let (a,b,c) € F, be a non-trivial primitive tri-
ple for Equation (1). Consider the Diophantine quotients and remainders of
(a,b,c). We have,

1
q, :1,i<—2:>a”+b”:c”
a p

:a”+(a+r1)p :(a+rz)p

” P 2 P
:>1+{1+—‘j :(1+—2j
a a

n

S l+l~e @

o2
=2 ~e“

p—®©

=In2 ~ pr—2
p—>o a

r In2

a pPo® p

1

1 1
Remark 4.2. If b=a+1 then Li_Z and —<— . Hence
a a a p
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beatlm - 102,
a po® p

Proof of Theorem 4

For the proof of this theorem, we will need the following lemmas.

Lemma 4.3. Let p>2 be a prime, let (a,b,c)€ F, be a non-trivial primi-
tive triple for Equation (1). Consider the main Kimou’s Divisor f of c¢. We

have,

bEO[p]:>eZp.

Proof.
b= O[p] =efi= O[p][DeﬁnitionZ.Z]
=e= O[p][RemarkZ.l]
=>ezp
Lemma 4.4. Let p>2 be a prime, let (a,b,c)€ F, be a non-trivial primi-

tive triple for Equation (1). Consider the main Kimou’s Divisor f of c¢. We

have,

bEO[p],c—b=1:>e<2{/;(ql +l).

Proof.

p

(a,b,c)er,eZZf/;(ql +1):%22p(% 1y’

=c-a22"(q+1)" [Lemma2.1]
= a(q2 —1)+ r, =27 (q1 + l)p [Lemma2.3]
— a(% —1)+r2 >27 (‘]1 +l)p [TheoremZ.S]
= q,a 22" (g, +1)" because 1, <a
= p(l +q, )pi1 q, 22" (q1 + l)p [Remark3.2]
= p(l +q, )p*1 q, 22" (q, +1)p [Remark3.2]
= pg, 22" (g, +1)
2 4

P g+l

P
=—x<l1

p
= Absurd.

Hence e< 2{’/;(61] +1) .
Lemma 4.5. Let p>2 bea prime, let (a,b,c) € F, beanon-trivial primitive

triple for Equation (1). Consider the main Kimou’s Divisor f of ¢.We have,
bEO[p],f>qu2 =1.
Proof. Reciprocal of Remark 3.1.

Now let us prove the theorem 4:

Proof. Let p>2 aprime. Consider that there exist an infinity prime number
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p >2 such that the equation a” +5b” =¢? have solutions. For solutions of each
Equation (depending for p), we consider the solution with ¢ is minimal. We
obtain an infinity suite of solutions depending on the exponent p:
(apn b, .c, )nZI that we note simply: (apn b, .c, )n21 . We have:

b, =0[p,].c, —b, =1= p,<e, <2%[p, (g, +1)[Lemmas4.3,4.4]
= p,<e< 4”</p7n

=w<e <4
=400 <4
= Absurd.

Hence, AN,Vn> N,a” +b" #c™ if ¢, —b, =1 that we rewrite simply,
AN,Vp>N, a’+b" #c’ if b=0[pl.c-b=1, f>e.

Remark 4.3. The logigrams of the proofs of theorems 1, 2 and 3 are given in
Figures 1 - 4. In each case they provide a schematic summary of the proof, speci-
fying the starting data or hypotheses (rectangle), the intermediate calculations or
reasoning (parallelogram), the tests (rhombus) and the final results. In Figure 5,
a note links the last result to indicate that it is absurd, and that the opposite hy-

pothesis should be considered.

b=aq +n

Result of crossing the boundary
g in the previous rectangle and
applying the lemma 3.12:
2 =) =
LSl S

Figure 2. Flowchart of theorem 1.
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d = ged(a,c — b)

Figure 3. Flowchart of theorem 2.

in the neighbourhood of
d infinity(+o)

Figure 4. Flowchart of theorem 3.
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d =gcd(a,c—b)

e =gcd(b,c —a)

f =gcd(c,a +b)

e>f :
5l l e<2‘\/§(q1+1)

3

Absurd result obtained by passing to the
limit in the previous rectangle.

______ Therefore, there exists arank N € N,
ifc—b =1, f > ethenVp > Nwe have

aP + bP =+ cP

Figure 5. Flowchart of theorem 4.

5. Conclusions

We establish some asymptotic relationships and give an asymptotic direct proof
of the secund case of Fermat-Wiles Theorem with z=yp+1 and f>e .In
perspective we intend to prove asymptotically
*  the secund case of FLT with z=y+1 and e> f and achieved the case
z=y+1;

*  the fundamental case y=x+1;
*  the general case of FLT.

This study offers a new way to directly compute the Fermat-Wiles Theorem or

similar Diophantine equation.
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