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Abstract

This paper concerns the compactness and separability properties of the
normed Boolean algebras (N.B.A.) with respect to topology generated by a
distance equal to the square root of a measure of symmetric difference be-
tween two elements. The motivation arises from studying random elements
talking values in N.B.A. Those topological properties are important assump-
tions that enable us to avoid possible difficulties when generalising concepts
of random variable convergence, the definition of conditional law and others.
For each N.B.A,, there exists a finite measure space (E,&,u) such that the

N.B.A. is isomorphic to (5 ,[1) resulting from the factorisation of initial
o-algebra by the ideal of negligible sets. We focus on topological properties

(c‘j , [1) in general setting when u can be an infinite measure. In case when u

is infinite, we also consider properties of &£;, <& consisting of classes of

fin
measurable sets having finite measure. The compactness and separability of
the N.B.A. are characterised using the newly defined terms of approximability

and uniform approximability of the corresponding measure space. Finally,

conditions on (E,&, u) are derived for separability and compactness of I3

and &

fin*

Keywords

Compact, Locally Compact, Polish Space, Separable

1. Introduction

The motivation for studying the topological properties of normed Boolean
algebras arises from probability theory, more precisely from its subfield of
stochastic geometry. Nowadays, the mathematical theory of random sets is very

popular. The books [1] and [2] provide basic definitions, notions and theoretical
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results on closed random sets (or compact random sets) as random elements
with values in the family of closed subsets of locally compact Hausdorff second
countable topological space.

An approach to defining a random set that takes values in a more general
family of sets than closed or compact sets is presented in [3]. There, the random
set is represented as a random element taking values in a normed Boolean
algebra (N.B.A.), ie. a complete Boolean algebra endowed with a strictly positive
finite measure, see [4].) These random elements are defined using Borel subsets
of N.B.A. generated by a distance on N.B.A. equal to the square root of a
measure of symmetric difference between two elements.

If we want to study different types of convergence of these random sets taking
values in N.B.A. or generalize some other concepts related to random variables,
it is beneficial to ensure that the space of its values is a Polish space or a locally
compact, Hausdorff and second countable topological space (LCSH space). This
motivated us to study the topological properties of the N.B.A.s with respect to
topology generated by the distance equal to the square root of a measure of
symmetric difference between two elements.

Let us mention some conveniences we get when working with random
elements with a separable metric space of values. In this setting, for every two
random elements X and X; a set {X = X'} is an event. The distance between
two random elements is a random variable, which allows us to introduce
convergence in probability (see [5]). In this case, the space of simple random
elements is a dense subspace. If the space of values of the random elements is
complete and separable (Polish), then the conditional law can be defined and the
Doob-Dynkin representation holds (see [6]).

Locally compactness is also a desirable property when considering weak
convergence of distributions of random elements (see [7]).

It is worth mentioning that there are some other topologies that can be
defined on N.B.A.s that can generate Borel sets (for more details see [4, Chapter
4]). The best known is the o-topology, which in our case coincides with the
topology generated by the distance on N.B.A. mentioned above. However, in this
paper, we will only focus on the topological properties of N.B.A. when
considering the o-topology, since it was the most suitable for defining the notion
of random set in [3]. To our knowledge, these topological properties have not
yet been studied.

For each complete N.B.A. (X',m) where m is finite, there exists a finite
measure space (E,& u) such that the N.B.A. (X,m) and N.B.A. ((‘:’,[t)
resulting from the factorisation of initial o-algebra by the ideal of negligible sets
are isomorphic (see [4]). Following this result, we derive that the N.B.A. is
homeomorphic to the space of indicator functions L° (E,E , ,u) .

The measure space analysis approach allows us to apply some well-established
properties of topologies on space of measurable functions to the topology on N.B.A.

We generalise this setting allowing x and corresponding m to obtain infinite

values. In this case, the above-mentioned homeomorphism does not hold.
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As we mentioned before, if y is finite, then topological properties of N.B.A.
are equivalent to topological properties of a subset of indicators in I* space.
Following results concerning the separability of I spaces are established. If x is
o-finite and € is countably generated, then L°(E,& u) is separable for
1< p<+oo (see [8, Proposition 3.4.5.]). Since every metric subspace of
separable metric space is separable [9, Theorem VIII, p.~160] if these conditions
hold the space of indicators is separable as well.

If measure y is not finite, then (é , ,[t) is not homeomorphic to the space of
indicator functions in L (E,E , ,u) . In this case, we also consider

Ein ={[A]: (A) <o} =&, which is homeomorphic to the space of indicator
functions in L (E,E,,u). In case (E,E) =<Rd ,%(Rd )) we prove the é
corresponding space of indicators is separable if measure u is outer regular.

Although %(Rd) is countably generated, there are measures on %(Rd)

o and

which are outer regular but not o-finite.

The compactness of subsets of Lf-spaces has already been well studied, and
some conditions for the compactness of generally bounded subsets of Z7-spaces
can be found in [10] and ([11], Theorems 18, 20, 21 pp.297). Although these
conditions can be verified for our case when y is finite, we introduce conditions
that are easier to verify, more intuitive in our setting and can be applied for
verifying compactness of &£ in case when g is infinite.

It is well known that a separable space is a space that is “well approximated by
a countable subset” and a compact space is a space that is “well approximated by
a finite subset”. We construct conditions for the corresponding measure space
that follow this intuition. We call those conditions approximability and uniform
approximability. We prove that if the measure can be well approximated by its
values on a countable family or a finite family of measurable sets, then the
corresponding N.B.A. is separable or a compact metric space, respectively.

Verifying the conditions of approximability and uniform approximability, we
derive conditions and in some cases characterisation for separability and

compactness of £ and &, based on properties of corresponding measure

fin
space (E,& u).

The outline of the paper is as follows.

In the Preliminaries section, we recall basic definitions and results concerning
separability and compactness, we also mention some results from the measure
theory we use for deriving results. The final subsection is dedicated to the
terminology concerning Boolean algebras. The metric spaces (c‘j ,d #) and
(gﬁn ,d ﬂ) are introduced and their completeness is discussed.

In the Main result section, we introduce properties of approximability and
uniform approximability of measure with respect to filtration. Separability and
compactness are characterised using these terms. Further, we discuss separability
and compactness of (f:',dﬂ) and (c‘jﬁn,dﬂ) based on the properties of the
corresponding measure space (E,&, u).

The paper is concluded by the Discussion section where the obtained results
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are summarised.

2. Preliminaries

2.1. Topological Properties

Let us first recall definitions and the basic relation of topological properties we
study. The definitions and the results we present can be found in [12] and [13].

For some Ac X, let A={G;} be a class of subsets of X such that
Acu,G;. A is called a cover of 4, and an open cover if each G; is open.
Furthermore, if a finite subclass of A is also a cover of A4, ie. if Gil ,---,Gim eA
suchthat AcG, u---UG; then A contains a finite subcover.

Definition 1 A subset A of a topological space X is compact if every open
cover of A is reducible to a finite cover.

In other words, if A is compact and Ac U, G;, where the G; are open sets,
then one can select a finite number of the open sets G,,---,G; , so that
AcG U---UG .

If Xis a topological space, a neighbourhood of xe X is a subset 7 of X that
includes an open set Usuch that xeU .

Definition 2 A topological space Xis locally compact if every point in X has
a compact neighbourhood.

Definition 3 A subset S of a metric space Xis called a totally bounded subset
of X if, and only if, for each reR", there is a finite collection of balls of X of
radius rthat. covers S. A metric space Xis said to be totally bounded if, and only
if, it is a totally bounded subset of itself.

Theorem 2.1 A metric space is compact if and only if it is complete and
totally bounded.

Theorem 2.2 A subspace Y of a complete metric space is complete if and only
if'Y is closed.

Theorem 2.3 Every closed subset of a compact space is compact.

Definition 4 A topological space X is said to be separable if it contains a
countable dense subset.

Theorem 2.4 Every metric subspace of separable metric space is separable.

2.2. Measure theory

We will need the following definitions and results from measure theory.

Theorem 2.5 ([14]) Every open subset U of RY, d >1, can be written as a

a1
countable union of disjoint half-open cubes of form A,En)ld = Hsl[;ln, Ik;n_ > )

neN, i,-iyeZ.
Definition 5 Let A be a c-algebra on R’ that includes the o-algebra
%(Rd ) of Borel sets. A measure ¢ on (Rd ,.A) is regular if
(a) (locally finite) each compact subset K of RY satisfies ,u( K) <40,
(b) (outer regular) Each set Ain A satisfies
p(A)=inf{u(U):Uisopenand AcU},and
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(c) (inner regular) each open subset Uof RY satisfies

#(U)=sup{u(K):Kiscompactand K cU}.

Theorem 2.6 ([8]) Any finite measure on R s regular.

The Lebesgue measure on RY is a regular measure (see e.g. [8]). However,
not all o-finite measures on RY are regular ([15], Corollary 13.7]. Also, there
are some outer regular measures that are not o-finite. For example, defined

uiB(R)>[0.=] by ﬂ<A):{ﬂ<A>, 0% A

. It is easy to see that y is a measure
0, Oe

on (R, %(R)) that is not o-finite but is outer regular.

Definition 6 If (E,E , y) is a measure space, a set Ae& is called an atom
of uiff 0<pu(A)<oo and for every Cc A with Ce&, either 4(C)=0 or
#(C)=u(A).

A measure without any atoms is called non-atomic.

A measure space (E,&, u), or the measure g, is called purely atomic if there
is a collection C of atoms of x such that for each Ae&, u(A) is the sum of
the numbers x(C) forall CeC suchthat x(AnC)=pu(C).

Lemma 2.1 ([16]) An atom of any finite measure y on (Rd ,B(Rd )) is a
singleton {x} such that p({x})>0.

Lemma 2.2 ([17]) Any atom of a Borel measure on a second countable
Hausdorff space includes a singleton of positive measure.

In particular, a Borel measure on a second countable Hausdorff space is
nonatomic if and only if every singleton has measure zero.

A measure space (E,& u) is localizable if there is a collection A of
disjoint measurable sets of finite measure, whose union is all of X, such that for
every set Bc X, Bis measurable if and onlyif BNCe& forall Ce A, and
then u(B)=)__, #(BNC). Some examples of localisable measures are the

o-finite ones or counting measures on possibly uncountable sets.
Theorem 2.7 ([18]) Let (E,é‘ , ,u) be a localisable measure space. Then there
exist measures v and p such that y=v+p, v are purely atomic and p

non-atomic.

2.3. Boolean Algebra

In this section, we present the basics concerning Boolean algebras of sets. For
more details, see e.g. [4] or [19].

Definition 7 A Boolean algebra (B.A.) is a structure (X ,u,ﬁ,(-)c ,0,1) with
two binary operations U and M, a unary operation ( ~)° and two distinguished
elements 0 and 1 such that forall A,Band Cin X',

Au(BuUC)=(AUB)UC, ANn(BNC)=(AnB)NC,
AUB=BUA, ANB=BnNA,
AU(ANB)=A, ANn(AUB)=A,
An(BUC)=(AnB)U(ANC), Au(BNC)=(AUB)n(AUC)
AU(A) =1, An(A) =0.
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Definition 8 Let X be a B.A. The B.A. X is normed (N.B.A.) if there
exists a c-additive strictly positive finite measure u (Ze. x(A)=0 implies
A =0) defined on it. In this case, we use the notation (X', m).

On AX'xX we can define a relation < by setting AcB if AUB=B. It
is easy to verify that < is a partial order relation.

Definition 9 B.A. &X' is complete if every non-empty subset C X’ has its
infimum and supremum.

Let (E,&, ) be afinite measure space. We can define equivalence relation ~
on ExE& bysetting A~B ifand onlyif x(AAB)=0, where
AAB = (Am B° ) U(A° N B) is the symmetric difference between the sets 4 and
B(A° and B denote the complements of A and B, respectively).

Let [A]= {B eE:y(AAB):O} e&. Then &= {[A]: Aeé‘} a quotient space
of £ by ~ is a complete N.B.A. endowed with the measure # defined by
A([A])= u(A).

The inverse result also holds. Namely, for each complete N.B.A. (X, m),
there exists a measure space (E,&, u) such that the N.B.A. (X,m) is
isomorphic to (5 , [1) (see [4]). Therefore, further on we focus on investigating
properties of (E’ , ,[t) We generalise the above setting, by letting measure u be
arbitrary, possibly non-finite.

Define d, :5x6~'—>[0,oo] by

d, ([AL(B]):=(2([A]a[B])) " = (u(AnB))™"

It is easy to see that d, is a metric on g possibly taking infinite values. We
suppose the topology & is generated by d,. We are interested in the
topological properties of (5‘ ,d y) .

Remark 1 Let us mention that there are many topologies introduced in B.A.s.
The most popular among them is the order topology. It is known that the
topology of the metric space (é’ ,d ”) coincides with the ordered topology (see
(4]).

Denote L° (E,E, ,u) a Hilbert space of measurable functions that are square
integrable with respect to the measure y, where functions that agree u almost
everywhere are identified. Let

I:{]IA,AEE} :{JIA :,u(A)<oo}c LZ(E,E,,u) where
0, xgA,
]I =
A() {1, xeA,
stands for the indicator of set A or a characteristic function of set A.
If u(E)<w,wecandefine 1:£ >Z by i([A])=1,. Since

0, ([AL[B]) = (J.[1., -1, F du) ",

£ and 7 areisometric.
Suppose that 1, converges to £in L°(E,& u). Since, L*(E,& u) is
complete, f e L2 (E,E , ,u). Let us show that fis an indicator function of some

measurable set. There exists a subsequence (]l A ) such that
k
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|ikm 1 A (X) =f (X) , -a.e. (see e.g. [20, Theorem 16.25]) Also, following

f(x)= liminf 2, (%) =By, , (%) < D, a, (x)
=limsup1, (x)=f(x), u-ae,

we conclude that Z is closed. Following Theorem 2.2 we can conclude that 7
is complete metric subspace of L° (E,S , y). Therefore, we have shown that in
case u is finite ((‘j ,d #) is complete metric space. Let us show that this holds in a
general case when y is not finite.

Theorem 2.8 (5 d, ) is complete metric space.

Proof. Suppose that ([A1 ])HEN is a Cauchy sequence in & . Then for fixed,
£>0 there exists n,eN such that for nm=n, d,([A][A])<e. We
define f, =]lph _:“Ang ,

j|fn|dy:,u(A1AA1€):dﬂ([ﬁh]A[Aw])Sg, so f el?(E,&u). Also, (f,) is

a Cauchy sequence, and since L' ( E,¢, ,u) is complete, there exists f e ' such

n=n,. Since

that Iim_[E| f, - f|p du=0. Furthermore, there exists a subsequence ( fo )k
n

such that lim, f  (x)= f(x), g-a.e. It holds
f (x) = liminf (JIAW (x)-1,, ): By, (¥) =1,
< Diimap, A, (x)—]l% = Iimksup(]IAﬂk (x)—]l% )= f(x), u-ae.,
which shows that 1y, - Miimsup, a, H-a.6 orequivalently
[liminf, A, ]=[limsup, A, ]. Following
d, ([A][liminf, A, ])= ],
= [ |f,— fldu=0

the sequence ([A1 ])n is convergent, so (5 ,d ﬂ) is complete.

1, -1, +1, -1 du

>

ou=,

1 A 1 liminfy Ay, Ay Ay, Ay, liminfy Ay

Remark 2 In this case x(E)=o0, one can also consider
Eir = {[A]: Ae& u(A)<oo}. Tt is easy to see that (éﬁn,dﬂ) is isometric to

fin

Icl? (E.€, 1), so it is a complete metric subset of (c‘f,d#). However, &, is
not a B.A. since it is not e.g. closed under complements.
3. Main Result

Before we show the main result, in order to get intuition, we first start with a
motivating example.

Suppose that K =[0,1]x[0,1] (an observation window) and consider
E.&u)=(K,B(K),1 , where B(K) is Borel o-algebra on K and
B(K) 8

2|%(K) Lebesgue measure.

If we consider a ball in ((‘j, dy> = (g(T(),dl) of radius &>0 itholds:

B([A].2)={[B]eB(K):d, ([A][B]) <]

= {[B]e B(K), A(AnB) <2},
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For each ne N, we can partition Kinto 2°" smaller squares
ﬁ(m) :[(i —1)/2" ,i/2"]x[(j—1)/2" , j/2”] , i, j=1,---,2" . Intuitively, we
pixelise the unit square bya 2" x2" net.

We show that for each ¢ we can pixelise the unit square fine enough so that
the error of approximation of the set B would be less than &. Denote by
o ={1,2,,2"}x{1,2,-,2"}.

Lemma 3.1 For an arbitrary BeB(K) and an arbitrary £>0, there
exists NeN and | c |, such that

/1[ U A{:})AB] <e.
(i,j)el
This result follows directly from Lemma 3.2 which we prove later in the paper.

Note that the family {[P{In})} i, j,neNi, j< 2”} is countable dense subset
of (‘/B\(KJ),di), $O (%TJK),dZ) is separable.
Following Lemma 3.1, for arbitrary ¢ >0 the collection of balls
C. = {B([A],g) :3n e Nsuch that A= (iL,-')J |A((:}) for some | In} (3.1)
is an infinite (countable) open cover (‘g(\l(),d z)- (Since for every £>0 and

arbitrary BeB(K) there exists A in form A:(iLj%EI A((I”}) for some I cl,
such that [B]e B([A],g))

Suppose that (‘/Bm,d 4) is compact, therefore the open cover (3.1) should

have a finite subcover. It means that there exists me N such that the collection

of open balls
M ={B([A],g): Az(gﬁ(i’,“j)) for some | ¢ Im}
i,j)e
covers (%—(\iK),dl).

1
However, if we take &€ =—— and define a set

V2

T,=UT., (3.2)

e
where
(i.J)

={(xy)eK:xe[(i-1)/2" /2" |,ye[(i-1)/2", }/2" ]y <x=if2"+ /2"
it is easy to see (Left plot in Figure 1 provides a visualisation of the set 73) that

A(AAT, )=1/2, for each A such that A= U P{:}) for some Il , n<m.
(i,j)el

Therefore [T, ] is not contained in any ball in C] so C7]  cannot be a
7 fin 7 fin
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1
Figure 1. Left plot: Visualisation of set T,2 (coloured in grey) defined by
(3.2). Right plot: Visualisation of the set T, for g:% (coloured in

dark grey) defined by (3.3).

cover of (%(K),dl). So countable open cover C, of (%—(\r(),di) has no
NA

finite subcover. We can conclude that (‘%m,d i) is not compact.

In order to show that (g(\JK),d B ) is not locally compact, we will prove that
closed ball with the centre in [&] and radius & < % denoted by

B([A].£)= {[B] € %(T() :A(AAB) < 82} is not compact.

Since C, covers B(K) it also covers I§([®],$) We will show that open
cover C. cannot be reduced to a finite subcover. For that purpose, for

0<é&? s% we define a set

(3.3)
where

T ={y) eKixe[(i-1/2"+(2-2%/2) [ if2" | y e[ (i-1)/2" /2" ],
y<x—if2"+j/2"} of 2" disjoint triangles whose union has Lebesgue

measure equal to &°, so [T,]eB([@],) for each meN. The right plot in
. 1
Figure 1 provides a visualisation of the set T,” for ¢= e For each A such that

A= (iLj)J | Ax(ir‘”j)) for some | |, itholds

(3.4)
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where the last inequality follows from the fact that from 0< & S% follows
1-&°>&". So [Tn(f)]elg([Q],g) but it is not in any ball in C; . We

m
conclude Cg,

cover C, of E([@],g) has no finite subcover, E([@],g) is not compact.

cannot be a cover of E([@],g). Since the countable open

We conclude that [&] does not have a compact neighbourhood, so B(K) is
not locally compact.

In order to generalise these ideas on arbitrary measure space (E,&, u) we
introduce the following definitions.

Definition 10 Let (E,S,,u) be a measure space and F :(]:n)neN
filtration, .e. F, =& is o-algebra such that F, < F,,,.Let £ be an arbitrary
subset of & .

Measure u is approximable on &' with respect to F if for each Aef’
and each £>0 thereexists n,eN and A'eF such that

U(AAA) < ¢,

a

Measure u is uniformly approximable on &£’ with respect to F if for each
€>0 thereexists n, €N such that for every Ae&’ there exists A'e 7, so
that

u(AAA) < ¢,

For arbitrary £ c £ denoteby & = {[Al:Aec}.

Theorem 3.1 & s separable in (c‘f ,d ﬂ) if and only if there exists
F=(F),. afiltration for which |F,| is finite for each neN such that u is
approximable on E' with respect to F .

Proof. Suppose that y is approximable on &' wih respect to F . Denote by
g = {[B]:Beu, 4%} Since U, F, is countable, E'. is also countable.

Let us show that &, is densein & . For arbitrary &£>0 and arbitrary Ae&’
there exists A'eu,F, such that u(AAA)<s®, so [A]eB([A].¢), and
therefore &'c is countable dense subset of &' and &’ is separable.

If & is separable, then there exists a countable dense subset of g , denote it
by £..W canrepresent &' as {[B] ‘Be B} for some countable
B={B,:neN}c&'. Take F,=o(B,---B,). Then for each £>0 and each,
Ac&' there exists B, €B suchthat [A]eB([B,],&) sothat u(AAB,)<s&”.

Therefore, is aproximable on &' with respectto (F, )neN . O

Theorem 3.2 & is totally bounded in (c‘:' ,d #> if and only if there exist

exists a filtration F =(F,) . such that y is uniformly approximable on &'

neN
with respectto F and |F,| is finite for each neN.
Proof. Suppose that g is totally bounded. Then for each &£>0 there exists

a finite family of sets A, = {Ai(e),”-, Ai)} such that &' < uﬂlB([A‘(S)],g). For

arbitrary Be&', [B]eui":lB([A(g)],g) , so there exists A} such that

,u(A(‘C)AB) < &%, If we consider &, =% and take F, = o{ui"_l.Alj we get that

n
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s uniformly approximable on &’ with respect to (7,

). O
Conversely, if there exists (F,) where |7 | is finite for each neN and u
is uniformly approximable on &' with respect to (). For each £>0 there
exists n such that for each Be&' there exists A eF,, ,u(A1AB)<£2. So
[B]eB([A].£) and therefore g"c;uAefn B([A].£), which shows that g s
totally bounded.
Corollary 3.2.1.

(a) (f .d #) is separable if and only if there exists F =(Z,

: )neN a filtration

for which |.7-'n| is finite for each neN such that g is approximable on &
with respectto F .
(b) (é:,dﬂ) is compact if and only if there exists F =(Z,

n)neN a filtration

for which |7| is finite for each neN such that 4 is approximable on &
with respectto F .

Proof. The (a) part follows directly from Theorem 3.1. The (b) part follows
from Theorem 2.1, Theorem 2.8 and Theorem 3.2. O

Intuitively speaking, we can imagine a finite filtration (Z,

.) as a way to

pixelise £that in each step (as 1 grows) we get a finer “grid”. Following Theorem
3.1 and Theorem 3.2, (é‘ ,d y) is separable if for each measurable set we can
find a level of pixelization such that the error is smaller than arbitrary &>0
and (fj .d ﬂ) is compact if for each £>0 we can find a level of pixelisation
such that all measurable sets are well approximated on this level, i.e. the error of

pixelisation is smaller than ¢ for each measurable set.

Let us now classify measures u on (Rd,%(Rd )) based on topological

properties of corresponding (g@/Rd) d ﬂ) .
d

Further on, denote by AY . =TJ[(;-D/2"i;/2"), i, ijeZ, a
j-1

d-dimensional half-open interval in R". We prove that an arbitrary Borel set in
R? can be approximated by the finite union of disjoint half-open d-intervals in
a sense that the measure of symmetric difference between the Borel set and the
union is arbitrary small.

Lemma 3.2 If u is a outer regular measure on R° then for an arbitrary
Be %(Rd ) such that p(B)<oo and an arbitrary ¢ >0, there exists n, e N
and finite | {-n,2" +1,---,0,-,1, 2"} such that

y[_ U ﬁ(;"{?"id)ABJ<g.
(g )e!

Proof. Let us take an arbitrary Be‘B(Rd), #(B)<eo and an arbitrary
e>0.

Space R can be represented as a decreasing union of the half-open
d-intervals [—n,n)d , neN. It holds that

u(B)=u(BARY)=u(B Ay, [-nn)')

Z/J(UHEN Bm[—n,n)d): lim y(Bm[—n,n)d )

n—w
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The last equality follows from continuity of the measure y form below with

. . d
respect to the increasing sequence {B N [—n , n) } .
n

Since u(B)<oo forgiven ¢ thereexists n €N such thatforeach n>n,
d dy _ €
y(BA[—n,n) ):y(B)—,u(Bm[—n,n) )SE' (3.5)
Since u is outer regular, for B'=Bn[-n,, n1> and arbitrary &>0 there
exist an open set Osuch that Bc O and

,u(B’AO):,u(O\B’)<§.

Following Theorem 2.5, O can be represented as a countable union of almost

disjoint half-open cubes (A, ), _ - Since
#(0)=3 u(A)<,

keN

for chosen ¢ there exists N € N such that

u(A) =2 a(A) 2 (0) -2,

A £
k=:
sosince Uy A <O

,u(uﬁ':lA(AO)gg.

Set n, =max{n eN:A = Agn),d k=1, N,(il,w,id)eZd} . Note that if

m, <m, , each A((JT)JU) can be represented as finite union of disjointed
d-intervals ﬁ(EZ) i)

We take ny=max{n;,n,} and define
I:{(il,---,id)e{—n02”°,---,n02“°}d:ﬁ(i;‘f{_)”id)cA(,kzl,---,N}.

Note that U,’j:l = U(ilx"'vid el ,%(‘no) W)

iy

Therefore,

#( Y AT 1, AB) < (U ABO) + 1(0AB') + 1(BAB) <.

ienig)

Theorem 3.3 Let (E,E,u)z(Rd ,‘B(Rd ),/1) where u is an outer regular
measure. Then (gﬁn ,d ”) Is separable. U
Proof. For each, neN the family
A = {A(ln),d (i, ey ) € {—n2n +1, n2”}} UR? N\ [—n,n>d is finite (see Figure 2

for visualization). Denote by

F = {Ae B(R?): Acan be written as a union of sets from An} u{a}.

Note that since .4, forms a finite partition of R?, F =o(A,). It holds
that |7 | <o . Also note that F, %, ,,.Let F=u, 7, ,and note that F is
countable. Note that from Lemma 3.2 it follows that the u is approximable on
Esn with respect to F, ), and from Theorem 3.1 it follows that (g’ﬁn,d ﬂ) is
separable. O

fin
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Figure 2. Visualisation of sets in family {AI(") :(il,---,id)e{—nZ" +1,n2"}}

i

for n=1 (black), n=2 (blue)and n=3 (light blue).

Corollary 3.3.1 For any outer regular Borel measure jt on (Rd ‘B (Rd )) ,
(%(Rd )ﬁn d, ) Is a Polish space (i.e. complete separable metric space).

Remark 3 Since (%(TJRd) o d #) Is isometric to set of indicators in
L2 (Rd ,%(Rd 1|, we can also conclude that in case of outer regular measure u
set of indicators in (Rd ,%(Rd ), ,u) is a Polish space.

Corollary 3.3.2  For any finite Borel measure i on (Rd ‘B (Rd )) ,

(g(T/Rd), d, ) Is a Polish space (i.e. complete separable metric space).

Note that Corollary 3.3.2 could be proven using separability of set indicators
in LZ(Rd,%(R"),u).

As it has been already mentioned in Introduction, if £ is countably
generated and y is a o-finite measure then L2 (E,€ , ,u) and set of indicators in
L*(E,E,u) are separable. For a finite x4 since (gﬁn,d”)z(g’,dﬂ) and
(r‘:’ﬁn,d#) is homeomorfic to set of indicators, we can conclude c‘f,dﬂ) is
separable. We provide an alternative proof of this fact using the notion of
approximability.

Theorem 3.4 Suppose that there exists C a countable family of subsets of
E such that £=0(C) and (E,&,u) is a finite measure space. Then (f:',d#)
is separable.

Proof. Without loss of generality, we can suppose that the family C is a
family of disjointed sets that cover Eand C={C, :neN}. We define
F,=0(C,,+-,C,). For an arbitrary Ae& there exists {C, :kel} such that
C, €C and [is at most countable and A=y, C,.It holds
u(A)= (9o C) =D u(C,)<oo. If Iis finite, we can take n_=max| and

kel

for A=A=y,_C, e, itholds u(AAA)=0<g¢. If /is countable, we can

suppose | ={k,:neN}. Since y(A):Zy(Ckn)<oo, for £>0 there exists

neN
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n'eN such that ) y(Ckn)<g. If we take n_ =k, and A’:u::len S

n=n'+1

it holds p(AAA")= >’ /I(Ckn)< &. So, u is approximable on &£ with respect

n=n'+1
) and therefore (f ,d #) is separable. ]
Theorem 3.5 Suppose u=p + u, and suppose that u, is not (uniformly)

to finite (.,
approximable on &' with respect to a finite filtration, then y is not (uniformly)
approximable on E' with respect to any finite filtration.

Proof. We prove the result for uniformity approximability since the proof in a
case of approximability is similar.

Since g, is not uniformly approximable on £’ with respect to any finite
filtration, for arbitrary (F,) and &>0 there exists Be& such that
1, (AAB)> ¢ forall Aeu, F, . Butthen

neN+ n

,u(AAB):,ul(AAB)+,u2(AAB)Zg,

from which follows that u is not uniformly approximable approximable on &’
with respect to finite filtration. U

Localizable measures can be decomposed into a non-atomic part and a purely
atomic part (Theorem 2.7). Following Theorem 3.5, measure g is (uniformly)
approximable if its non-atomic and purely atomic parts are (uniformly)
approximable. In other words, (f,d #) is separable (compact) if non-atomic
and purely atomic part of u are (uniformly) approximable. Therefore, we focus
on separability and compactness properties of (f ,d #) , first in a case when u is
non-atomic and then in a case of purely atomic .

Theorem 3.6 If u is non-atomic measure and ,u(E) =0, then (g,u) is
not separable.

Proof. Suppose that (5 , ,u) is separable. Then there exists a filtration (F,),
| 7| <o on (E,& u) such that uis approximable on € with respect to
(7). We can suppose that F, =O"(A&(n),-~,AE1:)), where A" e are disjoint

and UA(H):E. Since oo:,u(E):Zn:,u(A(n)), for each n we can find i,
i1 i

1<i, <m, such that ,u(A(nn))=oo and since 7, < F,,; we can choose (i)
in a way that A(n"f) c A(n"), neN. Since u is non-atomic, we can construct
inductively a sequence of measurable sets B c A(nn) in a following way:
u#(B,)=2" and B,chAi(nr:l)\Bn . Note that B

. are disjointed. Let

B=u; ,B,.Foreach neN,and an arbitrary A'eF,,
u(B)+u(A)=1 AnAY =0,
u(ANB)=o AT A

So, u(BAA')>1 for each neN which contradicts the assumption of

#(BAN) =

approximability. U
Theorem 3.7 If measure u on (E,£) is non-atomic than (E ,d #) is not
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compact or locally compact.

Proof. Suppose that u is non-atomic, then for each Be& such that
1(B)>0, there exists Ac& such that AcB and 0< u(A)<u(B). So for
each Be& and for each reR, 0<r<pu(B) there exists a measurable set
AcB suchthat u(A)=r.

Let (.7:

n

)HEN be an arbitrary filtration on &, such that F, is finite for each

neN. In this case, we can assume that F, =0'{A(n),i € In} where A" are

disjoint, U, A" =R" and |, isa finite set of indices.

#(E)

Suppose first that u is finite. Let O<5<T and @ =—2—. Note that

#(E)
O<a< % Foreach A" we can find Borel set C!" such that

,u(Ci(”)) = a,u(A(”)) . If we define set C, =u,_, C\", calculation similar to (3.4)

iel,
yields 4(C,)=¢ wu(C,AA)>¢ for each AeF, . This shows that u is not
uniformly approximable (F,),so (S .d ﬂ) is not compact.

Let p(E)=oo. If ,u(A(”))zoo for all iel,, we can take C =& . Then

1#(C,)=0<¢ and u(CAA)=0>c¢.

(n
. s _ ") ﬂ(uiel,;pﬁ )
Otherwise, let |, = leln.y(Ai )<oo . Let 0<g<f and

&g

“ 7 A"
,u(Ci(”)): a,u(A(n)). If we define set C, =y

.Foreach A"iel! we take measurable set C!" such that

n
el C(", again we have u(C,)=¢
and u(C,AA)>¢.

Let & = {A e€:pu(A)< g} Previous discussion show that x is not uniformly
approximable on &£ —& with respect to any filtration containing finite
o-algebras. We conclude that (g ,d ﬂ) is not compact, and each closed ball
I§([®],«/§)={[B]: Be&} is not totally bounded, but it is also not compact

since E([@],\/E) is closed. So, [@] has no compact neighbourhood. We

conclude that (5 ,d #) is not locally compact. O

From Theorems 3.6 and 3.7 we see that in the case of non-atomic measure 4,
(f:’ .d #) is not separable if y is an infinite measure and also not compact when x
is an arbitrary measure.

Further on, let i be a purely atomic measure on (E,£). Suppose that atoms
of the u are singletons. If E is second countable Hausdorff and &£ is a Borel
o-algebra on E, following Lemma 2.2, every measure ¢ on (E,£) satisfies the
condition.

We define set Eg, = {X eE:0<u({x})< oo} of all atoms with a finite
measure and set E_= {X eE: y({x}) oo} of all atoms with an infinite

measure. To prove that corresponding fﬁn .d #)

is separable if and only if E

fin

is countable we need the following result.
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Lemma 3.3 Let (E,£) be a measurable space. Let (F,

n

& such that F, can be represented as O'(A(n),-~-,A(n:)) where m, €N and

n

) be a filtration on

A . A&"n) is a finite partition of E. If E, Is a uncountable subset of E, there

exists a decreasing sequence (AS:)) s dne{lem} such that Ag:) NEg, Is
infinite for each neN and () Ag:) NE;, 2D
neN
My
Proof It holds E=NE=NUJA”= [J A" It follows that
neN neN j,=1 (J'n)nél_[;;:ﬁlv"'vmn} neN
Eq=ENE, = U (N A" N Ey,. Note that partition

(Jn)pelTizgfl-my } NN

Ai(n+1).-~',A51:j) refines partition Ai(”);--,Ag;) , so if ﬂAg:);t@ then

neN

A(n+l) - A(n)
Jn C

ha =

Suppose conversely, that for each (AE:)) s Jne{l,---,m } such that

n

AE:) N E. isinfinite for each neN, ﬂ Ag:) NE

neN

fin in =< . Then

E U N AE:) N Eg, , where

(jn)neJ'neN

fin —

J’:{j :(jn)n eH:’:l{l,~~~,mn}:there exists m; € N'such that‘Ag':) NE

in <oo,k2mj}.

If we denote by J, ={(j1,~-,jM): jed'M ij},inthis case it holds

mj M
Enn S UﬂAg:)ﬁEﬁn = U ﬂAg:)ﬁEﬁn-

jed'n=1 (e im )EJ fin N=1

Since Jy, is at most countable (as a subset of all finite sequences ( j;, -+ jy )>
M

MeN, j,el,---,m ) and ﬂAE:) NEg,| <o, it follows that Eg is at most
n=1

countable, which is contradicts the assumption that E, is uncountable. (]

Theorem 3.8 Let u be a purely atomic measure on (E,E) where all the
atoms are singletons.
(a) (5, d#) is separable if and only if )’ ,u({x}) <o and E_ is finite.

xeEgip
(b) (gﬁn,dy) is separable if and only if E
Proof. Suppose E

fin is countable.

an 1S countable, so it can be written in a form
Em ={X,€E,neN}. We first prove that (gﬁn,d#) is separable. Denote by
Eqm={Be&:u(B)<o}. Weset 7, =o({x},.{%}), neN.

For Be&, itholds

u(8)=u(Bn Eﬁn):gﬂ(sm{xn}):zie,aﬂ({xi})«n , where

lg ={neN:x, €B}. For arbitrary ¢>0 and arbitrary Be&;, there exists

fin

finite I, <l such that >’ ,u({xi}):,u(BAU{xi}J<g. If we choose

ielg\I,

iel,

i With

n,=maxl,, (J{x}eZF, . We conclude that x is approximable on &

iel,
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respectto (F,), so (c‘:’ﬁn , d#> is separable.

Further on, suppose > x({X})<o and E, isfinite, ie. E, ={y,, -y}

XeEfin
n
Be& such that u(B)=oo it holds BNE, #& and u(B\ E,)<o. For
B'=B\ E, €&, we have already proven that for £>0 there exists n and
A'e F, such that u(B'AA’)<¢.If we take A"=(BNE,)UA €Z" itholds

n

for fixed meN and let ]-"“’=0'({y1},~-,{ym},{xl},~-,{xn}), neN . For

n

1(BAA") = u(B'AA") <&, so u is approximable on & with respect to (fw)
and we conclude (c‘j ,d ﬂ) is separable.
To prove the separability of (fjﬁn ,d H) implies E

fn i countable, we suppose

conversely that (gﬁn,dﬂ) is separable and E;, is uncountable. Since
(fjﬁn,d H) is separable, there exists filtration (F,) such that F, is finite and u

n n

is approximable on & with respect to (7). Each 7, can be represented as

O'(Ai(n),“-, A(n:)) where m, €N and Ai(n),---, AS:;) is a finite partition of E.

Since E;, c E isuncountable, following Lemma 3.3 there exists

neN

(in)el] . {L---m,} such that Eg m( N AE:)j is uncountable. In other

words, there exists a decreasing sequence (Ag”)) such that EﬁnmAE") is
n n n

infinite for each neN and the intersection ~_. A" AE

nen A, fin 1S non-empty.

We take XemneNAE:)mE set B={x} and take & such that

fin >

0<ez<pu({x}). Forarbitrary neN,if AeF, such AE:) c A then

1(BAA)> ,u(AE:) N B) > ,u({y}) =00, since the sum is the uncountable
Y€Efin “A(jz

sum of non-negative numbers. If AE:) NA=D then u(BAA)> y({x}) =¢.So,

foreach neN andeach AeF itholds

n

y(BAA) >e.

This is a contradiction to the fact that u is approximable on &
to (7,

n

in With respect

) and therefore (gﬁn,d #) is not separable.

Let us now prove that if (5 ,d #) is separable then E is countable and

fin

E, is finite. We suppose, conversely, (g,d#) is separable and E, is

fin

uncountable or E_ infinite. If E, is uncountable then (r‘:’ﬁn,d #) is not

fin
separable. Since (gﬁn,d #) is a subspace of (é .d #) , using Theorem [9,
Theorem VIII, p.~160] we can conclude (5 .d #) is not separable.

If E, is infinite, its partitive set is also infinite. So, for an arbitrary filtration
(%) € with |F|<o we can find BCE, such that B¢ Z , neN. It
holds 1(BAA)=w for all A'e %, neN. So, u is not approximable on &

with respect to any (F,) where |7;|<o and therefore (g,d”) is not

separable. U
Theorem 3.9 Let u be purely atomic measure on (E,£) where all the

atoms are singletons.
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(a) (g, d#) is compact if and only if Z ,u({x}) is finite and E_ is finite.

xeEin

(b) (éﬁn,dﬂ) is compact if and only if ) ,u({X}) is finite.

xeEgip

Proof. First, let us prove that Y ,u({x})<oo implies that (r‘:’ﬁn,d#) is

XeEip

in 1S countable (see e.g. ([21]

compact. Since Y /l({X}) implies that E

xeE g,

Theorem 3.12.6., p. 131)). We can assume that E; ={x,,neN}. We denote
Ean={Be&: u(B)<oo}.Itholds

gy({xn})<oo.

So, for every £>0 thereexists n, N suchthat Y u({x,})<&.Define
Fy=0({%},.{X,})- Let us show that u is uniformly approximable on &,
with respect to F, . If we take arbitrary Be &, and set

A= Bﬁ{xl,---,xng}e]:ng it holds that

y(AAB)Sngy({xn})<5,

so following Theorem 3.2, & = {[ B]:Be Sﬁn} is compact.

fin

Suppose E, ={y;,:-,Y,}, for fixed meN. To prove (g,dﬂ) is compact,
we set B =c({V}, o {Yn) {X} - {%]}), MeN. For Be€ such that
u#(B)=oo it holds BNE, #@ and x(B\ E,)<o. We have shown that
&>0 there exists nsuch that for every B'e &, thereexists A'eF, such that
u(B'AA)<e. If wetake A"=(BNE,)UA eF” itholds
1(BAA") = u(B'AA") < &, so u is uniformly approximable on £ with respect

n

to (}"”) and we conclude (c‘:',d#) is compact.
Let us prove that if (fjﬁn,d#) is compact then Z ,u({x})<oo. Suppose

xeEfin

conversely, that (f:'ﬁn,dﬂ) is compact and )| y({x})=oo. If E

xeEfip

fin 18

uncountable, then following Theorem 3.8 (c‘fﬁn .d #) is not separable, so it cannot

be compact. Suppose now that (c‘:’ﬁn,dﬂ) is compact and Eg, ={x,,neN} is

fin
countable and  )_ ,u({x}) = Zy({xn }) =o0. Since (fjﬁn : dﬂ) is compact there
xeEfip neN

exists a filtration (F,) such that 7 is finite for each neN and y is

fin

uniformly approximable on &, = {B e€:u(B)< oo} with respect to (7).

For each, F

n

it holds that Z, =O'(A1(n),"',A(“:)) where m eN and
A", A&:) is a finite partition of E. We take an arbitrary ¢>0. For each n

fin fin

there exists A" such that Ag:)mE

. is infinite, AE:) NEg ={x,:neN}

and Y u({X})=cc. Wean find meN such that iy({x,’,})zg. If we take
n-1

neN
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A={X, Xy} < Ag:) NEg,, then it is easy to see that x(AAA')>¢ for each
A'eF, sinceif A'mAE:) =@ u(AAA)> p(A)=e andif Ag:) c A,

y(AAA')Z,u(AE:)\A): i,u({xr"}):ooz.g. So, (gﬁn,d#> cannot be
n=m+1

uniformly approximable on &, with respect to (%) and (5ﬁn,d ﬂ) is not

fin n

compact.

Let us now prove that if (g,d#) is compact then Y u({x})<» and E,
x€Efin

is finite. We suppose, conversely, (f:‘ ,d ﬂ) is compact and z y({x}) = or

xeEgip

E, isinfinite. If ) u({x})=c then ((‘fﬁn : dy) is not compact. Since

X<E in
(r‘:’ﬁn,dﬂ) is a closed subspace of (c‘f,dﬂ), using Theorem [9, Theorem VIII,
p-~160] we can conclude (g, dﬂ) is not compact.

If E_ isinfinite, (5‘ .d ﬂ) is not separable, so it cannot be compact. ]

We conclude the main part of the paper with a few examples.

Example 1 Let 4 be a counting measure on (N,ZN ), ie. p(A)=|A where
|A| stands for the cardinal number of A if A is finite and c otherwise. Since

E;, iscountable, (c‘jﬁn ,d ﬂ) is separable, but it is not compact since

> y({x}):oo. Also (f,dﬂ) is not separable. For arbitrary finite B and

x€Ein

arbitrary 0<e<1, B([B],g) = I§([B],8) = {[B]} . So, the closed ball with a
radius of less than 1 around each element (gﬁn,d ”) and (5 ,d #) is compact
since it is finite. Therefore, they are both locally compact.

Example 2 Let u be a counting measure on (Rd,ZRd ), u(A)=|A where
|A| stands for the cardinal number of A4 if A is finite and o otherwise. Since
E;, is uncountable, the corresponding (g’ﬁn,d H) is not separable and not
compact. However, (f:',d ﬂ) and (f:’ﬁn,d ﬂ) are locally compact. Similarly to
the previous example, for arbitrary finite Band arbitrary 0<e& <1,

B([B],g) = E([B],g) = {[B]} . So, the closed ball with a radius less than 1 around
each element of (é’ ,d ”) is compact since it is finite.

Example 3 Let p be a counting measure and A a Lebesgue measure on
(RY,B(R")). Let v(A)=u(ANB(01)+A(A), AcB(R"), where B(0,1)
stands for a unit ball with centre at the origin. It is easy to see (c‘:'ﬁn,d . ) and

is uncountable) and

(5 ,d #) are not separable not compact (since for v, Eg,

not locally compact.

4. Discussion

Using newly defined terms of approximability and uniformly approximability,
the conditions for separability and compactness of (é ,d ﬂ) and (gﬁn,d ﬂ) can
be summarised in Table 1. Table 2 provides the topological properties of
(g,d #) and (gﬁn,d ﬂ) based on finiteness and atomicity properties of the

corresponding measure space (E,&, u).
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Table 1. Condition on (E,&,u) for separability and compactness of (E', d#) and (gﬁn d, )

(£.d,) (€m )

o for &, = %(T/Rd)ﬁn , if 1 is outer regular (Theorem 3.3),
for &£ countably generated if and only if #is finite ¢ for 4/ purely atomic measure where all the atoms are
(Theorem 3.4 and Theorem 3.7). singletons, if and only if the set of atoms with finite

measure E

Separable

i 1s countable (Theorem 3.8).
if and only if yis purely atomic with all atoms singletons
and Z y({x}) <o andand E_ is finite (Theorem

xeEfp

for uis purely atomic measure where all atoms are single-
tons if and only if )" y({x}) <o (Theorem 3.9).

xeEfjn

Compact

3.7 and Theorem 3.8 (a)).

Table 2. Separability and compactness of (f:‘ .d #) and (c‘:‘ﬁn ,d ﬂ) depending on whether x is finite or infinite, purely atomic or

non-atomic.

M non-atomic M purely atomic

(5‘,,[1) = (g’ﬁn ,[1) is:

(Theorem 3.7) (6.2)=(Cu.7) i

. . t t /),

u finite flo compac . eo.rem e separable and compact (Theorem 3.8 and Theorem
e is separable if £ is countably generated

(Theorem 3.4). 3.9).
(5,[1) is:
e separable and compact if and only if " u({x}) is
(glﬁ) o XeE i

finite and E_, is finite ((Theorem 3.8 (a) and

e not separable (Theorem 3.6),
Theorem 3.9 (a)).

e not compact (Theorem 3.7).

M infinite (éfm’ﬁ) s (Sﬁn,[z) is:
e is separable if s outer regular and e separable if and only if E,, is countable (Theorem
(E.€)=(R*,B(R")). 3.8 (b)),
e compact if and only if Y x({x}) is finite (Theo-
XeEfin
rem 3.9 (b)).

Future research will involve using the results from this paper to generalise the
notions of different types of convergence of random sets as random elements

taking values in N.B.A. and exploring their properties.
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