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Abstract

In this paper, the Laplace Transform is used to find explicit solutions of a
family of second order Differential Equations with non-constant coefficients.
For some of these equations, it is possible to find the solutions using standard
techniques of solving Ordinary Differential Equations. For others, it seems to
be very difficult indeed impossible to find explicit solutions using traditional
methods. The Laplace transform could be an alternative way. An application
on solving a Riccati Equation is given. Recall that the Riccati Equation is a
non-linear differential equation that arises in many topics of Quantum Me-
chanics and Physics.
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1. Introduction

The concept of Laplace Transform has been intensively used in diverse areas of
Science and Engineering, for instance in electric circuit analysis, in communica-
tion engineering [1] [2] [3] [4].

It is also a powerful mathematical tool to solve non-homogeneous constant
coefficients linear differential equations, especially when the forcing represents a
discontinuous function as the Heaviside function or Dirac function [5] [6].

Like many operators, the Laplace Transform has the ability to change any or-
dinary linear differential equations with constant coefficients into algebraic
equations.

It has been already used to find the explicit solutions of some non-constant

coefficients linear differential equations. In [7], the authors used a new version
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of the Laplace Transform called the Sumudu Transform to find the explicit solu-
tion of the following non-constant coefficients differential equations along with

their initial conditions:
y"+3ty’-6y=2, y(0)=0, y'(0)=0 solution y =t
ty"—ty'+y=2, y(0)=2, y'(0)=—4 solution y=2-4t

A similar work was performed in [8] and [9], where the authors used a differ-
ent version of the Laplace Transform, this time called the Elkazi Transform, to

find the explicit solutions of the initial value problems:

y"+ty'-y=0, y(0)=0, y'(0)=1, t>0 solution y=t
ty"+(1-2t)y'-2y =0, y(0)=1, y'(0)=2 solution y=e*
t?y"+4ty’+2y =12t>, y(0)=0, y'(0)=0 solution y=t?

It would be very difficult, indeed impossible, to find explicit solutions to some
of these types of initial value problems using standard methods. In this paper,
the Laplace Transform is used to solve analytically a family of non-constant coeffi-
cients second order linear differential equations. In general, non-constant coeffi-
cients differential equations are still very difficult to be solved analytically. All
the initial value problems listed above are particular cases of the family of
non-constant linear differential equations found in this paper.

The paper is divided into five sections.

In Section 2, the concepts, properties and the existence of the Laplace trans-
form are introduced.

In Section 3, conditions under which a family of non-constant coefficients or-
dinary differential equations can be solved quantitatively by using the Laplace
Transform will be discussed. Specific examples of non-constant coefficients dif-
ferential equations that satisfy those conditions will be given.

Section 4 gives an application to the Riccati Equation.

Section 5 is dedicated to the conclusion.

2. Definition, Existence and Properties of Laplace Transform

Definition 1. The Laplace Transform of a function f denoted L(f) isgiven by
the improper integral

L(f)=["f(t)e"dt=F(s).

for all numbers s for which this improper integral converges.

The existence of the Laplace Transform of a given function has been discussed
in [1] [2].

The following theorem gives a large class of functions for which the Laplace
Transform exists, that is the improper integral converges.

Theorem 1. Iffis continuous on (0,%) and |f (t)| <Me" then the Laplace
Transform of £ F (S) = L( f ) = _[:f (t)efstdx exists for S>a.

Definition 2. The functions that fit the requirement of the hypothesis of the
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above theorem are said to be of exponential order a.
Next are examples of functions of exponential order.
Example 1. f(t)=e", f(t)=e"sin(at), f(t)=e"cos(awt).
Remark 1. The function f(t)= e is not of exponential order since
: e
lim, Vet - o forallM, aecR".
Remark 2. As a practical matter, most of the functions encountered in the ap-
plications are of exponential order.
Theorem 2. If f is of exponential order then " is of exponential order
for all n.
Proof. We just have to show that if f is of exponential order then f' is of
exponential order.

Suppose that f’ is of exponential order. Then we have

|f’(t)|: ”mw =lim fteh)-f(H)
-0 h h—0
a(t+h) . at ah
<limMeTT - MeT et i ©
h—0 h h—0 h

Thus | f '(t)| <aMe®. By Induction, we can prove that ‘ £ (t)‘ <a"Me*,
which shows that f" is of exponential order. O
Next are some important properties of the Laplace Transform:

Property 1. The Laplace Transform is linear. That Is,
L(f+9)=L(f)+L(9) and L(af)=aLl(f)

Property 2. Iffis of exponential order then lim,_,, F(s)=0

Proof F(s)= J.:efSt f(t)dt. Since f is of exponential order that is | f (t)| <Me*

therefore |F(S)| Si, $>a. This shows that lim_ F(s)=0. a

Property 3. If a continuous function f on [0,00] has Laplace Transform
F(s) then f isthe only function whose Laplace Transform is F(s).
. © st © st
Proof We need to show that if JO e f(t)dt =j0 e*'g(t)dt then f(t)=g(t),
s>a, a>0.

[Tef(t)dt="e"g(t)dt then ["e™(f(t)-g(t))dt=0.

1
Let’s make the change x=e™, dt=-=dx,
X

[Je= (F(t)-g(t))dt=[ x(f(~Inx)-g(~Inx))dx
s>a, s—a-1>0.
I: X (f(=Inx)—g(=Inx))x**"dx = j: XM (=Inx)x**dx = 0,
where

M ()= T (1)-g(1)

Define
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F(x)=x"M (=Inx) if xe(0,1]
and
F(0)=
So
lim F(x) = lim x**M (-Inx) :!Lr{le‘(a+1)tM (t)=0.

x—0" x—0"

Since M s of exponent order.

So Iimx_)0+ F(X): F(O) then F is continuous on [0,1]. According to the
Weierstrass Approximation theorem, any continuous function can be approxi-
mated as closely as desired by a polynomial function. That is there exists a se-
quence of polynomials P,(x)=ag+a'x+a;x’ +ajx’+---+apx" such that
lim,_,. P, (x)=F(x).

f:F(x)Pn(x)dx=z::0a[j:F(x)xk -0
then

lim [ F (x)P, (x)dx = [} F (x)lim B, (x)dx = [ F (x)? dx =0
=F(x)=0
We conclude that
x**(f(=Inx)-g(~Inx))=0= f (-Inx)-g(-Inx)=0

therefore f (t)=g(t). O
This property means that if £is continuous on [0,0) and if £(f)=
then f=M(F).
Mis called the inverse of £ and M =L".
L' is also linear.

3. Explicit Solutions for a Family of Non-Constant
Coefficients Linear Second Order Differential Equations

The goal in this section is to solve analytically non-constant coefficients linear

second order differential equations:
G (1) y"+0 (1) y'+ 0o (1) y =9(t),

using the Laplace Transform where q,(t), q,(t) and q,(t) are functions of
t. Specifically, conditions on 0,, ¢, and ¢, will be stated so that the second
order differential equations will have explicit solutions, that is expressed in term
of elementary functions.

Proposition 1. If q(t),y(t)e C*(a,b) then

£(a(®)y)==£(a'(t)y)+sL(a(t)y)-a(0)y(0) M

£(a(t)y")=£(a"(t)y)-2sL(a" t)y)+sﬁ(q(t))

)
~4(0)y'(0)+4'(0)y(0)~sa(0)¥(0)
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Proof. L(q I q(t)y'edt=1lim,,, j; q(t)y'edt.
Using 1ntegrat10n by part and the fact that yis of exponential order, we obtain

L(a(t)y')=-L(a'(t)y)+sc(a(t)y)-a(0)y(0).

We can use (1), the fact that Yy’ is of exponential order and Theorem 2 to
find (2).

First, we have the following

£(a(t)y")=-L(a'(t)y’)+sL(a(t)y’)-a(0)y'(0)
Using (1) on L(q (t)y’) and on L( ') we obtain (2). That is

L(a(t)y")=L(a"(t)y)-2sL(a'(t)y)+s°L(a(t)y)
-¥'(0)a(0)+y(0)a'(0)-sa(0) y(0)

Theorem 3. Let (E): q,(t)y"+0q,(t)y' +0,(t)y=9(t) be a non-constant
coefficients non-homogeneous linear differential equation with q,(t), q,(t),

q,(t) and g(t)eC?(a,b).
Under the following conditions:

qO(t):(Clt"‘Cz)qz (t)+(C3t+C4)q£( )+q2(t)+C5’ 3)
a (t) =(cst+c,)a, (t)+ca; () +c, (4)
c.=0,c,=0,c,=2,¢,#00rc, #0 (5)

and q,(t) Is neither a constant nor a linear function, where ¢,,C,,Cy,C,,Cq,Cq

and ¢, are constant real numbers, the Laplace transform of q,(t)y is given
by
f
L(a,(t)y) :eh(s)j(—e‘“(s))—(s) ds +ce"®) (6)

C,S+C
where
f(s)=L(9(t))+(0)y'(0)-a;(0)y(0)+sa,(0) y(0)+, (0)y(0) ~ (7)
_(SPHC,S5+C, —Cy
h(s)_j—c3s+cl ds
and c is a constant.

Therefore the explicit solution of (E) is given by

_ 1 (e _f () h(s)j
y(t)=——=L"|¢e —-e —ds+ce
() q, (t) [ j( )C3S+C1

Proof. The first step is to take the Laplace Transform of both sides of (E).

Using the linearity of the Laplace Transform, we get:
L£(a, (t)y")+L(a (1)) + L(%®)y)=L(g(1))
Now using proposition 1, we have
L(a;(t)y)-2sL(a; (1)y)+5°L(a (1))~ £( (1) y) +5L (. (1) y)
+£(a0(t)y) -, (0)y'(0)+a;(0) y(0) - sa, (0) y(0) -, (0) y(0) (8)
=£(9(1)
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Using (3), (4) and (5) in (8), and after simplification, we obtain the following
equation:
(css+¢;)L(ta, (t) y)+(sz +C5+G, _Cs)ﬁ(% (t)y)

9
~y'(0)q,(0)+y(0)a; (0) = £(g(t))

Since E(tqz (t) y) = —%L‘,(qz (t) y) therefore (9) implies the following first

order differential equation:

d
—(c3s+cl)££,(q2 (t)y)+(s* +cis+¢, —¢;) £(a, () y) = f(s)
where
f(s)=£(9())+y'(0)a, (0)-¥(0)g; (0) +5a, (0) y(0)+3,(0) y(0)
Using the integrating factor method, we can find E(q2 (1) y) and therefore
the solution of (E) under the conditions stated in the theorem.
Let’s turn now our attention to simple examples for which the conditions of
the theorem 3 are satisfied.
Example 2. We suppose the ¢, =0, ¢ =0, ¢;=1, ¢,=-2, y(0)=0,
y'(0)=0 and g(t)=-1+2t so
Ao (t) =20, (t) +(t=2) g3 (t) + 05 (1)
] (t) =(t-2)q, (t)+29;(t).
We deal with the family of non-constant coefficients linear ordinary differen-
tial equations:
6 (1) "+ ((t-2) 0, (1) + 205 (1)) y'
+(-20, (t)+(t-2) g, (t)+a; (t)) y =—1+2t

We can see that the explicit solution of this equation is given by:

tZ
y(t)= .
( ) 20, (t)
Using (6) we obtain:
s2
c
£(a, ()y)=—F%—[(-s+2)e ? ds+—
3 —5t2s 3 528
s’e 2 s’e 2
S2
1 ez ”
where c is given by the initial conditions. Therefore L(q2 (t) y) == +C—
S S
So using the linearity of L*
1 1 %—25
y= El(—3j+cﬁl € -
0, (1) s s
ct (3_3):_ but L 3 seems to be very complicated to be found,
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however we can use the following argument to find c. We know that

2
s
—=2s

2
|immsi3=o , o limg € 7 =0 and according to property 2,
(@) .
lim,,, £(0,(t)y)=0 therefore c=0 and y(t)=——.
’ 0260

Example 3. Choosing ¢, =1, ¢,=-2, ¢;=1, ¢, =2, y(0)=0,
y'(0)=0 and then
0o (t)=(t—2)a, (t)+(t+2)a'(t)+a; (t)-
0 (t)=(t+2)q,(t)+2qg;(t).

and we get the following equation:

G, (1) "+ ((t+2)q (1) + 205 (1))’

+((t=2)q, (1) +(t+2)ay (t)+ a5 (1)) y =te™
Using the same procedure as in example 2, The explicit solution can be written
as.

t'e™
0 5,0

Theorem 4. Under the conditions (3), (4), ¢;=0, ¢, =0, ¢s=2, ¢, =0,
¢; =0 and q,(t) is not linear function, the Laplace Transform of q,(t)y Iis
given by.

L(a,(t)y) 16

)
5°+¢,5+C,

where f(s) isgiven by (7) therefore

a, ( s +¢,5+C,

and under the conditions (3), (4), ¢, =0, ¢;=0, q,(t)=Ccyt+cy

L(y)=e®f(-") ) gosper
CyS” +C,CoS+C,Cq

where

CioS” +(—2C5 +C,Cyo +CCo +C; ) S+, Cig +Cs d
s

v(s) =J'

and where f(s) is given by (7).

C4S% +C,CyS +C,C,

Therefore the solution to (E) is given by

f(s
y(t)= cl[ev(s>j(—e‘v(s)) . (s) ds+ kev“)] (11)
CyS” +C,CyS +C,C,
Proof. The proof is straightforward and is done the same way as in theorem 3.
O
We can also notice that while the conditions (3), (4), ¢, =0, ¢, =0,

DOI: 10.4236/am.2020.117043 645 Applied Mathematics


https://doi.org/10.4236/am.2020.117043

M. Ndiaye

a, (t) =Cyt+C,, lead to a first order differential equation, the conditions (3), (4),
¢;=0, ¢;=0, ¢,=2, ¢ =0, and q,(t) is not linear function simply lead
to an algebraic equation.

Example 4. Under the conditions (3), (4), ¢;=0, ¢,=0, ¢, =2, ¢ =0,
¢;=0, ¢,=-3, ¢, =2 and q,(t) is not a linear function, we get the fol-

lowing non-constant linear differential equation:
Gy (1) y"+ (. (1) +20; (1)) y' + (.0, (1) + .0 (1) + a3 (1)) y =9 (1) (12)

Letting g(t)=2. Using(10), we find

1 21 1 1 1 1
= LH -2 — - =
y [ 3s+2(s—1)+6(s+3)J

then

1 ( 2 1, 1 3t)
y=—-r—| —+=e"+=¢
utL 3 2 6

Notice that this solution could be easily found by changing Equation (12) into

this following linear equation:

d? d
5 (@ (OY)+ea (a0 () )+ (e (1)) =9 (1)
So using a traditional method, we can find exactly the same result.

Now focusing on the example listed in the introduction, we can show that
they all can be obtained using the conditions described in the theorem 4 or the-
orem 5 given later.

Example 5. Under the conditions (3), (4), ¢,=0, ¢, =0, ¢;=2, ¢ =0,
¢, =0, ¢,=0, ¢,=0, g(t):12t2, y(0)=0, y'(0)=0, we obtained one of
the initial problem listed in the introduction:

t?y"+4ty'+2y =12t*, y(0)=0, y'(0)=0

Using (10), we obtain the same solution y =t*.

Example 6. Under the condition (3), (4), ¢, =0, ¢;=0, q,(t)=cst+cy
and the additional ones. ¢, =0, ¢,=-1, ¢;=1, ¢,=0, ¢,=2, ¢;+¢, =0,
g(t)=2, y(0)=2, y'(0)=-4, we get one of the equation listed in the intro-
duction: ty"—-ty'+y=2.

We obtain y=2-4t by using(11).

Same thing for the initial value problem listed in the introduction:
ty"+(1-2t)y'-2y =0, y(0)=1 y'(0)=2, (13)
we use the same above conditions (3), (4), ¢, =0, ¢, =0, q,(t)=ct+c, and
the additional conditions. ¢,=0, ¢,=-2, ¢=1, ¢,=0, ¢,=0,
c+¢c, =1, g (t) =0, Using (11), we find y(t) =¥,
Theorem 5. Under the conditions (3), (9, ¢, #0 or ¢;#0 and q,(t) isa
constant function, that is o, (t)=c, #0 then

_ f(s)
_ W) [ _a—w(s) w(s)
L(y)=e I( e )c3cgs+clcg ds + ke
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where f(s) isgiven by (7).

J.css2 +(C,Cy +C;)S—CyCy +C,Cq +Cs d
= s

w(s)=

C,C3S +CCg
and k a constant.
Therefore
f(s
y(t)= E{ew(s) [ (—e-W“))—( ) g+ keW(S)J (14)
C,CgS +C,Cy

Now under (3), (4), ¢,=0, ¢;=0 and q, (t) is a constant function, that is
0, (t)=c; =0 then

E(y)— f(s)

- 2
CsS” +(C4C4 +C; ) S+C,Cq +Cq

therefore

y — L_l f (S) (15)
CoS” +(C,Cg +C; ) S+CyCq +Cq

Proof. The proof is straightforward and is done the same way as in theorem 3.

Example 7. Under the conditions (3), (4), ¢, #0 or ¢;#0 and q,(t) isa
constant function, that is q,(t)=c,#0 and additional conditions ¢, =0,
¢, =3, ¢,+¢,=—6, ¢, +C, =6, g(t)=2, y(O):O, y’(O):O we get one
of the initial value problems listed in the introduction:

yrr+3ty’_6y =2, y(O) =0, y’(o) =0

Using (14), we have the solution: y =1t*.

Example 8. Under the conditions (3), (4, ¢, #0 or ¢;#0 and q,(t) isa
constant function, that is q,(t)=c, #0 and additional conditions ¢, =0,
c;=1, ¢,+¢=-1, ¢,=0, ¢, =0, g(t)=0, y(0)=0, y'(0)=1 we ob-

tain one of the initial value problems listed in the introduction:
yrr+ty’_ y= O’ y(o) = O, y’(o) =1

Using (14), we get the solution: Yy =t.

4. Application to the Riccati Equation

The Riccati Equation named after the mathematician Jacopo Francesco Riccati
[10] is the simplest non-linear differential equation. It can be written as:

d

d_i’: A(t)y? +B(t)y+C(t)

where A(t),B(t) and C(t) are functions of the independent variable # The
Riccati Equation naturally arises in many fields. Many equations in Physics,
Cosmology and Quantum mechanics involve or can be changed into a Riccati
Equation [11]. It is well known that there is no general way to solve the Riccati
equation. When a particular solution Y, is found for the Riccati equation, we

can use the change U=y-Y, to find the general solution of the Riccati Equa-
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tion. This change of variable turns the Riccati into a Bernouilli Equation with u

the unknown variable:

du 2
—+(=2A(t)y, —B(t))u=A(t)u
Y (oA -BO)u=AW)

There are several ways to find a particular solution of a Riccati equation uti-
lizing relations between the coefficients A(t), B(t) and C(t). In general, a
change of variable is performed that turned the Riccati equation to a separable
equation. There are several methods that can be found in [12].

It is also well-known that the Riccati Equation can be reduced to the
non-constant coefficients homogeneous second order differential equation:

d’u dA ) du
A(t)—+| -A(t)B(t)—— |—+A(t)C(t)u=0
05+ -A0B0) -5 | Aw)e()

A(ut)u ’

by using the substitution: Yy =-

The purpose of this application is to show an example as to how to solve the
Riccati Equation using the Laplace Transform.

Example: Solving the Riccati Equation:

dy ., [ 2 j 2
— =ty +| ——+2|y——
at i)
. 2 2 . -

In this case: A(t)=t, B(t)= —?+ 2, C(t)= el Using the substitution
v
A(t)u
mogeneous second order differential equation:

d?u du
t— +(1-2t)——2u=0
dt? ( )dt

where A(t)zt, we obtain the non-constant coefficients nonho-

y:

which correspond to Equation (13). A solution of this equation is given by
u 2
u(t)=e* therefore a solution of the Riccati equation is given by: y, = TS
u
2
Using the substitution: W= y+?, we find the general solution of the Riccati

equation:
1 2
t)=—t%” | —-dt+ct’e” - =
y(t)=-te" [ = t
where cis a constant.

5. Conclusion

In this paper, explicit solutions of non-constant coefficients ordinary differential
equations are given by using the Laplace Transform. In fact, the main challenge
at this point is to compute the inverse of the Laplace Transform of a given func-
tion. For most functions, the inverse of the Laplace transform is not listed in the

table of Laplace Transform and it seems to be very difficult to evaluate. I was
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very fortunate to find cases in which the inverse of the Laplace Transform can be

found easily and therefore, an explicit solution follows. Now for further research,

we can try to figure out what change of variable would turn the Riccati Equation

into a non-homogeneous non-constant coefficients second order differential

equation. This would lead to more applications in solving the Riccati equation

using the results from Section 2.
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