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Abstract

The undirected power graph P(Zn) of a finite group Z, is the graph with
vertex set G'and two distinct vertices uzand vare adjacent if and only if U #V
and (u) c (v) or (v) c <V> . The Wiener index W (P(Zn )) of an undi-

. 1
rected power graph P(Z,) is defined to be sum EZ{U,V}QV(P(Zn))d (u,v) of

distances between all unordered pair of vertices in P(Z,). Similarly, the

edge-Wiener index W, (P(Zn )) of P(Z,) is defined to be the sum
%Ze,f d(e, f) of distances between all unordered pairs of edges in P(Z,).

In this paper, we concentrate on the wiener index of a power graph P(Zpk ) ,
P (qu) and P (Zp ) . Firstly, we obtain new results on the wiener index and
edge-wiener index of power graph P(Z,), using m,n and Euler ¢ func-

tion. Also, we obtain an equivalence between the edge-wiener index and
wiener index of a power graph of Z .
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1. Introduction

We define an undirected power graph P(G) for a group Gas follows. Let us de-
note the cylic subgroup genarated by ueG by (u) , that is, (u) = {um Ime N} ,
where N denotes the set of naturel numbers. The graph P(G) is an undi-
rected graph where vertex set is G and two vertices U,ve G are adjacent if and
only if U#Vv and (u) c (v) or (v) c (v) (which is equivalent to say U=#V

and U™ =v or v" =u for some positive integer m.) [1] [2] [3] [4].
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For a graph G, let deg(u) and d(u,v) denote the degree of a vertex
ueV(G) and the distance between vertices u,veV (G) , respectively. Let
L(G) denote the line graph of G, that is, the graph with vertex set E(G) and
two distinct edges e, f e E(G) adjacent in L(G) whenever they share an
end-vertex in G. Furthermore, for, f € E(G), welet d(e, f) denote the dis-
tance between eand fin the line graph L(G).

We consider the power graph P(Z,) for the additive group Z, of integers
modulo n. The diameter of a graph Gis the greatest distance between any pair of
vertices, and denoted by diam(G).In P(Z,), the distance is one if the vertices
is adjacent and the distance is two if the vertices is non adjacent. Therefore,
diam(P(Zn)) =2. The order an element § in Z, is denoted by (J) or |g]|.
For a positive integer 1, ¢(n) denotes the Euler’s totient function of n.

In this paper, the wiener index and the edge-wiener index, denoted by W (G)
and W, (G), respectively and they are defined as follows:

1

W(E)=t 3 dwy)
{uviceV(G)
1

W,(6)=2 ¥ d(et)
fe.fIcE@)

Now, we give some theorem and corollary in literature. Using our main theo-
rems;
Theorem 1. ([5]) For each finite group, the number of edges of the undirected
power graph P(G) is given by the formula
1
E(P(6))=5 2. {20(9)-¢(c(9))-1}
ge

Corollary 2. ([6]) The number of edges of the undirected power graph P(Zn)

o 1
is given by EZdIn {Zd - ¢(d ) —1}¢(d ) .

Theorem 3. ([3]) Let G be connected graph with n vertices and m edges. If
diam(G)<2, Then W(G)=n(n-1)-m.

Theorem 4. ([5]) A finite group has a complete undirected power graph if and
only if it is cyclic and has order equal to p*, where pis a prime and 4 is a non-

negative integer.

2. Main Results

In this section, our aim is to give our main results on the Wiener index and the
edge-Wiener index of an undirected power graph P(Zn) for n=p“,or n=pq,
where pand g are distinct prime numbers and kis a nonnegative integer.

Theorem 5. Let P(Zn) be an undirected power graph of with n vertices and
m edges. Then

wie@E)-3 ¥ Lo

urevp(z) (2 U=V

Proof. Let
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R=H{uv}c ))|u ~vif only if u=v,(u) = (v)or (v)g(u)} be a set.
In P(Z,), for {u v} cV(P(Zn)) , there are two cases; If u~v then
2.

d(u.v)=

Otherwise, i.e. U~Vv,then d (u,V) =1. Therefore

W(P(Z,))=5 > d(uv)

{uvlev(P(zn))

1

= Zend W)+ Ty ()
1 1
= EZ{U,V};R1+EZ{U,V}QR 2

1 L{uvjcR
:_Z{u,v}d(wzn))
2 2{uv}¢R

For definition of R, we obtain. Thus

the proof is complete.
Corollary 6. Let p and kis prime number and nonnegative integer, respective-

ly. For P (Zpk ) power graph of order p“ and m edges,

0"
W(P(Zpk)):(z)
Proof. In [2], If n=p“ then P(Z,)=K,.Forany UEV(Zpk),
d(u)=p*“-1.
R*={{uv} eV (P(Z,))luxv|=2

Thus

Therefore the proof is proved.
Theorem 7. Let P(Z,) be a power graph of with n vertices and m edges.
Then

w(e(z,) =% ) £ lol)-2lo)}

g=0
Proof. If we consider Theorem 3. for =P (Z ) we write

W(P(z,))=n(n-1)-m
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m=>3,..,{20(0)-4((3))-1}.

If we put the value of m into the formula, we obtain

W(P(z,))=n(n-1)-m

~r-ne 2 3 [o(o(e)-20(9)] - T
=1 ne g5 3 {9(0(0))-20(0)

Thus, the proof is complete.
Corollary 8. Let P(Z,) be a power graph of with n= p, where pis a prime

number. Then
W(P(Zn)):(Zj.

Proof. Let n=p bea prime number. Then

we(z,)- 37+ E ols)-2p)|

9=0

412 ) s (525

2 2

=3[t pte{o([) o vol[p ) -2( 5

— 20"~ p-1+(p-1)¢(p)-2(p-1)P]

_1 2 . 1\ 2 _ p
_E[Zp p—1+(p-1) -2p +2p}_(2j

Theorem 9. Let P(Z,) be a power graph of with 1 vertices and m edges.
Then

w(e()-4{(3 | Eoaiote)-an)

djn
Proof. Where P(Z,) is power graph =P(Z,), using theorem 3. And co-
rollary 2, we obtain
W(P(z,))=n(n-1)-m
1

m=2 3 {2d-4(d)-14(d)

din
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If we write this m in formula for W (P (z, ))
W(P(Z,))=n(n-1)-m

—n(n-1)- > {2d - 4(d)-}4()

din

=0 -ns 23 p(d) 453 6(d)- 04(0)

din din djn

—nt =243 (d)(#(d)-2d)

din

w(e(z)-H(7 | Soteioe)-20)|

d|n

End of proof.
Corollary 10. Let P(Z,) be a power graph of with n=pq vertices and m

edges, where pand gare distinct prime numbers. Then
W (P(qu)) =m+24(pq)

or equiently
pq
W(P(Z,,)) =( , ]+¢(pQ)'
Proof. If we write N = pq in theorem 9., we obtain

w(p(za))-3{[ 27+ 2 ote)o(e)-2a)]

dipg
=%[Pq(2' pa-1)+¢(1)(¢(1)-2-1)+4(p)(¢(P)-2:p)
+¢(a)(4(a)-2-a)+¢(pa)(¢(pa)-2- pa) |

=%[p2q2+pq—2-p—2~q+2] X
={@+ pq - p—q+1}
{(Tj—ﬂpq)}zqﬁ(m)
On the other hand;
W(P(z,))= pQ(pq—l)—m:[ZqJW(pq)
where
m:(pij—ﬂpcﬂ %)

(**) equation put in (*) equation, we obtain,
W(P(qu))= m+2¢(pq).

This completes the proof.
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On the other hand using m in (**), we obtain

W(P(qu)):m+2¢(pq)

=(pzq]—¢(pq)+2¢(pq)

=[p2q)+¢(pq)

This completes the proof.

k

Theorem 11. If P(Zn) is a power graph of order n=p* or N=pgq and m

edges, where pand gare distinct prime and kis a nonnegative integer. Then

maks {W (P(z, ))} = (n;rlj

and
minfw (p(2,)) (5
Proof. If n=p* in Corollary 6.
welz.))-(%)
And so

Andif n=pq in Corollary 10.

W(P(qu)) :(pzq}rﬂpq)

therefore
w(p(z,)<( 3]+,
Also
#(n)<n
We write
W (P(z,)) s(gjﬂb(n) s(g}rn
And so,

maks{W (P(Zn))} :(nzlj‘

Theorem 12. If P(Z,) is a power graph of order n=p

and m edges,

where pis prime and kis a nonnegative integer. Then

W, (P(Z,))= 3{(2} diam(L(P(Z, )))(2)} :
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Proof. For P(Zpk) power graph, E(P(Zn)):(gj and Vu eV(P(Zn)) ,
d(u)=n-1.
Let’s consider to this figure in P(Z'Dk ) power graph any e e E(P(Zpk ))

For P (Zpk ) power graph of Line graph as shown in Figure 1.

n,n-1

Choose the random e_— € E ( P (Zpk )) edge and this corner in neighborhood
L(P (z, )) line graph in Figure 2. In the same way, with e - eV (L(P (Zpk )))
point neighborhood amount of points 2(n—2). In the same way € i3
neighborhood with corner amount of point m-1-2(n—2) and therefore
\ (L(P (Zpk ))) if each elements for calculated and if edge-Wiener index identi-

fied we have the following result.
In edge-Wiener index

1

W (P(Zpk )) :EZ{e,f}gE(p(zn))d (e, f)

=%{Z[(d(u)+d(v)—2)]

uv=e

. Z[diam(L(p(zn))).((m—l)—(d(U)+d(V)—2))]}

uv=e

:%{ng{z(n—ZHdiam(L(P(zn)))[(Z]_l_z(n_Z)H}

e
= (nj+ n(n_l)(n_2)(n_3)diam(L(P(Zn)))

3 8

w,(P(z,))- 3{(gj+diam(L(P(zn)))[m

Concluded, namely the prove end.

Theorem 13. If P(Zn) is a power graph of order n=p* and m edges,
where pis prime and kis a nonnegative integer. Then

Figure 1. Power grap of Z .
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e3,n—1

Figure 2. Line graph of P(Z,).

w(p(z)-( " (i)

Proof. n=p* (eZ")isin W(P(Zn)):(gj.lnthe same way,

Case 1. for n=2,3 and according to diam(L(P(Zn)))zl, WS(P(ZZ)):O,

3-1

therefore W, (P(Z;))=W (P(Z;)) ve ( )

jzl, namely this equation the

proof.
Case 2. For n#2,3 is diam(L(P(Zn ))) =2 intheorem 12.,

W, (P(z,))= 3{(2} diam(L(P(Z, )))[ZH

(53]

Thus the proof is completed.

3. Conclusion

We will show the undirected power graph of a Group G with A G). Here, the
undirected PA(Z,) Power graph of the group (Z,, +) according to N= p*and n=
pg, with p, g being different primes and & being positive integers, is considered
and new theorems and results on the Wiener index calculations of these power

graphs with the help of Euler function are have been obtained.
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