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Abstract

In this paper, fuzzy techniques have been used to track the problem of mala-
ria transmission dynamics. The fuzzy equilibrium of the proposed model was
discussed for different amounts of parasites in the body. We proved that
when the amounts of parasites are less than the minimum amounts required

for disease transmission (v <v,.. ), we reach the model disease-free equili-

min
brium. Using Choquet integral, the fuzzy basic reproduction number through
the expected value of fuzzy variable was introduced for the fuzzy Susceptible,
Exposed, Infected, Recovered, susceptible-Susceptible, Exposed and Infected
(SEIRS-SEI) malaria model. The fuzzy global stabilities were introduced and
discussed. The disease-free equilibrium Y° is globally asymptotically stable

if v <v, or if the basic reproduction number is less than one (R, (v') <1).

When v>v, and R;(v)>1, there exists a co-existing endemic equili-
brium which is globally asymptotically stable in the interior of feasible set
Q. Finally, the numerical simulation has been done for showing the effec-
tiveness of our analytical results.

Keywords
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1. Introduction

Malaria, a mosquito-borne disease, is one of the oldest diseases studied in ma-
thematical approaches. It is one the public health problem across the world. In
2020, WHO observed a real decreasing of malaria cases. The total number of

malaria cases has fallen from 238 million in 2000 to 229 million in 2019 [1].
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During that period, the population of Sub-Saharan Africa, which comprises
more than 90% of the global burden of malaria had increased from 665 million
to over a billion people [1]. Malaria is transmitted during a bloodmeal by an in-
fected female anophele mosquito. Malaria is developed in two stages [2]. Firstly
in mosquitoes (vectors), the parasite enters during a bloodmeal of a susceptible
mosquito to an infected human. After the parasite is developed, the mosquito
becomes contagious between 10 to 16 days [3]. Secondly in humans (hosts), the
parasite enters during a bloodmeal of an infected mosquito to susceptible hu-
man.

The mathematical study of infectious diseases is important and a more realis-
tic tool for a better understanding of their evolution, stability, control and for
identifying the influential parameters in the spread of the disease [4] [5]. Since
the first mathematical model of malaria in 1910 with Ronald Ross [6], many stu-
dies have been done in malaria modeling. Some of them included the environ-
mental, climatic, seasonal and periodic aspects [7] [8] [9] [10] [11]. Others are
interesting in vertical transmission and relapse [12] [13] [14].

However, most of these models used a deterministic approach with constant
parameters. For example, they assumed that the contact transmission and re-
covery rates are constant. These assumptions are not realistic in the context of
malaria transmission. The parameters such as contact and recovery rates are
uncertain in reality. They depend on the amount of parasites (parasitic viral
load) in the blood cells [15] [16]. In addition, the classical deterministic mathe-
matical models which describe malaria do not incorporate the high degree of
subjectivity involved in modeling. In order to describe the transmission dynam-
ics of an infectious disease (malaria for this study) in a more realistic way, sever-
al models that incorporate some subjectivity and heterogeneity by the use of
fuzzy theory introduced by Zadeh [17], have been studied and proposed. L. C. de
Barros et al in 2003 studied an SI epidemiological model with a fuzzy transmis-
sion parameter. In this model, they consider different degrees of infectivity of
contact rate. Madhu Jain et al [18] studied the transmission dynamics of malaria
in human host using a neuro-fuzzy approach. Hassan Zarei et al [19] used fuzzy
theory in the modeling and control of HIV infection. They proposed a fuzzy
mathematical model of HIV infection consisting of a linear fuzzy differential
equations (FDEs) system describing the ambiguous immune cells level and the
viral load which are due to the intrinsic fuzziness. Mondal et al [20] studied the
SIS epidemiological model by considering the disease transmission parameter and
treatment control parameter as fuzzy number. Belinda O. Emokhare and Emado-
mi M. Igbape [21] used a fuzzy logic approach of Ebola Hemorrhagic Fever. Renu
Verma et al [22] proposed a fuzzy SIR epidemic model. In their work, they as-
sumed that the transmission rate, the recovery and disease-induced rate are fuzzy
numbers. More recently in 2020, G. Bhuju et a/ used a fuzzy approach to track
the problem of Dengue transmission dynamics in Nepal using the SEIR-SEI

scheme. In their work, they assumed that the transmission and the recovery rates

DOI: 10.4236/ajor.2021.116017

258 American Journal of Operations Research


https://doi.org/10.4236/ajor.2021.116017

Y. T. Mangongo et al.

are fuzzy numbers. Following this way, in this paper, we present a SEIRS-SEI
model for transmission of malaria dynamics in fuzzy environment. It was proven
that malaria transmission occurs when a certain amount of parasites (parasitic vir-
al load) is reached. In addition, a human is recovered from malaria if the amount
of parasites in the body is less than a certain minimum amount of parasites.

In this paper, we assume that the transmission and recovery rates are fuzzy
variables (depend on the amount of parasites in the blood cells). We have used
the expected value of fuzzy variable introduced by Baoding Liu and Yian-Kui
[23] to compute the fuzzy basic reproduction number. We introduce the fuzzy
analysis of the equilibrium of model, we compute and analyze the fuzzy basic
reproduction number. We introduce and derive the fuzzy global stabilities of the
proposed fuzzy model by the use of matrix-theoretical and graph-theoretical
methods introduced by Z. Shuai and P. van den Driessche [24].

The paper is organized as follows: in Section 2, we present a summary of fuzzy
concepts which will be used in the sequel of this paper. We define a fuzzy varia-
ble, credibility measure and fuzzy expected value. In Section 3, we formulate the
new fuzzy SEIRS-SEI model for malaria transmission dynamics and we define
the assumed fuzzy parameters. Section 4 introduces the fuzzy equilibrium of the
model, presents the fuzzy basic reproduction number of the proposed fuzzy
model and introduces the fuzzy global stabilities of the proposed model. Section
5 gives some numeric results and discussions. Finally, section 6 is concentrated

to some concluding remarks.

2. Preliminaries

Let X be a nonempty set. A fuzzy set & of X is defined as a set of all pairs
(X,y(x))e X ><[0,1]. The function u, defined in X is called “membership
function” and 4 (x) indicates the belonging degree of x in the fuzzy set &
[25] [26]. The fuzzy set & will be a fuzzy number if:
e X is a set of real numbers and there exists at least X, € R such that
H(X%)=1,

e 4 isupper semi-continuous on R and the support of & isa compact set,
e £ is a convex fuzzy set. That is, y(ix+(1—/1)y) > min{y(x),y(y)} , for

all x,yeR and 1€[0,1].

A fuzzy variable is defined as a measurable function from a credibility space
(X , 77( X ),Cr) to the set of real numbers. Where P(X) is the power set of X

and Crthe credibility measure. For any real number 7z, it’s defined as:
Cr{§£r}:%(supy(t)ﬂ—supy(t))e[O,l]. (1)
t<r t>r

Note that the credibility measure is the average of possibility and necessity

measures introduced by L. Zadeh [27], defined respectively by:
Poss({&<r})=supu(t) )
t<r

and
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Nec({&<r})=1-supu(t). (3)

t>r

None of these two measures is self-dual. That reason justified the introduction
of the credibility measure by B. Liu and Y.-K. Liu [23] [28] [29]. The self-duality
property is very important in order to control the behavior of a system. From
here a fuzzy number can be considered as a particular case of a fuzzy variable. In
order to use the defuzzification process to obtain some crisps values (real num-
bers) which represents a fuzzy number, we use the Expected Value of Fuzzy Va-
riable introduced by B. Liu and Y.-K. Liu, denoted by E[£] and defined as fol-

lows:
E[¢]=]"cr{¢=r}dr- [ cr{¢<r}ar, (4)

provided that at least one of these integrals is finite. The expected value of a tra-

pezoidal fuzzy variable denoted by & =(a,b,c,d) is given by:

E[¢]= OMCr{gzr}dr—jwar{gsr}drzw, (5)
and the expected value of a triangular fuzzy variable denoted by & =(a,b,c) is
given by:

E[¢]= ;wCr{(SZr}dr— lCr{gér}drz%bJrc. (6)

Since, E[£] is a real, in this paper it will be used to defuzzify some of the

fuzzy parameters which will be used.

3. The Fuzzy SEIRS-SEI Model for Malaria Transmission

In this model, we use two classical schemes known in the Literature. For human
population we use the classical SEIRS scheme and for mosquitoes population, we
use the SEI scheme. The model describes fuzzy interaction between individuals
(humans and mosquitoes) in these two populations.

We consider the different degrees of susceptibility and infectivity of malaria
among populations. Considering the heterogeneity of population, in this work,
we assume that the contact transmission rate f, (chance that in one contact
between a susceptible human and an infected mosquito results to an infection of
susceptible human) and recovery rate y, are fuzzy variables. To describe the
amount of parasites (parasitic viral load) v in the transmission rate £, = S, (v),
we use the membership function introduced firstly by L.C. de Barros [5] and
used by G. Bhuju et al [4] and Renu Verma et al. [22] defined as:

0, if v<vy,
V—v_. .
By(v)=4—"0 if v, <v<yy (7)
VM = Viin
1 if v, <v<v..

The membership function defined on 7 can be interpreted as: the transmission

chance is negligible if the amount of parasites is less than or equal to v,;,. That
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is, there is a certain amount of parasites needed to cause malaria transmission.

For a certain amount of parasites v e [vM WV , there is a maximum chance of

)
malaria transmission. Addition, for some amount of parasites between v, and
v\ » there is a chance that the malaria transmission occurs. The membership
function of the transmission rate S(v) is represented on Figure 1. Recovering
from malaria is a fuzzy variable. The recovery occurs when the amount of para-
sites is reducing in the blood cells. As said above, we consider the recovery rate
¥, as a fuzzy variable depending on the amount of parasites v . In this paper,
we use the fuzzy recovery rate introduced by Renu Verma et al [22] and mod-

ified by G. Bhuju et al [4] as:

() =210t ifosvsu,, 8)
Vmax
where 0<p, <1 is the human recovery rate when we reach a maximum
amount of parasites in the blood cells.

The amount of parasites is different to each group of humans. Therefore,
making the model more realistic, we consider only the human individuals in a
given group V. With classification (weak, medium and strong) given by an ex-
pert, V can be seen as a linguistic variable with membership function I'(v) de-
fined by L. C. Barros [5] as:

0, ifv<v-6

—, fv-0<v<vy
r(v)=1 .9 ©)
, ifv<v<v+s

0, ifv>v+o6

The parameter v is a central value and § gives the dispersion of each one
of the fuzzy sets assumed by V. Its graphic representation is given on Figure 2

which has a triangular sharp.

|
The fuzzy incidence rate of mosquitoes to human is given by 4, (v)= £, (V)N—”‘ .
h
Bv)

1 1 |
I |
1 |
1 |
I |
1 |
1 1
1 1
1 |
1 1
1 |
I |
I |
1 1 V

0 Vmin Vpm Vmax

Figure 1. Membership function of (V).
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I
The incidence rate of humans to mosquitoes is given by A4, =/, N—h, where
h

B, represents the parasite transmission rate of humans to mosquitoes. Then,
the fuzzy SEIRS-SEI malaria model describing on Figure 3 is given by the fol-

lowing seven ordered system of ordinary differential equations (ODEs) with

fuzzy parameters.
ds I,
d_th:yNh—ﬁh(v)N—hSh—uSthGth (10)
dE I
d_th:ﬂh (V)N_hsh_(Gthﬂ)Eh (1)
dl,
EZGnEh_(ﬂ+5+7h(V))|h (12)
drR
d—chVh(V)lh_(:“Jreh)Rh (13)
I'(v)
1 [

0 -6 U T+90

Figure 2. Membership function of I'(v).

éVectors

Figure 3. The fuzzy flow diagram.

DOI: 10.4236/ajor.2021.116017

262 American Journal of Operations Research


https://doi.org/10.4236/ajor.2021.116017

Y. T. Mangongo et al.

és,

|
=u N - NS —u S 14
dt /”Im m ﬂm Nh m /”Im m ( )

dE I,

—m_-B NS (o +u)E 15
dt ﬂm Nh m (O-m lum) m ( )
dl
d: :O'mEm—(,um—i-5m)|m (16)

The system (10)-(16) is solved under the non negative initial conditions:
Y (0)=(S,(0),E,(0).1,(0),R,(0),S,(0).E, (0).1,(0)) e Q= RL. (17)
The total population of human at each time is given by:
Ny (1) =S, (1) + By (1) + 1, (1) + Ry (1), (18)
and the total population of mosquitoes at each time is managed by:
N, (t)=S, (t)+E, (t)+1,(t). (19)
We assume equal the recruitment and natural death rates of human popula-
tion at the rate g . The recruitment and natural death rates of mosquitoes are
also assumed to be equal to g, . Parameters o, and o, represent the latent
rates of both humans and mosquitoes respectively. Parameters 6 and o, de-
note the malaria-induced death rate and the parasite-induced death rate respec-

tively. Below, we prove the well-posedness of model, we prove the existence, non

negativity and the boundness of solution of the system (10)-(16).
Suppose that

Y (0)= (50, E, (01,0, R, (1),5, (1) E, ()., (1)) e Q< Y and

( ) . The feasible set Q defined by

9:Q->TcR;o(Y (1))

Q={(S,,E, . 1,,R,. S, Eni 1) € RT: N (1) < Npg and N, (1) < Nyo | (20)

is a compact set of R and g(Y (t))=(9,,9,.95 94, s, Js, J; ) , Where:
ds

gl(Y(t))=d—;=uNh—ﬂh(v),L—:Sh—yshthh

6: (Y (1) = G = A ()50 (01 + ),
gs(Y(t))=%h=UhEh—(ﬂ+5+7h(V))'h

9, (Y ()= =5, ()1~ (18R e
6 (¥ (1) = = o 5045,

Y O) Lo s (o, 4u,)E

Y ()= =0 (s, +5)

Theorem 1. Under the initial condition given in (17), the system (10)-(16)
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admits a unique solution, non negative and bounded for all t>0 in
Q={(S,,Ep 14, Ry, S B 1) € RT N, () < Nyg and N (1) < Npo

Proof. All functions ¢; of system (21) are continuous functions on Q.
Hence, the vector function gis differentiable. This means that all partial deriva-
tives exist and are continuous on . Therefore, by the existence and unique-
ness theorem [30], there exists a unique solution of system (21) for the initial con-
dition (17). Additionally, suppose that Y (t) is a solution of system (10)-(16) for
Y(0)>0,andlet t, be the smallest positive #such that S, (t,)=0 or
E,(t,)=0 or I,(t,)=0 or R (t,)=0 or S (t,)=0 or E (t)=0 or
I, (t,) =0. By continuity of functions S,,E,,1,,R,,S,,E, and | there exits

h»~m? =m
t" >t, suchthatif S, (t,)=0, then from Equation (10), we have:
dd%(to)= uNy () +6,R, (t,)=0 for all te [to,t*] . Thus, S,(t)>=0 for all

te [to,t*] . Consequently, S, is non negative for all £ In the same way, we can
establish the non negativity of E,,I,,R,,S,,,E,, and |, forall t>0.

Therefore, the solutions Y(t) of system (10)-(16) are non negatives for all
t>0 and that solutions remain positive for all the time. Consequently, the
feasible set Q is positively-invariant for all t>0. Hence, the model (10)-(16)
is well-posed and biologically meaningful. Finally, the solution Y (t) of system
(10)-(16) is bounded because the limit to infinity of the total humans population
is less than the initial human population, that is

lim N, (t)< N,

t—+0

and the limit to infinity of the total mosquitoes population is less than the initial
mosquitoes population, that is
lim N, (t)<N

t—>+00 mo

4. Analytical Analysis

In this section, we introduce the fuzzy equilibrium of a fuzzy model. We intro-
duce and compute the fuzzy basic reproduction number of fuzzy SEIRS-SEI
model for malaria using the expected value of a fuzzy variable introduced by
Baoding Liu and Y.-K. Liu [23] and finally we introduce the fuzzy global stabili-
ties of the fuzzy SEIRS-SEI model for malaria.

4.1. Fuzzy Equilibrium of the Model

Theorem 2. Let given the system (10)-(16) with initial conditions (17) defined
on the positively-invariant compact set Q. If v<v,, , the system (10)-(16)

admits only one equilibrium point noted and given by:

YO =(S9,Ef 18R, S0, En, 10 ) =(N,,0,0,0,N,,,0,0);

m?’ " 'm

and if v >v,;,, the system (10)-(16) admits at least two equilibrium points. The

min »

first one is given and noted by:
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Yl* :(Sl*h' E1*n1 Il*h' th,Sfm: El*m’ Il*m)‘

where S #0,E; #0,1;, #0,R}, #0,S;, #0,E,, #0 and I, #0. The second

one is given and noted by:

Y, :(S;h’ Eons Lons Rons Soms Eos I;m)’

where S, #0,E;, #0,1,, #0,R;, #0,S,, #0,E,, #0 and I, #0.
Proof. The equilibrium of system (10)-(16) are obtained when
ds, dE, di, dR, dS dg, dI,

m _ m

dt  dt dt dt dt dt dt
(Sh.Ep 140 RS By 1) of Qs an equilibrium point of system (10)-(16) if

h?~m1

the system (22)-(28) below holds.

=0. A point

|

,uNh—ﬂh(v)N—mSh—ySh+¢9th =0 (22)

h

|
JiA (V)N—mSh —(Uh +y) E, =0 (23)
h

O'hEh—(,u+5+7h(v))lh:0 (24)
7 (V) —(u+6,)R, =0 (25)

|
:umNm_ﬂm N_hSm_:umSm =0 (26)

h
ﬁml—hSm—(Gm+,um)Em:0 (27)
Np
OB —(tty +,)1, =0 (28)
From Equation (25), we have:
v
Rh:yh( )|h. (29)
u+6,
From Equation (24), we obtain:
+0+y, (v
Eh:'u yh( )Ih' (30)
Oh

Putting Equation (29) into Equation (22), we get:

a7 (v
UN, + h}/h(e ) I
+
S, = 2 |h (31)
+ 45, (v)—™
“+ B, ( ) N,
From Equation (26), we have:
N
Sm — ll'lm m I . (32)
Myt ﬁm Nil.:.l
From Equation (27), we get:
|
ﬂm Nih Sm
E,=—"—. (33)
Hp t 0Oy
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From Equation (28), we obtain:
E
| = OmEm (34)
Uy + 0,
The substitution of Equation (32) into (33) gives:

ﬂm;umNth
E = .
" (ﬂmNh+ﬂm|h)(:um+o-m) (35)

The substitution of Equation (35) into (34) gives:

N_ |
Im — ﬁmam:um m'h (36)

(,umNh +ﬂm|h)(/um +O—m)(;um +5m).

Putting Equation (36) into Equation (31) gives:

uN L),

h h
B u+6,
Sh - ﬂmam;umleh . (37)
u+p, (V)

Ny, (£ Ny + Boly) (ty + 0 ) (fn + S

The equilibrium points are expressed as implicit functions in terms of infec-

tious humans |, where:
I, =N, —(S, +E, +R,)

N, + 47 V) (),
h 1+ 0, h

mo-m/umNth
Iu+ﬂh (V) Nh (/umNh +ﬁm|h)(:um +6m)(:um +5m)

=N, - (38)

+ﬂ+5+7h(v) I, + 7 (v) I |
Oy, u+6,
Case1: If v<v

Equation (38), we obtain:

.In this case S, (v)=0 and p,(v)>0 Substitute it into

min

l, =0. (39)

Substituting Equation (39) into Equations (29), (30), (32), (35), (36) and (37),
we obtain respectively: R, =0,E, =0,S5, =N, ,E, =0,1,=0 and S, =N, .

Therefore, we obtain:

YO =(S7,Ef 18R, S0, R, 10 ) =(N,,0,0,0,N,,,0,0),

h'~mr=m*  'm

the only one equilibrium point when v <v,;,, called “Disease-free equilibrium
point (DFE)”. This situation occurs when there is no malaria in the population.
The biological implication of this is, when the amount of parasite is less than a
minimum amount required in the body for disease transmission, malaria will die
out.

V-V

——™_>0 and y,(v)>0.

Case 2: If v, <v<v,,.From here, S, (v)=
Vi =V,

min
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In this case, the equilibrium points are given by:
A :(Sl*h’El*h'Ifh’th’S;m’Efm7lfm)’ (40)

where the vector’s components are given by the implicit-solutions functions
(37), (30), (38), (29), (32), (35) and (36) respectively.

Case 3: If vy <v<v_.. In this case, £ (v)=1 and p,(v)>0. In this
case, Equations (37) and (38) become:

LN, +Hh7/h (V) Iy
p+6,
S, = , (41)
ﬂmam:umleh
U+
Nh (:umNh +ﬂm|h)(:um +O_m)(:um +5m)
and
ﬂNh"'ghyh (V) I
l, =N, - A6,
" " :BmamtumNth
U+
Nh(/umNh +ﬂm|h)(:um +O—m)(:um +5m)
(42)
+,u+5+)/h(v) |+ 7 (V) |
oy, u+6,
We obtain the equilibrium point
Y, =(3§h'E§h,|§h:R§h|SZm,E§m,|§m): (43)

where the vector’s components are given by the implicit-solutions functions
(41), (30), (42), (29), (32), (35) and (36) respectively.

The equilibrium points obtained in cases 2 and 3 are called “endemic equili-
briums”, they occur when malaria persists in the population. Thus, when the
amount of parasites is greater than the minimum amount required, malaria oc-

curs and persists in the population. B

4.2. Fuzzy Basic Reproduction Number R

The classical basic reproduction number, noted by Ry, is defined as the average
number of secondary malaria cases generated by a single infected individual in-
troduced into a healthy population during its infectious period. In the classical
analysis, if Ry >1 the malaria continues to propagate in the population and
becomes endemic. If R, <1 the malaria disappears in the population. Using
the classical Next Generation Matrix as explained in [31], we have four disease
compartments ( E,,I,,E, and | ) and three non-disease compartments
(S, R, and S, ). Mathematically, the basic reproduction number R, is de-
fined as the spectral radius of the next generation matrix FV ™, where Fis the
matrix of transmission terms and V'is the matrix of transition terms between the

model state. For system (10)-(16), matrices Fand V are given respectively by:
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0 0 0 O kK 0 00
-0, k, 0 O
F= S andV = ,
0 o 0 0 0 0 k O
" 0 0 -0, Kk,
0 0 0 O

where k =pu+o,,k =pu+5+y,(v) Ky =p,+o, and Kk, =u, +35, . The

simple computations give:

v 0 o o o o AW
I(l kl
o 1, 0 o o AW
V—l_ k1k2 kz 1 ,V_lFZ klkz
o o — 0 0 BN, 0 0
ks kN,
o o 2 L Puoule g
Kk, Kk, kok, N,
and
0 0 ﬂh(v)o-m ﬂh(‘/)
kK, K,
Ve 0 0 0 0
Nmﬂmah Nmﬂm 0
NhklkZ Nth
0 0 0 0

The basic reproduction number is given by:
Ry (v)=p(FV™)
_\/ﬂh (V)ﬂmo-ho_m Nm (44)

kkokk, N,

As computed, R, is a function of the amount of parasites (parasitic viral
load) v.We analyze it for different amount of parasites.

Case 1: If v<v_ . In this case S, (v)=0 and y,(v)>0 which implies
that k, >0. In this case, we obtain R, (v)=0, which coincides with the case
where there is no malaria in the population. The disease dies out.

Case 2: If v,;, <v <v,,.In this case, 3, (v) =70 50 and y, (v)>0

M min

which implies k, > 0. In this case, we have:

N (V_Vmin )ﬁmaho-m
0 = [ )
<F (V) \/ Ny, (VM ~Viin )k1k2k3k4

Case 3: If v, <v<v_. . In this case £ (v)=1 and y, (v)>0 which im-
plies that Kk, > 0. In this case, we have:

0<Ry(v)< Ny £y .

=z
=
=~
~
N
~
w
S
s

DOI: 10.4236/ajor.2021.116017 268 American Journal of Operations Research


https://doi.org/10.4236/ajor.2021.116017

Y. T. Mangongo et al.

The basic reproduction number R, (v) is an increasing function of the pa-

rasitic viral load v. Additionally, R,(v) is a bounded function with

N
the bound Ny PniOn >0. The basic reproduction number R,(v) is
N, kKKK,

well-defined as a fuzzy variable. Consequently the expected value of R;(v)
denoted by E[RO (V):|, is well-defined. The fuzzy number R;(v) can be ex-

pressed as:
R0)=[0, e Ll T Fene)
Nh (VM _Vmin)k1k2k3k4 Nh k1k2k3k4

which is a triangular fuzzy number. Referring to Formula (6), we define there-

fore the fuzzy basic reproduction number R, for a triangular fuzzy number
Ry (v) asin Proposition 1 below:

Proposition 1 (Fuzzy basic reproduction number, R ) The fuzzy basic
reproduction number R, of the malaria SEIRS-SEI model is given by:

Ry =E[R,(v)]
—v . (45)
1 2 [ L Ymin g Nmﬂmo-ho-m, forv >v,.;
4 YM ~Vmin Ny Kik,Ksk,

where E[.] denotes the expected value of a fuzzy number defined in Formula

(6).

4.3. Fuzzy Global Stability of the Disease-Free Equilibrium

Theorem 3. The disease-free equilibrium Y°=(N,,0,0,0,N,,0,0) of system
(10)-(16) is globally asymptotically stable in the positively-invariant compact set
Q if v<vy, or Ry(v)<l.If R (v)>1 and if v>v, , the disease-free
equilibrium is unstable, the system is uniformly persistent and there is a
co-existing equilibrium point in the interior of Q.

Proof. We use the classical Lyapunov function theory to derive the fuzzy
global asymptotic stability of the disease-free equilibrium. To construct the
Lyapunov function, we use the classical matrix-theoretical method as explained
in [24]. Assume that x=(E,,1,,E,. I, )T and y=(S,,R,.S, )T. The computa-

tions of f(x,y) give:
f(xy)=(F-V)x=F(x,y)+V(x,y)

.(v) |m(1_i]

h

0
ﬂm(Nm_Sm)
0

Iy
N,

and
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o o o AW
kl
0 0 0 B, (V)Gh
VIE = kik,
o BNa o
k3Nh
ﬂmUmNm 0
Nhk3k4

Since S, <N, and S, <N,, f(x,y)>0. In addition, F>0,V >0 and
f (X, (N,,ON, )T =0 in the feasible set Q. Therefore, since the matrix V'F

is reducible, we use Theorem 2.1 of [24] to construct the Lyapunov function of
system (10)-(16). Let w' =(w,,w,,w,,w,)>0 be the left eigenvector of the

non-negative matrix V 'F corresponding to the eigenvalue R, (v). Then:

(W, Wy, Wy, W, )V = (W, Wy, Wy, W, ) Ry (V).

(46)
From the left hand side of (46), we have:
o o o AW
I(l
o 0 0 E%iki
(W, Wy, Wy, W, )V F = (W, Wy, Wy, W) \ 12
PN g g (47)
kN,
N, k.k,
- 0, ﬂmNm W3 + Nmﬂmdm W4,O,ﬂh (V) W1+ﬂh (V)O-h W2 )
kN, N, k.k, k, kK,

Equating Equations (47) and (46), we obtain: W, =W, =0 and
v)o, +kk v))N. K.k

(ﬂh( ) o1t ZRU( )) ns 4W2,with w, e R*. Thus

kik, ( N Bn0m + NykoK, Ry (V))

WT:(pra(@‘”°%+@%RdVDN$J4

w, |. Therefore, by Theorem 2.1 of
kik, (Nmﬂmo-m + Ny ksk, Ry (V))
[24], the Lyapunov function L is constructed as follows:
L=w'V'x

4

Oh i 0 0 E,
=low.0 (ﬁh (V)O-h +k1k2730 (V)) Nhk3k4 W klkz k2 |h
) M@“%ﬂph+M@MRd”)z C o %- . Tm

3

3

=
o
~
=
=~

DOI: 10.4236/ajor.2021.116017

270

American Journal of Operations Research


https://doi.org/10.4236/ajor.2021.116017

Y. T. Mangongo et al.

) @ " k, " klkZ(NmﬂmO-m+k3k4NhR0(V))

Ny (B, (v) o + Kk, Ry (v))
k, (Nmﬂmam +Ksky N Ry (V))

is a Lyapunov function for the system (10)-(16). The differentiation of L with

o g 1, oo N, (B, (v) oy +kk,Ry (v)) c

|m]w2 >0, VY #Y°;

respect to f gives:
L=w'V % =w'V*(F-V)x-wV*f(xy)
=(Ry (v)-DW x=w'V 7 (x,y)
3 ksk,N, (ﬂh( v)oy, +kk, Ry (v
_(RU (V)_l)[wzlh + klkz(Nmﬁmo' +k " NhRO | ]
By (v)o,w, 1_& | me (ﬂh( )o, +k kZRO )W2
k., Ny ) " kKo (N Broy +kak N Ry v))

Since S, <N, and S <N, if v<v , then £ (v)=0 and R,(v)=0
which implies that L <O0. Additionally, L<0 if R,y (v)<1. Furthermore,
L=0 implies that I, =1,=0, S, =N, and S, =N, . Thus, the largest in-
variant set of the model when L=0 in the interior of Q is the singleton
{( N,,0,0,0, Nm,0,0)} . Therefore, by the LaSalle’s invariance principle [32], the
disease-free equilibrium Y0 =(N,,0,0,0,N,,,0,0) is globally asymptotically
stable provided that <L or V<V'”'”. In addition, for R;(v)>1 and
v>v,. ,then L>0 in Q if S, =N, and S, =N, . Therefore, by continu-

w=Sn)lh:

ity, L remains positive in a small neighbourhood of the disease-free equili-
brium {(N,,0,0,0,N,,0,0)}, which implies that {(N,,0,0,0,N,,,0,0)} is un-
stable and using Theorem 2.2 of [24], the system (10)-(16) is uniformly persis-
tent, implies that there exists at least one endemic point, noted and defined by
(40) or (43) in the interior of . W

Remark 1. The biological implication of the above Theorem is malaria can
diet out from the population if the amount of parasites is less that the minimum
amount required for malaria transmission (v < v, ) or if the basic reproduction
number is less than or equal to the unity (R, (v)<1). If R,(v)>1 and if the
amount of parasites is greater than the minimum amount required for the mala-

ria transmission (Vv >V, ), malaria persists uniformly in the population and

min

becomes endemic.

4.4. Fuzzy Global Stability of the Endemic Equilibrium

Theorem 4. The endemic equilibrium Y* = (Sh , Eh , h , R S Em, m) int (Q)
of system (10)-(16) is globally asymptotically stable in the interior of the posi-
tively-invariant compactset Q if v>v
Vg <V<vp,)and Ry(v)>1.

Proof. As used in Theorem (3), we use the classical Lyapunov function theory to

min (L€ Vyn <V<v, or

derive this fuzzy global asymptotic stability. We use the classical graph-theoretical
method introduced by Zhisheng Shuai and Pauline van den Driessche [24]. For
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the construction of a Lyapunov function, let define:
L:Q—>R,ie{l1,2,34,56,7)
where:
L =S,-S;-S;In(S,/S;); L, =E,—E; —E;In(E,/E;)
L=l,—li=1liin(1,/1;); L =R,—R =Ry In(R,/R})
Ls=S,-S;-SnIn(S./S,); L =E,—E,—E,In(E,/E;)
L=l =1 =1nIn(1,/17).

The substitution of Y*=(S;,E;,1;,R;,S,Ex,l7) into system (22)-(28)

m?’'m
. o [ . . IS,
gives equalities: uN, =S, (v)—=S;+uS; —6,R; 5 o, +u=p,(v)>—
N, N, E;

I* * *
,u+6+7/h(v):0'hEh/|h ; /1+6h:7h(v)I;/Rh ; ,leNm:ﬁmN_hsm"‘ﬂmsm?
h

* *
m

O+ Uy = fo and u, +6, =c,E,/1 . We use these equalities and

_h
Ny Eq

1
inequalities 1-x+Inx<0 and 2-X——<0 for x>0 in the differentiation
X

of L;,ie{1,2,3,4,56,7} withrespectto t

L =[ _z_h]Sh = [1_%][ﬂNh - b (V)II\I_mSh — kS, +9th]

h h

sﬁh(v)ﬁ I—m—s—“—InI—TJrInS—h +0,R! 1—8“—RZ+S—“+R—E
S, SRS, R (48)
Sy
h

h'*h

Sh
< B, (v)ﬁ(l—m—s—“—lnl—ﬁjﬂn i J+6hR,’j (:—“+&—Ins—“—ln&j

*

o R SR

(49)
1"S° (S, | E S, | E
< B, (V) " 2 T__Z_In%_ln_h =a,G,;.
Nh Shlm h Shlm h
. I I
Lsz(l—l—“]|h :[l——](ahEh—(/1+5+7h(v))lh)
h h
E 1 E |
<o B ——L_In=tiint|=a,G
h h[E; I E IJJ A3,03,
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g B[S B Sl nE) o
— Fm * gk * * gk - Y61-61"
Nh Smlh Em Sm h m

E, | I E
stE:][Em —I—T+In o —InE—TJ=a7GG76.

R O m
Case 1: If v<v,; ,wehave S (v)=0 and p,(v)>0.In this case, inequa-
lities (48) and (49) become:

. S. R S, R .
L <4 R*(—h-i- L—In="—In 2]=alG and L, <0,
h"*h Sh Rh Sh Rh 414 2

respectively. Therefore, the weighted associated digraph (G,A) is shown on
Figure 4.

From this digraph, the first condition of Theorem 3.5 of [24] is satisfied, but
no its second one. Thus, we cannot formulate a Lyapunov function of system
(10)-(16) in this case.

Case 2: If v>v ., (Vy, <v<vy, or vy, <v<v, ), we have £ (v)>0
and y,(v)>0. In this case, the weighted associated digraph (G, A) is shown
on Figure 5.
1S,
N,

The weights of the digraph are: a,, =a,; = 5, (v) , a, =6,R;,

1S,
ay, =00y ag =7 (v)1h 8 =8 =4, r\lm and a;, =o,E;, and all other
h

as

aq3

Figure 4. The weighted associated digraph (G,A) constructed when v <v,

min *
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O

aI91 ‘Q

Qs

43

Figure 5. The weighted associated digraph (G,A) constructed when v >v,, .

a; =0 such that the weighted matrix is A:[aij ]m , where a; >0, (the
weight of arc ( j,i)). From this digraph, the first condition of Theorem 3.5 of
[24] is satisfied. Let us check for the second condition of the cited Theorem.
Along the two directed cycles, we have: G, +G,; +G,, +G,; =0 and

Gy +Gg; +G;, =0. The second condition of Theorem 3.5 of [24] is also satis-

fied. Therefore, by this cited Theorem, there exists Cicft,2,3,456.7) such that:

L=cL, +c,l, +¢L, +¢,L, +c L +c,L; +C, L, (50)

is a Lyapunov function for system (10)-(16). The relations between C; can be de-
rived from Theorems 3.3 and 3.4 of [24] as follow: Ca,; =C,8,, C,;8; =Cydg,
Ca,, =C48,;, C,8, =C8, and Cy; =0. Therefore, the Lyapunov function L de-
fined in (50) becomes:

L=cL +c,L, +c,L; +c,L, + ¢+, L, (51)

and C, =Csy /8, , C5=C,a,8,/3,a, and C, =C,a;/a, . Thus, the fact that
L=cL, +c,L, +c,L, +¢,L, +¢,L; +c,L, <0 implies Y =Y". Hence, the largest
invariant set for system (10)-(16), where L=0 is the singleton set {Y*} . This
proves therefore the uniqueness and global asymptotic stability of Y* in the in-
terior of Q provided that R,(v)>1.®

5. Numeric Results and Discussion

In this section, we have done some numerical simulations to confirm our ana-
lytical analysis. All the data used have been taken in the literature and the ones
for fuzzy variables are assumed according for the amount of parasites required
for malaria transmission in a particular group of individuals. The parameters u

and g, have dimensions, human™ x day™ and mosquitoes™

x day™! respec-
tively. The parameters ©,,0,6,,0,,0, have for dimensions, day'. The life ex-
pectation of Congolese people is estimated to be 65 years, the mortality death
rate is 1/(65x365)~ 421x10 . The malaria reported data of DRC, estimates
the malaria-induced death rate to be 285 x 107> [33]. The fuzzy parameters
B,(v) and y, (v) depend on the amount of parasites v. The amount of pa-

rasites (parasitic viral load) in the blood is determined and expressed as “para-
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sites per microliter (pl) of blood” from the parasite density formula (DP) [16]
below:

Number of parasites counted x 8000

DP(parasites per microliter)= Number of leukocyt
umber of leukocytes

The minimum amount of parasites in the blood for malaria transmission is
estimated under 1000 parasites/pl, the medium amount is estimated between 1000
to 10,000 parasites/pl and the high parasitemia is estimated to over 10,000 para-
sites/pl [16]. In this paper, for a particular group of individuals chosen, we take
Vain =1000 parasites/ul, v,, = 20000 parasites/ul and
Viax = 50000 parasites/ul [15] [16] [34]. The natural death rate of mosquitoes is
equal to g, =0.001426 [12]. From there, the parasite-induced death rate
should be less than g, , we therefore assumed that J,, is in order of 107
When the maximum amounts of parasites are reached in blood cells, the recover
becomes uncertain and can be assumed in order 107. Due to the fact that all re-
covered individuals form malaria become susceptible, we assume the progres-
sion rate 6, equal to 0.138. Table 1 gives descriptions, baseline/value and ref-
erences of parameters used in this paper.

The simulations are done with different amounts of parasites. We give first the
trends of S,,E,, |, and R, for different amounts of parasites and the trends of
S,,E, and | for different amounts of parasites. We give the trends of S,
and E, for different amounts of parasites. We finally give the trends of R, and
Ry (v) for different amounts of parasites.

Situation on Figure 6 occurs when the amount of parasites v is less than the

minimum amount required for malaria transmission Vv, . This assures the

min *

Table 1. Parameters descriptions, their estimated values and references.

Parameters Descriptions Baseline/values references

fuzzy contact transmission rate
of mosquitoes to humans

7(v)  fuzzy recovery rate of humans - -

H natural death rate of humans 421 x 1077 computed
o, parasite-induced death rate 10°¢ assumed

o, progression rate from R, to S, 0.138 assumed

Yo recovery rate of humans when v=v,_, 1073 assumed

o, latent rate of mosquitoes 0.0769 [3]

M, natural death rate of mosquitoes 0.001426 [12]

) malaria-induced death rate 285 x 107> [33]

o, latent rate of humans 0.0588 [35]

contact transmission rate of
B . 0.03525 [35]
humans to mosquitoes
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global stability of the disease-free equilibrium of the model (See Theorem (3)).
Figure 7 and Figure 8 show the behaviors of the model when the amount of pa-
rasites v is greater than the minimum amount required for malaria transmis-

sion (v, <v<v, or v, <v<v_ ). In addition, the basic reproduction

min
number is greater than the unity R,(v)>1 in either case. These confirm the
assumptions of Theorem (4). Either case, the endemic equilibrium is reached.
See Theorem (4). Figure 9 shows the trends of susceptible humans for different
amounts of parasites v. When the amounts of parasites in the body are less
than the minimum amounts required, the population of susceptible humans is
almost unchanged. When the amounts of parasites are greater than the mini-

mum amounts required, the population of susceptible humans is decreasing.

14000 -
500 4 f
12000 -
10000 400 1
8000 300 4
6000 ~—— Susceptible humans ~—— Susceptible mosquitoes
Exposed humans 200 - Exposed mosquitoes
4000 - ~——— Infectious humans —— Infectious mosquitoes
- Recovery humans |
2000 1 100
0 200 400 600 800 1000 0 200 400 600 800 1000
Time (days) Time (days)
@) (b)

Figure 6. Distribution of individuals in each compartment for the parameter values given in Table 1 and for v =100 parasites
with initial conditions S,,=14000, E,6=100, I,=100, R,=0, S, ,=500, E =10 and I,=50. We obtain

mi

R, (V) =0<1. The estimated disease-free equilibrium point is (Sf EXIP,R?,S2,EL, Ig) =(14200,0,0,0,560,0,0) . (a) Distribution

of humans population when v <v_, ; (b) Distribution of mosquitoes population when v <v . .

14000 500 1
12000
400 1
10000 -
~— Susceptible humans —— Susceptible mosquitoes
8000 Exposed humans 300 1 Exposed mosquitoes
~ Infectious humans ~ Infectious mosquitoes
6000 —— Recovery humans 200 1
4000
100 1
2000
0 01 — ——
0 100 200 300 400 500 0 100 200 300 400 500
Time (days) Time (days)
(@) (b)

Figure 7. Distribution of individuals in each compartment for parameter values given in Table 1 and for v =15000 parasites
with initials conditions S,, =14000 , E,, =100, I,=100, R,=0, S ,=500, E 6 =10 and | ,=50. We obtain

m

Ry(v)=1.00074>1. The estimated endemic equilibrium point is (S;,E;,1;.R;,S;,E;. 1, )=(13100,810,55,130,502,3,53). (a)

Distribution of humans population when v, <v <v,, ; (b) Distribution of mosquitoes population when v, <v<v,, .
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14000 1 500 4
12000 400
10000
~—— Susceptible humans ——— Susceptible mosquitoes
8000 Exposed humans 300 1 Exposed mosquitoes
~— Infectious humans ~—— Infectious mosquitoes
6000 - - Recovery humans 200 -
4000 1
100 1
2000 1
0 0
0 200 400 600 800 1000 0 200 400 600 800 1000
Time (days) Time (days)
(@ ()

Figure 8. Distribution of individuals in each compartment for parameter values given in Table 1 and for v =25000 parasites
with initials conditions §S,,=14000, E =100, I,=100, R,=0, S =500, E ;=10 and I, =50. We obtain

m

730(v):1.166>1. The estimated endemic equilibrium point is (S;,E* 1",R,S:,E” I*):(12150,1000,155, 230,495,2,60). (a)

h? *h? P h Y mr =m? Tm

Distribution of humans population when v,, <v <v,_ ; (b) Distribution of mosquitoes population when v,, <v<v,_ .

14000 1 _
= nu=100

12000 A -t
m nu=1100
£ 10000 — mucisum
: nu=15000
E 8000 - " esooo
g nu=25000
2 6000 - )
Q
2
A 4000 |

2000 -  ———

-..ctit...to.ol.
0

0 200 400 600 800 1000
Time (days)

Figure 9. Behavior of susceptible humans for different amounts of parasites.

When the amounts of parasites approaches the maximum amount, the sus-
ceptible humans population goes to zero; which is normal because the transmis-
sion rate is approaching one. The case of exposed humans is quite different, (see
Figure 10).

Figure 10 shows the behavior of exposed humans for different amounts of
parasites v . When the amounts of parasites is less than the minimum amounts
required v,;,, which implies S, (v)=0, the population of exposed humans
goes to zero. That means there is no contamination. Just when the amount of
parasites exceeds the minimum amounts required, the population of exposed
humans grows. Figure 11 shows the profiles of fuzzy contact rate j, (v) and
fuzzy recovery rate y, (v) for different amounts of parasites.

For the amount of parasites between v,;, and v, , the contact rate increases

min

straightly as the amount of parasites v is increasing. On the other hand, the
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recovery rate decreases straightly as the amount of parasites v is increasing.
When the amounts of parasites v goes to zero, the recovery is almost possible,
that is », (v) goes to 1 and when v increases forever, the recovery is almost
impossible, that is y, (') goes to zero. Finally, Figure 12 gives the trends of the
basic reproduction number R, (v) and the fuzzy basic reproduction number
R, for different amounts of parasites v .

The basic reproduction number is increasing when the amounts of parasites
are increasing and vice-versa. When this amount approaches v,, , the basic re-
production number R, (v) exceeds unity although the fuzzy basic reproduc-

tion number R, remains less than the unity. The fuzzy basic reproduction

number R, exceeds unity when the amounts of parasites exceeds v, .

6. Concluding Remarks

In this paper, we have proposed and studied the SEIRS-SEI model for malaria

..cooeocooooo:oecoocooooccooocooocooo.cooe.coo
800+ °
» 6001 "
g
g
=
=
3 400 A
2 nu=900
5‘ —— nu=10000
200 nu=15000
* nu=20000
nu=25000
0.
0 200 400 600 800 1000

Time (days)

Figure 10. Behavior of exposed humans for different amount of parasites.
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Figure 11. Distributions of f,(v) and ,(v) for different amount of parasites. (a) Trends of f,(v) for v, <v<w,, ; (b)

Trendsof ,(v) for 0<v<v_, .
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Figure 12. In the left hand side, the distribution of the basic reproduction number R,(v) for different amounts of parasites and

in the right hand side, distributions of the basic reproduction number R,(v) and of the fuzzy basic reproduction number R, .

(a) Trends of Ry(v) for v, <v<v, ;(b) Trendsof R,(v) and R, for v, <v<v,.

transmission dynamics in fuzzy environment. The fuzzy set theory used has al-
lowed us to study the behavior of malaria transmission as depending on the
amounts of parasites (parasitic viral load) in the body without dividing com-
partments into many other compartments. We considered the transmission rate
B.(v) and the recovery rate y,(v) as fuzzy variables depending on the
amounts of parasites in the body v . To make the model more realistic, we stu-
died a model in a fuzzy particular group V of individuals, which has a triangular
membership function.

We introduced the fuzzy analysis of equilibrium of the fuzzy model by consi-
dering the amounts of parasites in the body. From this analysis, we derived the
disease-free and endemic equilibriums of the fuzzy model. We proved that if the
amounts of parasites in the body are less than the minimum amounts of para-
sites v, required for malaria transmission, we reach the disease-free equili-
brium. That is, no malaria in the population. We reach the endemic equilibrium,
when the amounts of parasites in the body are greater than the minimum
amounts of parasites required for malaria transmission. By the use of the classic-
al Next Generation Matrix method as explained in [31], we expressed the basic
reproduction number as a function of the amount of parasites R, (v). A defuz-
zification procedure, such as “expected of a fuzzy variable”, is used to derive and
propose the “fuzzy basic reproduction number” R .

We used the classical matrix-theoretical method as explained in [24] to intro-
duce the fuzzy global stability of the disease-free equilibrium. We proved that
when v <v,. or Ry(v)<1, the disease-free equilibrium is global asymptoti-
cally stable and when v>v,and R,(v)>1, the disease-free equilibrium is
unstable and there exists an endemic equilibrium point in the interior of the
feasible set Q. Also by the use of the classical graph-theoretical method as ex-
plained in [24], we introduced the fuzzy global stability of the endemic equili-
brium. We proved that the endemic equilibrium is globally asymptotically stable
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in the interior of the positively-invariant compact set Q when the amounts of
parasites in the body are greater than the minimum amounts required (v > v, ).
The numerical simulations have been done for v, =1000 parasites/pl

vy = 20000 parasites/ul and v, =50000 parasites/ul ; and show that when
the amounts of parasites increases, the susceptible humans and the exposed hu-
mans populations decrease and increase respectively.

Regarding in the analysis of this paper, the fuzzy models are more realistic,
flexible, general than classical models because many of the analysis in the clas-
sical models can be derived from the fuzzy analysis. For instance, we obtain the
disease-free equilibrium by the fuzzy analysis of the equilibrium of fuzzy model.
That is, by analyzing the amounts of parasites in the body. In addition, in the
classical model, the basic reproduction number is only a function of parameters,
whereas in fuzzy environment, it’s a function of the amounts of parasites. The
fuzzy parameters used in this paper play an important role in the analysis of ma-
laria transmission dynamics. We may extend this model by considering other
parameters as fuzzy variables. One may consider, the mosquitoes population as a

fuzzy variable.
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