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Abstract

In this paper, a simple nonlinear Maxwell model consisting of a nonlinear spring connected in series with a
nonlinear dashpot obeying a power-law with constant material parameters, for representing successfully the
time-dependent properties of a variety of viscoelastic materials, is proposed. Numerical examples are per-
formed to illustrate the sensitivity of the model to material parameters.
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1. Introduction

To better understanding mechanical responses of materi-
als subjected to deformations or forces, theoretica mod-
els are required. These models provide important ana-
Iytical tools for predicting and simulating material func-
tions. When a material is subjected to deformations, the
resulting stress is related to the strain by a mathematical
relationship known as the constitutive law. This constitu-
tive equation can, thus, provide usefulness in determin-
ing rheological properties of materials. Since viscoelastic
materials exhibit both combined viscous and elastic ma-
terial behaviors, their constitutive equation must mathe-
matically relate stress, strain and their time derivatives.
For this purpose, these congtitutive equations are often
determined from combinations of springs and dashpots
arranged in series and/or parallel [1]. Since mechanical
responses of viscoelastic materials are in genera nonlin-
ear, the wel-known established linear theory of viscoe-
lasticity must be reasonably replaced by nonlinear theo-
ries. But, nonlinear models are more difficult to formu-
late than linear theories, because these models lead often
to solve nonlinear differential equations that are gener-
ally non-integrable. In this perspective, several models of
different complexities have been proposed to describe
viscoelastic material functions [2]. To take into account
nonlinear viscoelastic material properties, it is needed to
modify the simple classical Maxwell and Voigt models
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or their different combinations for including nonlinear
terms. Many successful predictive models are shown to
be based on the extension of classical linear rheological
models to finite deformations [3] and “in press” [4-§].
The modifications consist to introduce nonlinear elastic
springs and/or nonlinear dashpots in the classical linear
models. Another way is to consider that the materials
functions depend on the magnitude of the stress, strain or
the gtrain rate. The resulting model according to Alfrey
and Doty [1], is interesting since, it evaluates the mate-
rial properties in terms of differential equations that can
be solved for a wide variety of trandent conditions. In
viscoelagticity theory, there are only a few theoretical
models formulated with constant-value material coeffi-
cients [3]. Thus, constant coefficients nonlinear rheolo-
gical models arerequired. Following this viewpoint, Corr
et al. [3] extending the Maxwell fluid mode to finite
deformations, constructed a Riccati differential equation
that is useful to describe the strain stiffening and soften-
ing response of some viscoelastic materials. Recently,
Monsia “in press” [4] utilizing a power series expansion
method that consisted in an extended Voigt mode to
large deformations taking into consideration the inertia
term, developed a hyperlogistic equation which repre-
sents successfully the time- dependent mechanical prop-
erties, that is to say, the strain stiffening and softening
behavior, of a variety of viscodastic materias. Recently
again, Monsia “in press” [5] using a second-order elastic
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spring in series with a classical Voigt element, which is
an extended form of the sandard linear solid to finite
strains, formulated a hyperlogistic-type equation to re-
produce the nonlinear time-dependent stress response of
some viscodlastic materias. More recently, Monsia “in
press’ [6] developed a single differentia congtitutive
equation derived from a standard nonlinear solid model
consisting of a polynomial eastic spring in series with a
classica Voigt eement for the prediction of time-
dependent nonlinear stress of a class of viscodastic ma-
terials. More recently again, Monsia “in press” [7] for-
mulated a nonlinear four-parameter rheological Voigt
model consisting of a nonlinear Voigt element in series
with aclassical linear Voigt eement with constant mate-
rial coefficients for representing the nonlinear stiffening
response of the initial low-load portion and the softening,
that isto say, the S-shaped mechanical behavior of some
viscoelastic materias. Very lately, Monsia “in press” [8]
generalized successfully the previous model “in press” [7]
by replacing the second-order elagtic spring present in
the nonlinear Voigt dement by a polynomia dastic
spring. The model “in press” [8] was shown to be able to
predict accurately the nonlinear stiffening response of the
initial low-load portion and the softening behavior of a
variety of viscodlastic materials.

In this study, a smple nonlinear Maxwell model (Fig-
ure 1) consgting of a nonlinear spring connected in series
with a nonlinear dashpot obeying a power-law with con-
stant materia parameters, for representing successfully the
time-dependent properties of a variety of viscoelagtic ma-
terials, is proposed. Under a linear strain-path control the
conditutive law gives a mathematica description of the
stress versus time relationship as a hyperlogigtic function,
which appears powerful to repre- sent any S-shaped curve.
The model can then correctly reproduce the strain giffen-
ing and softening responses noted in some viscodagic
materias at large strains. Numerical examples are per-
formed to illustrate the sengitivity of the modd to material
coefficients and the validity of the modd. In particular the
modd is shown to be very senstive to the magnitude of
therate of application of the strain.

—W

Figure 1. The proposed rheological model.
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2. Mechanical M oddl
2.1. Theoretical Formulation

In this part we describe the theoretical rheological model
and derive the governing differential equation including
the nonlinear restoring force and damping effects. Most
viscoelastic materials are highly influenced by the non-
linear elagtic and viscous damping terms so that, their
rheological material properties are nonlinear time-
dependent. For this, a best description of these materias
must proceed from the use of nonlinear theories. To
build our proposed viscodastic model, we start from the
classical linear Maxwell model [1] in which we replace
the linear eastic spring with a nonlinear elastic spring
(with stiffness E) obeying a power-law and also the lin-
ear dashpot with a nonlinear dashpot (with viscosity #)
obeying a power-law as shown in Figure 1. Thus, the
mechanical properties of the considered material are di-
vided into two parts: a nonlinear elastic element which
captures the nonlinear pure dagtic behavior of the mate-
rial a equilibrium, acting in series with a nonlinear
damping element capturing the time dependent history
response of the material. From the mathematica point of
view, the nonlinear stiffness and the nonlinear damping
termsareincluded in amodd in order to lossthe linearity
in the differential congtitutive equation that representsthe
dynamic properties of themechanical system studied. Due
to the fact that the elements are in series the total stress
s andthetotal strain e can bewritten as

Is =Eey"

! 1

ts =hd; 1)
ie :e1 +e2

where e, and e, are the dtrains of the nonlinear
spring and the nonlinear dashpot, respectively. 7 is the
viscosity module, and E is the easticity module. The dot
denotes the time derivative and, mand n are nonlinearity
parameters. By differentiations with respect to time and
making appropriate substitutions, one can deduce from
Equation (1) the constitutive differential equation

1 tros"

mE”mS d+hn é 2

Equation (2) represents mathematically in the single
differential form the relation between the total dress s
induced in the material under a strain history e . This
equation is a first-order nonlinear ordinary differential
equation in s for a given drain history e when the
numbers mand n areidentically different from thenumber
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one.
2.2. Dimensionalization

If M, L and T dencte the mass, length and time di-
mension, respectively, the dimension of the stress varies
as ML'T?. The dtrain e is a dimensionless quantity.
Therefore, in Equation (2) the coefficient E possesses the

same dimension with the stress s , that of n variesas
1-2n

ML'T .
2.3. SolutionsUsing a Linear Strain-Path Control

We derive in this section the hyperlogistic-type solution
allowing the description of the time-dependent stress
induced in the material sudied. For this, we consider that
the material under consideration is subjected to a linear
strain-path contral, that isto say

e(t)=at ©)

where a istherate of application of the grain.
Thus, Equation (2) becomes

lm Sn
T mg+2 =g 4
meY™ h"

In order to solve Equation (4) we proceed to the fol-
lowing change of variable

1

y=sm ©)
or

s =y" (6)
Differentiating Equation (5) with respect to timeyields

1 &m
=—s mg& (7

m

Subsgtituting these relationships (Equation (6) and (7))
into Equation (4), the resulting equation becomes
1
m 1
y+o Y™ =aEn ®)
h
Equation (8) is also a first-order ordinary differential
equation in y, which can be solved anaytically with the
suitable boundary conditions of the mechanical problem
considered in hyper-exponential or hyperlogistic-type
function for special values of the exponent mn.

2.3.1.CaseA: mn=1

In this particular case where m—1 Equation (8) be-

comes a simple linear first-order ordmary differential
equation
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£1+:—ny:aE” ©)

which can be easily solved analytically using theinitial
condition
t=0, y(t)=y,
Thus, we can obtain as solution

y(t):ah”+(y0-ah“)expge- E—:tg (10)
éh' g

From the Equation (6) we may deduce taking into ac-

count the Equation (10) the stress versustime as
1

s(t):g’:\hu(yo—ah )expg— E—t?uu 1)
e 2

Equation (11) gives the time variation of the stress in
the viscoelastic material studied. It models the time- de-
pendent stress as a hyper-exponential function showing
that the initia stress is different from zero. Moreover,
Equation (11) predicts a stress that asymptotically ap-
proaches a maximum value with increasing time.

2.3.2.CaeB: mn=2

In this particular case where m:g , Equation (8) be-
n

comes afirst-order Riccati nonlinear ordinary differential
equation [3] and “in press” [4-8].
n/2
¥+ - y? =aE"? (12)
which can be easily solved analytically using theinitial
condition

t=0, y(t)=y,
Therefore, we can obtain as solution
y(t) =

nOO
Yo +yah™ + gy \/ahn_expg 29 a— Tt
h
fihD 'Y
®& e n 0 0
‘A +ah" - gy \/ahn_expg 2¢ ’a— T
h"

] QJ

(13)
We can deduce from Equation (6) taking into considera-
tion the above Equation (13) the stress versus time

s (t)=

é E" 0 OU
€ Yotyah" (y exp@ 2§ af-t-u
é
é/ah"
é gno Ou
é y, + ah“-(y0 exp(; 2 ah—n—t T
&
(14)
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Equation (14) describes the time variation of the stress
in the viscod astic material studied as a hyperlogistic-type
function, which is powerful to reproduce any S-shaped
curve[9,10].

3. Numerical Results and Discussion

In this part some numerical examples concerning the
time-dependent stress are presented to illustrate the ability
of the model to reproduce the mechanical response of the
viscoelastic materia studied. The dependence of the stress
versus time curve on the material parametersisalso dis-
cussed.

3.1 CaseA: mn=1

Figure 2 exhibits the typical time-dependent stress curve
with an increasing until a peak asymptotical value, ob-
tained from Equation (11) with the value of coeffi-
cientsa =1, h =1, E=1, n=3, y, =0.01. It can be
seen from Figure 2 that the model is capabl e to represent
mathematicaly and accurately the typical exponential
gtiffening of some viscodlastic materials, for example,
soft living tissues and soils, as shown in [3] and “in press”
[4-8]. Themodd predicts a mechanical responsein which
the slope, after reaching its maximum value at the in-
flexion paint, declines gradually with increase time until
the failure point at which the dope reduces to zero.

Figure 3(a), (b), (c), (d) and (e) shows the effect of
material parameters on the time-stress response. The
effects of these parameters are studied by varying one
coefficient while keeping the other four constant. Figure
3(a) illustrates how therate of application of the strain a
affects the maximum va ue of the stress. The graph shows
that an increasing a , increases the maximum stress and
the slope, and has no significant effect on the time re-
quired to

reach the maximum stress and on the initia value of the
stress. The red color corresponds to a =1, the blue to
a =2, andthegreento a =3. The other parameters are
h=1, E=1, n=3, y,=001.

In Figur e 3(b) is shown the dependence of the stresson
the viscosity coefficient n. An increase h , increases the
peak stress and the time needed to reach it. The dope
increases also. But an increasing m, has no important
effect on the initial value of the stress. The red color
correspondsto h =1, theblueto h =2, and the green to
h =3. The other parameters are a =1, E=1, n=3,
y, =0.01.

The stress curves at various values of the easticity
module E for the material under study are shown in Fig-
ure 3(c). Anincreasing E, greatly and fast increases the
value of the stress on the time period considered. The
dopeincreaseswith increase E. Thered color corresponds
to E=1,theblueto E=2,andthegreento E=3.The
other parametersare a =1, h =1, n=3, y, =0.01.

Figure 3(d) shows the sensitivity of the stress-time
curve to the nonlinearity parameter n. An increasing
nonlinearity parameter n, has a high effect on the stress
value in the time period considered. Indeed, an increasing
n, significantly and fast increases the value of the stress
and also theinitia value of the gtress increases with in-
crease n. Thered color correspondsto n=3, the blue to
n=5, and the green to n=7. The other parameters are
a=1,h=1, E=1, y,=001.

We observe from Figure 3(e) that an increasing initial
valuey, , hasasignificant effect on the stressvaluein the
time period considered. In fact, an increasey, , increases
significantly and fast the stress value and aso the initial
value of the dress. An increasingy,, reduces the slope.
The stress becomes constant, that is to say,

1

s :@hnlijE = cste

or

0 0.2 0.4

0.6 0.8 ¢

Figure2. Typical stresstime plotting exhibiting a maximum asymptotical value.
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Figure 3. (a). Stress versustime curves at various values of the strain rate; (b). Stress-time curves with different values of the
viscosity module; (c). Stress versus time curves showing the effect of the elasticity module E; (d). Stress versus time curves

with different values of the nonlinearity parameter n; (€). Stress-time curvesfor threedifferent valuesof y, .

Sl

s =y,n =cste

with
y, =ah"
and the dope reduces to zero. The red color corre-
spondsto y, =0.01, theblueto y, =0.1, and the green

to y,=05. The other parameters are a =1, h =1,
E=1, n=3.

3.2.CaseB: mn=2

Figure 4 exhibits the typical time-dependent stress curve
with an increasing until a peak asymptotical value, ob-
tained from Equation (14) with the value of coefficients

a=1,h=1, E=1, n=1, y,=0.01. It can be ob-
served from Figure 4 that the mode is able to represent
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accurately the typical time-dependent stress curve of a
variety of viscodastic materials, as mentioned above, for
example, soft living tissues and soils, as shown in [3] and
“in press” [4-8]. The stress versus time curve isnonlinear,
with a nonlinear beginning initial portion, and illustrates
then the sigmoid mechanical behavior of the viscodastic
material considered. The plotting showing a nonlinear
sigmoid behavior indicates, consequently, the

material giffening followed by softening. The mode
predicts a mechanical response in which the dope, after
reaching its maximum value at the inflexion point, de-
clines gradually with increase time until the failure point
at which the slope reducesto zero.

In Figure 5(a) is shown the dependence of the stress
versus time curve on the strain rate a . The graph indi-
cates that the peak stress increases with increasing a .
The dope increases aso with increase the rate of appli-
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cation of the strain. But, an increasinga , has no impor- and the green to a = 3. The other parametersare h =1,
tant effect on the time required to attain the peak stress. E=1, n=3, y,=0.01.
The red color corresponds to a =1, the blueto a =2, Figure 5(b) illustrates how the viscosity coefficient n

0 0.5 1 1.5 2 2.5 3 35 ¢

Figure4. Typical stress versustime curve exhibiting a maximum asymptotical value.
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Figure 5. (a). Stresstime curves at various values of the rate of application of the strain a . (b). Stress versustime curves at
three different values of the coefficient of viscosity #. (c). Stress-time curves for various values of the dasticity module E. (d).
Stress-time curves showing the effect of the nonlinearity parameter n; (€). Stress versus time curves for three different values

Yo-
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affects the maximum value of the stress. The graph
shows that an increasing n, increases the maximum stress
and increases aso the time needed to attain the maxi-
mum stress. Thered color correspondsto h =1, the blue
to h =2, and the green to h =3. The other parameters
aea =1, E=1, n=3, y,=001.

It can be observed from Figur e 5(c) the dependence of
the stress on the elasticity module E. An increaseE, hasa
great influence on the stress value. Indeed, it increases
fast in the early periods of time. Then, this influence de-
creases as time tends to infinity, and the curves tend to-
wards the same asymptotic value of the stress. The dope
increases with increase E. The red color corresponds to

E =1, the blue to E=2, and the green to E=3. The
other parametersare a =1, h =1, n=3, y, =0.01.

The stress curves at various values of the nonlinearity
parameter n for the materiad under consideration are
shown in Figure 5(d). Anincreasing n, has a high effect
on the stress value. In fact, the stress increases fast in the
early periods of time. Then, this effect decreases as time
tends to infinity, and the curves tend towards the same
asymptotic value of the stress. The nonlinearity of the
initial portion of curves becomes less important with
increasing n. Thered color correspondsto n=1, theblue
to n=3, and the green to n=5. The other parameters
aea=1,h=1, E=1, y,=0.01.

We observe from Figur e 5(e) that an increasing initial
value vy, has an important effect on the stress value.
Indeed, the stress increases fast in the early periods of
time. Then, this influence decreases as time tends to in-
finity, and the curves tend towards the same asymptotic
value of the dtress. Moreover, an increasing Yy, , in-
creases the initial value of the stress. The red color cor-
responds to y, =0.01, the blue to y, =0.1, and the
green to y, =05 . The other parameters are a =1,
h=1, E=1, n=3.

The previous numerica examples show that theoreti-
cal models are important toals for the prediction and si-
mulation of viscoelastic behavior of materials. In this
work, a ssmple nonlinear viscod astic model is presented.
The present model has been developed following two
working hypothesis. The first postulates that the material
properties can be divided into a nonlinear pure eastic
component obeying a power-law and acting in series
with a nonlinear damping el ement obeying a power-law
and capturing the time-dependent deviation from the
equilibrium state. The second hypothesis assumes that
the material is subjected to a linear strain-path control.
Under these restrictions, the model predicted the time-
dependent stress induced in the material as a hyperlogis-
tic-type function, which isableto reproduce any S-shaped
curve as shown by numerical examples. These predicted
results by the proposed model are in very agreement with
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those published in theliterature. The proposed modd isan
extension of the classica Maxwel model to large de-
formations by means of two parameters m and n. It ap-
peared evident that for m=1 and n=1, the present
model reduces to the well-known Maxwell model. Con-
sequently, these parameters assure therole of nonlinearity
coefficients.

4. Conclusions

A complete characterization of viscoelastic materialsis
very difficult to perform, due to the fact that the me-
chanical response of these materials is time-dependent
and history-dependent, and moreover, their sress-strain
curve is nonlinear. Following this viewpoint, nonlinear
theoretical models are necessary to better predict and
understand the time-dependent behavior of materias. For
this purpose, a nonlinear generalized Maxwell model has
been developed. The modd allowed, according to the
obtained results, describing mathematically and accu-
rately the nonlinear time-dependent stress in some vis-
coelastic materials, as a hyperlogistic-type function, that
is powerful to represent any sigmoid curve. The present
model, in particular, is shown to be very sensitive to the
magnitude of the strain rate. Altogether, more experi-
mental results and practical tests are needed to further
validate the feasibility of thismodel.
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