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Abstract

The evolution of ASE noise and the generation of nonlinear phase shift are
analyzed based on the travelling wave solution of ASE noise and its probabili-
ty density function by solving the Fokker-Planck equation including disper-
sion effect. Nonlinear effect has strong impact on ASE noise. After the trans-
mission in non-zero dispersion shift fibers + dispersion compensation fibers,
due to the nonlinear effect, ASE noise is enhanced. Detailedly, the real part of
ASE decreases but the image part increases greatly compared to that with dis-
persion effect only. Nonlinear phase shift, related to the image part of ASE
noise, occurs in this kind of link. The impact of signal intensity on ASE noise
induces fluctuations to the both curves of ASE noise and nonlinear phase shift
as functions of time, respectively. Furthermore, it results in the non-Gaussian
distribution of ASE noise probability density function (side-bands occurring)
and brings more than 1 dB additive BER.
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1. Introduction

Nonlinear phase noise [1], an additive component of amplified spontaneous
emission (ASE) noise induced by the interplay between ASE noise and fiber Kerr
nonlinearity, has attracted lots of attention [2] [3] [4] [5] [6]. It is the dominant
impairment of differential phase shift keying (DPSK) signals, which successfully
suppress the nonlinear fluctuation between signals [7] [8] [9] [10].

From the power spectral density, ASE noise probability density function (p.d.f.)
is the Fourier transform of its characteristic function which is determined by the
power distribution [2] [3] [4]. The nonlinear phase can be obtained directly and
it has been proved that a high dispersion lowers the impact of nonlinear phase

[5]-[10]. But usually the nonlinear effect on ASE noise is neglected. Actually, the
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along transmitted signal is so strong and by nonlinear effect, it acts on the ASE
noise. So its little change may bring a distinct alteration on ASE noise and coun-
ter-act the signal phase again.

In addition, by the power spectral density, the interplay among Kerr nonli-
nearity, chromatic dispersion and ASE noise in the frequency domain can also
be analyzed by the transfer function method [11]. The dependence of nonlinear
phase noise and quadrature component of ASE noise is studied in [12], but there
are still some unknown effects generating or changing nonlinear phase noise
[11] [12] [13].

On the other hand, the p.d.f. of ASE noise can also be calculated by the Fokk-
er-Planck equation [14]. To solve it, the differential around time has to be de-
leted which means, the dispersion effect is ignored. Even though the dispersion
compensation devices will balance most of the dispersion effect, it is no doubt
that in the transmission fibers, the complex interaction process that the disper-
sion acts on nonlinear phase, and produces the intensity fluctuation, then again
this fluctuation induces a phase shift and is different from the case of zero dis-
persion.

To avoid the complex noise probability evolution in fibers, in [5] [6] [10], au-
thors directly calculated the system performance (BER, Q) by the SNR which
was the function of power. This is an approach by measuring power to estimate
the system performance. Still, the issues on the estimations of ASE noise and
nonlinear phase noise are dissolved.

So, in this paper, we attempt to give an inclusive and explicit description
about the change of ASE noise and the generation of nonlinear phase noise in
dispersion and nonlinear fibers. By my knowledge, this is the first time that in
the estimation related to ASE noise, the nonlinear effect is taken into account
and it is also the first time that in the p.d.f. of ASE noise the dispersion effect is
taken into account.

We start with the transmissions of ASE noise and signals, which satisfy the
nonlinear partial differential equations (NLPDE) [11]. Our method is similar to
[14], but the in-phase and quadrature components of ASE noise are respectively
solved in the time domain. Thus, the dependence between ASE noise in-phase
and quadrature components, and their probability density functions impacted by
the transmission, are directly derived. This is the base for the practical system
bit-error-rate estimation in which ASE noise is impacted by dispersion effect,
nonlinear effect and signal formats.

In Section 2, the analytical solution and probability density function of ASE
noise are achieved by the travelling wave solution of NLPDE. Based on these so-
lutions, the change of ASE noise originated from dispersion and nonlinear ef-
fects is detected for the link of non-zero dispersion shift fibers + dispersion
compensation fibers(NZDSFs + DCFs), and nonlinear phase shift caused by
nonlinear effect on ASE noise, is analyzed in Section 3. Section 4 presents the

conclusion.
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2. Theory

In this section, we will derive the nonlinear partial differential equation describ-
ing ASE noise in transmission fibers and solve it with the travelling wave me-
thod. Subsequently, its probability can been gained based on this solution. Both

are the base for the analyses of nonlinear phase noise.

2.1. Travelling Wave Solution of ASE Noise

The envelope of electric field satisfies the nonlinear Schrodinger equation:
U (z,t) p,0°U(zt)

pe > o =—y(z)exp(—2az)|U (z,t)|2U(z,t) (1)

where f, is the group velocity dispersion, y is the nonlinear coefficient and
a is the fiber loss. The field is:

U(z,t):g“[ul(z,t)+A(z,t)]exp(—ia),t) (2)

where U,(z,t) and A(zt) are the complex envelopes of signal and ASE noise,
respectively. Nis the channel number. ASE noise generated in erbium-doped fi-
ber amplifiers (EDFAs) is: A (0,t)= Az (0,t)+iA, (0,t).

Ar(0,t) and A, (O,t) are statistically real independent stationary white
Gaussian processes and
(A (0.t+7) A% (0,1)) =(A, (0,t+7) A (0,t)) =n v, (G ~1)Ay5(z) . In the
complete inversion case, n,, =1. 4 is the Planck constant. G, is the gain for
channel £

Substituting (2) into (1), we can get the equation that A (Z,t) satisfies:

. OA (z, 2, 0
; Aézz t):%[—wl +a__.2wlﬁtjp,(z,t)

5 (3)
A(zt)

2ui(z )+ A(zt)

i

-y(2)exp(—2az)

So, the in-phase and quadrature components of ASE noise obey:

Me(2t) o OA(2Y) 1 FA(ZY 1
PY Py ot +2ﬁ2 ot 2ﬁzwl A “
—;/exp(—Zaz)iuj(z,t)+Aj(z,t) A,
oA(zt) M@ 1, A(zt) 1,
“a B o Zﬂz o +2,32a)| Ar(z:t) “
+7exp(—2az)iuj(z,t)+Aj(z,t) Ar
=1

We now seek their travelling wave solution by taking [15] Ay =¢(¢)
A = (p(é) , &=t—cz. Then, (4) and (5) are converted into:

N

DU (zt)+ A (z1)

j=1

¢ (B —c)= —[%ﬂza),z +yexp(—2az)

2
1
:l(”‘*‘aﬁzw” (6)
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N

o (B —¢) = %,Bzw,z +yexp(-2a2)|Yu, (2.4)+ A (2.1)

j=1

2
1 n
} ¢- §ﬁ2¢ (7)
(7) is differentiated to &:

N

o (B ~0)=| 2 i +yexp(-2a2) S, (2.0 A, (21

j=1

’ ' 1 m
}f —Eﬂﬂf 8)

Replace ¢' and ¢" in (8) with (6) and the differential of (6), there are:

,2
£
©)

2ui(zt)+A(zt)

i

Jﬁ;uj(z,t)+ A (z,t)

(P”(ﬂza)l _C)Z = _[%ﬁzwf +]/eXp(—2aZ)

r 2
1 1
+ 5, Eﬂzwlz""}/e)(p(_zaz) ](P +Z,322(P(4)

From (6) and (9), We can easily obtain:

j=1

¢= B{ Bl 2+ yexp(-2az) iuj (zt)+A (zt) }coskf

- (10)
+ B,k? /2 cos kf}/(ﬁza), —c)/k
¢ =Bsinké& (11)
and
B=A:(0,t)(B —c)l/{[ﬂzwﬁ/2+yexp(—2az) _N uj(z.t)+ A (z.t) }coskt
= (12)
+,82k2/2-coskt}
C:i{ﬂ§k2/4+[ﬁ2a)|2/2+}/exp(—2az)2 ZN:uj(z,t)+ Aj(z,t)‘ ]/2
=1
. V2 (13)
+ B} [2+ yB, exp(-2az)|Du, (2,t) + A (z,t) } + B0,
i
k =arcsin(A, (0,t)/B)/t (14)

In the above calculation process, B, ¢ and k& should be regarded as constants

and Ag, A, are the functions of the solo variable &, respectively.

2.2. Probability Density Function of ASE Noise

Because Ay and A, have been solved, the time differentials of (4) and (5) can
be calculated. Thus, the stochastic differential equations (Ito forms) around Ay

and A, are:

6AR6(ZZJ) = (A (2))+ 9 (A (2.1)) Arco (15)
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ACY_ (g (20)+ 0 (A (20) A (16
where
f(Ax(2.1))
prof 2+ yexp(-2a2) 0, (2:) + A (21) + 52 a7
_ i _ A2
=pkaey || B (ﬁ2w| —C)k Ax (Z,t)
o () - LR
AR,Z:O
B} |2+ yexp(—2az) ZN:uj (z.t)+ A (zt) +Bk*/2 (18)
x || B (ﬁza)l —C)k —AR(Z,I)
f'(A"(Z,t))z—ﬂzka)lsz—Aﬁ(Z,t) (19)
Bt |2+ yexp(-2az) y u; (z,t)+ A (z,t) +Bk*/2
g'(A (z1))=|B >
(B —c)k 20)
X(ﬁzwl_c)k Y
BAH,Z:O B AI (Z,t)

Now, they can be regarded as the stationary equations and we can gain their
probabilities according to Section (7.3) and (7.4) in [16]. By solving the corres-
ponding Fokker-Planck equations of (15) (16), the probabilities of ASE noise

are:

IR:—C expl| 2[ ™ f(s) ds_ (21)
" o (AT p[ L e B

“:—, ~ex ZA"—]c (S)zds (22)
P (] p[ For® *

C,C’ are determined by Ij: pdp =1. Compared with [13], these probabilities

of ASE noise take dispersion effect into account. This is the first time that the
p.d.f. of ASE noise simultaneously including dispersion and nonlinear effects is
presented.

(21) and (22) are efficient in the models of Gaussian and correlated

non-Gaussian processes as our (4) (5).
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Obviously, the Gauss distribution has been distorted. They are no longer
symmetrical distributions and both have phase shifts consistent with [13] and as
its authors have expected that, “if the dispersion effect was taken into account,

the asymmetric modulation side-bands occur.” The reasons are that, item
. 0 2
-ip,0 E/—\ (z,t) in (3) brings the phase shift, and %%A (z,t) brings the

expanding and induces the side bands, the self- and cross-phase modulation ef-
fects. Their synthesis impact is amplified by (21), (22) and results in the com-
plete non-Gauss distributions.

So, we have obtained the analytical solution of ASE noise:

a(zt)= i(AIR Pir + 1A, Py ) exp(—iayt) (23)

3. Results and Analyses

In this section, by calculating the signal and ASE noise fields point-to-point, we
will simulate the above ASE noise statistical solution and attempt to get some
extended results about nonlinear phase noise.

To simplify the problem, we only consider one signal channel. Fiber parameters
2

are listed in Table 1. u(0,t)=u,exp [;—:Zj where t, is the half-width (at 1/e

0

2nc 25
intensity point). D = —/l—nzﬂz , Uy=5mW, and t,= 3 ps. The duty ratio

is 33%. The bit rate is 2.5 Gb/s. In the calculation of ASE noise: Av =50GHz,
G =16.8dB/km and v =3x10°/1550x10°(Hz). The link is shown in Figure 1.
We choose the link of NZDSFs + DCFs to show that even though the dispersion
effect is quite small, taking it into account is significant.

We have derived the representation of ASE noise in transmission fibers in
(23), so the noise evolution can be explicitly shown. We draws ASE noises after
they have been transmitted in the link of NZDSFs + DCFs to disclose the nonli-
near phase shift induced by nonlinear effect on ASE noise.

In Figure 2, the dots correspond to those only affected by dispersion [12].
1

a’(z,t)=(<{h(sz,t+r)®a(o,t+T)}{h(sz,t)®a(o,t)}*>)5, S, =452,
h(SZ,t):ﬁ{sin[g}rcos(gj—icos(gjﬂsin[gﬂ, and the solid

lines are based on (23) (<a(z,t +7)a’ (Z,t)>)]/2 .

Figure 2 plots the Re(<a(z,t +7)a’ (z,t)>)y2 and Im(<a(z,t +r)a’ (z,t)>)y2
after the transmissions of 1, 5 and 10 spans links. The simulations of ASE noise
by the power spectral density method are also plotted for the validation of our
extending result compared to references [11] [12] [13]. Here, we only calculate
the transmission of ASE noise generated in the first amplifier rather than the

accumulated value in which each amplifier (every span) generates ASE noise.
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Table 1. Fiber parameters.

a (dB/km) y (/km/W) D (ps/nm/km)
DCFs 0.59 55 -87
NZDSFs 0.21 2.2 4.4
80 km NZDSF EDEA
DCF
Figure 1. The simulated link.
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Figure 2. The evolution of ASE noise after the transmissions of 1, 5 and 10
spans NZDSF (80 km) + DCF (4.046 km). Marks “0” and “+” are the simu-
lations by the power spectral density method for the cases with and without
nonlinear effect, respectively.
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With the increase of distance (span number increases), the deviation between
the dotted and the solid lines increases.

Even the dispersion is compensated, due to the nonlinear effect, ASE noise is
enhanced. Detailedly, the real part of ASE decreases but the image part increases
greatly compared to that with dispersion effect only. The term i, A(z,t) / ot
in (3) brings a phase shift and partly distorts the odd and even symmetries of
ASE noise compared with [6] [10] [12]. But this is not explicit in Figure 2 be-
cause the transmission is short.

Only the Re(<a(z,t+r)a*(z,t)>)l/2 plays roles in the estimation of nonli-
near phase noise and according to the calculation formula of [12], fifty percents
of the nonlinear phase noise is under-estimated for 10 spans NZDSFs + DCFs if
the nonlinear enhancement of ASE noise is not taken into account (Figure 2).

To explicitly exhibit the impact of nonlinear effect on ASE noise, we calculate
the bit-error-rate (BER) of a PSK signal as a function of SNR in Figure 3. We
calculate BER [3] [16] and SNR [5] [10], separately.

SNR = i
NASE + NNL
BER = p(¢)|¢:2 rad

B 1is the signal power, N,q is the average power of ASE noise and N, is
the nonlinear fluctuations induced by SPM and XPM. p(¢) is the p.d.f. as a
function of phase. With the decrease of SNR, for the worst case( <¢> =2rad, the
side-band point such as the side band t= 4x107" (S) in Figure 2(d), the non-
linear effect on ASE noise will bring 1dB BER value increase.

We also calculate the phase shift caused by ASE noise [4] in Figure 4.

. Im“j:u (z, a))exp(—ia)t)da)}

Re(U (Z’t)) Re[f:u(z,a))exp(—ia)t)da)]

o =arctan

MThis phase value is caused 11/)2y the accumulated ASE noise
(Z(<a(MZ,t +7)a’ (Mz,t)>) , M is the span number). The values in Figure 4
aré the same order of magnitude as [4] [7] and hence it again verifies our theory.
The phase shift caused by ASE noise with nonlinear and dispersion effects is dis-
tinct compared to that caused by ASE noise with dispersion only.

There is a trace that a symmetric two-peak spectrum occurs in Figure 2 for
quite a short distance (10 spans NZDSFs + DCFs) and this is much clearer in
Figure 4. They attribute to that, the signal power is much larger than that of ASE
noise and thus brings a faster modulation [17]. We think that, when the dis-
tances extend, the asymmetry and fluctuation will be accumulated and there are
distinct asymmetry fluctuations in all figures [9].

4. Conclusion

In the dispersion and nonlinear fibers, based on the transmission theory of ASE

noise and the corresponding Fokker-Planck equations, the change of ASE noise
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SNR(dB)
Figure 3. Error probability function of a PSK signal.
The black line is our calculation result and the dash

line is the case without nonlinear effect on ASE noise.
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Figure 4. Phase shift . (@)
ASE noise with nonlinear and dispersion effects; (b) ASE noise with dispersion effect
only.

and the generation of nonlinear phase noise can be analyzed. ASE noise is en-
hanced due to the nonlinear effect. The strong signal not only changes ASE noise
probability, statistical amplitude and phase, but also brings an oscillation in the
statistical spectrum of nonlinear phase shift.
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