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1. Introduction

The Markov chain model has been widely used in different fields including edu-

cation to study students’ enrolment projection both in secondary schools and
tertiary institutions. Mostly it has been applied in a single school, a university or
a college because according to [1] and [2] respectively. Education system is
comparable to a hierarchical organization in which after an academic year, three
possibilities arise in the new status of the students; the student may move to the
next higher class, may repeat the same class, or may leave the system successfully
as graduate or dropout of the system before attaining the maximum qualifica-
tion. [3] shows that movements between grades of a social process, like an edu-
cational process, can be described by transition probabilities, because in the

educational system dropouts run counter to educational goals. In the paper the
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consequences of dropouts on length of stay in school and the cost of education
are examined for the two sexes. On application to Nigeria, the average length of
stay is found to be small, 1 - 4 years for boys and 3 - 8 years for girls instead of
the statutory six years. Markov Chain models are also used to model things in
physical system [4] and solve social problems [5]. Markov process is a synthesis
of movements between states to describe the relocations of members of the
transfer probability matrix to different states, on the basis of the mobility trend
of historical data [6]. Because the average time completes secondary school edu-
cation in Nigeria, the numerical success rate varies from school to school. This
has been a matter of discussion among education policy makers. With high rate
of student dropouts, unfinished studies as a result of female students being
pregnant without proper planning, and males students dropping out of school in
search of money for keeping family, this will indirectly affect the internal plan-
ning of the schools in terms of predicting student enrolment for each session,
number of teachers needed to teach all the courses offered in the school and im-
plementing class-room planning. The school administrators will have problems
in making strategic planning and coming up with a decision on new student
admissions into various classes. In view of this, we attempt to proffer an answer
to the question—what is the future class structure of educational system which
expands at a uniform rate if we continue with patterns of wastage and promo-
tion continues while the carrying capacity of the system is not exceeded? An ex-
cellent brief review of applications and a concise introduction to Markov con-
cepts are found in [7]. Using this type of model for our data involves utilizing a
probable matrix in order to predict the future enrolment of secondary school
pupil.

The central objective of secondary education is to provide young people to
acquire the skills, aptitudes, values, knowledge, and experience needed to con-
tinue their education and to be active citizens and productive workers.

A policy objective is to ensure that both access and quality are made available
to those generally excluded by poverty, ethnicity, gender, and other factors. Pro-
jection which is defined as the process of obtaining an estimate (or estimates)
based on present situation, future goals and targets and trend will be a useful
tool in achieving this key objective. Projecting future enrolment is one of the
most important tasks for educational plan. Projections are based on the assump-
tion that the past trends will continue to operate in the future. The reliability and
usefulness of projections depend on the assumptions and their closeness to real-
ity. The likely effects of policy changes are to be judged and projections are to be
made accordingly. Thus, when an element of judgment is added to the projec-
tions, it becomes a forecast. Forecasts enjoy the advantage of being based upon
the assumption or a set of assumptions which are likely to be realized in the near
future and can yield a relatively more realistic picture of the future. They should
be reviewed frequently in order to determine the degree to which they agree with

recent demographic changes. In order to do this, important variables concerning
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educational activities need to be made use of such as teacher quality, dropout
rates, and various grade sizes etc. A fore knowledge of future enrolment of stu-
dents in a school can help provide adequate man-power, infrastructures, etc.
Thus considering the fact that the state of student is hierarchical in nature, the
stochastic Markovian model finds an application in its study.

Students in a secondary school aspire to reach grade level six and graduate out
of school, but not all achieve this, some leave the system before rising to that of
the top classes or grade. For a long established school the various grades will be
composed of students who joined the school at different times and in different
grades. Enrolment projection is a necessary activity in educational planning be-
cause the enrolment each year show a generally stable condition, the manage-
ment cannot foresee the overall flow of students when this information is re-
quired for future planning. This is essential because in the recent time some
changes have taken place because of the competitive nature of school system in
Nigeria.

There are various forecasting models used to estimate future enrolment such
as cohort, regression, ratio, Markov and simulation. Among these techniques,
the Markov Chain seems to be the most suitable model for the study as observed
by [8]. This is because of the specialty of the Markov chain method that not only
can estimate promotion and repetition rates, but it can also estimate the number
of dropouts and graduates in the matrix.

To expand access and enhance relevance and quality, studies of the movement
throughout grades is then of interest in giving the educational career expectation
of a student in the school, as well as a forecast of the future class size and the
teacher-pupil ratio, will help in good budgeting and planning.

In this paper we model the movement of the school in question through the
secondary education system using a Markov chain. Many applications of
Markov chains technique occur in educational system such that the paper of [9]
addressed by Statistical analysis of data from University of Zimbabwe Educa-
tional System and they described the educational advancement of student
through the undergraduate degree programme. The paper has reported valuable
insights as a result of using Markov Analysis. The classical Markov chain model
for the multi-echelon educational system was developed by [10]. In the educa-
tional field, [10] proposed a Markovian model to forecast enrolment and degrees
awarded in Australian Universities.

[11] proposed an enrolment projection method based on the carrying capacity
of the educational system. The method is a refinement of the recruitment con-
trol strategy proposed in the literature. They implement their proposed method
using enrolment data from a university setting. The results obtained by extrapo-
lating the short-term shifts in enrolment structure reflect the normal progression
pattern in the system. [12] showed a transition matrix for a multi-echelon edu-
cational system, using logistic and Markov chain theoretic methodologies. The

explanatory variables of the logistic model are the school differential variables,
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and the transition matrix of the Markov chain is the non-homogeneous empiri-
cal transition matrix (NHETM). They compared the NHETM with the periodi-
cally updated transition matrix suggested in literature using data in a university
setting. The result indicated that the NHETM do not violate the flow mechanism
of the academic programmer and that the higher-order NHETM is not a sparse
matrix.

[13] reported that increased school size also negatively affected students’ abil-
ity to identify with their school. [14] found that in large schools of over 400 stu-
dents about 30% of the students felt a sense of belonging whereas in small
schools about 70% felt a sense of belonging. This increased sense of belonging
occurred in small schools because (a) people in small schools are more likely to
know and respect each other; (b) the anonymity of large schools increases anger
and physical violence; and (c) small schools were less intimidating for parents.
Similarly, [15] noted that established relationships are more intense and endur-
ing at smaller schools than at larger schools. In addition, [16] found higher de-
gree of cooperation among teachers and students in small schools than in large
schools in their study. The lack of personal satisfaction and connectedness expe-
rienced by students and teachers in large schools has been a major component of

the schools-within-schools movement [17] [18].

2. Discrete-Time Markov Chain Model

The discrete-time Markov chain is a mathematical system that undergoes transi-
tion on a state space. It is also a random process characterized with a memory
less property such that the next state (#+ 1) depends only on the current state ()
and not on the sequence of event that preceded it.

In developing a model of the flow of students through the system, we have to
take into consideration the inflow, promotion and wastages (resulting from
dropouts or graduates) processes of that system. We shall assume that all pro-
motions occur once at the end of the year (annually) and promotions are made
only to the next higher grade. The data for this research work is a secondary data
collected from the administrative department of the Apostolic Faith Secondary
School, Akwa Ibom State.

Furthermore, we assume that wastages occur due to deaths, illness, poor aca-
demic performance, dismissals, transfer to other school and graduation. The
wastage vector we denote by W.

Enrolment into the various grades constitute the inflow process and those
student who remained in a grade that is to say repeaters inflow can be made into
any of the grades any time. The inflow vector will be denoted by 7 (Table 1).

The model:

1) A 6 x 6 matrix p of transition probability governing the movement within
the system and is denoted by p;; ., .-

2) A vector of 6 x 1 wastage probabilities denoted by W =(w;).

3) A 1 x 6 vector of inflow probabilities denoted by 7 =().
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Table 1. Model notation.

n,(0) Represent the initial grade size of grade 7.
n, (1) Represent the number of students in grade 7 at
time £

Represent the total size of the
n(r) System (Z n, (t)) atthe end of the (r=1)"

session.

Represent the number of students who move
n, (1) from grade 7to grade jat time ¢ (representing
the promotion flow).

Represent the inflow to grade jat time (7+1),

m="7 Represent the wastage flow for the grade

n, (1) within the session. That is the number of
students who leave the entire system at time ¢
and £=7.

Represent the inflow to grade j at time (+1),
m=7.

Represents the probability of a student in grade 7
moving to grade jat time £ (if transition is

p, (1) stationary then p, (r)=p, forallg
j=12,:--6.

Represents the probability of a student dropping

out from grade 7 or represents the probability of

wastage from grade 7within the ¢, session and

k=17.

| Represents the probability of inflow into grade j
t+

P (t+1) attime (t+1), j=1,2,,6, m=7.

i Represents number of rows, i=1,2,---,m .

j Represents number of rows, j=1,2,---,k .

k Represents number of rows, ¢=1,2,---,T .

Note:

1) The summation of the probability of promotion flow is less than one (< 1).
Zl;:ipl.j(t)<l, i=1,2,m; j=1,2,-.k (1)

This is because in an open system, transitions out of the system are possible.

2) The probability of promotion flow plus probability of wastage sum one.
> Py w1 =12, m )

This is because a stochastic matrix is a matrix of finite or infinite order with
non-elements such that the sum of each row is equal to one.

3) The probability of inflow into grade jat time (£+ 1) sum to 1
6
zj:ipmj (t+1)=1, m=7 (3)

This is because a stochastic matrix sum to one along the rows (Table 2).
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Table 2. Students flow format.

1 2 3 4 5 6 7 (W) Row Total n,(1)
1 n, () n,(1) n(t) n, (1) n, (t)
2 m, () ny (1) (1) ny (1) n, (1)
6 g (t) N, (t) s T (t) ng; (t) n, (t)
I n, n, ng

Column noon, o...n

Total (t+1) (¢+1) ... (£+1)

The data in the above flow format is then used in:

1) Estimation and validation of the model (test for stationary);

2) Prediction of the expected future enrolment;

3) Projections of teachers;

4) Estimating the expected wastage;

5) Estimating the expected, length of stay;

6) Estimating the variance and standard deviation of length of stay;

7) Calculating the probabilities of attaining higher grades.

2.1. Estimation and Validation of the Model (Test for Stationarity)

The prediction equation n(7+1)=n(¢)Q is true whether the probabilities are
constant or not. But if the assumption of stationary is not validated, we would
have to update the matrix Q before using it to predict for each new item period
as given by [19]. In other words, we would be dealing with equations of the type

7(1+1) =70, (1)
n(t+2)=n;(t+1)Q, (1+1)

_ _ (4)
n(t+3)=n,(1+2)0,(t+2)

In this section, we shall give a test for testing the assumption of stationary
transition probabilities.

Assumption of constant transition probabilities implies that:

p,;(t)=p, foralltand Q,(¢)=g, forallz

Test for Constant Transition Probabilities

1) Hypothesis

H,: Transition probabilities are constant over time.

H,: Transition probabilities are not constant over time.

2) Test Statistics

The statistical inference procedures for Markov chains following the works of
[20] (pp. 90-100) [19] [20] and using the principle of maximum likelihood esti-
mation of a multinomial distribution give the estimates of p, (¢) for each ses-

sion as
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©)

b (t):I:l— (6)

3) Decision Rule

We do not reject the null hypothesis of constant transition probabilities if
p;(1)=p; forall £ otherwise we reject.

4) Computation and conclusion will be displayed subsequently.

Test for Stationary

To test the stationary of the sectional TPM’s p(#) with elements p,(#) we use
the following layout discussed in the above references (Table 3).

Thus:

1) Hypothesis

H,: Transitions from a row state 7 are stationary.

H,: Transitions from a row state /are not stationary.

2) Test Statistic

The j* test for stationary as stated by [22] is

./gl Z’TZI & (t)<l3;‘/ (’) - Dy )2

4 Dy ’l;(T*I)(H) (7)
~ _\2
2 En0)(py(0-0)
7= 5 ’Z;,m(T—l)(b—l) (8)
by

where « is the level of significance and 4 is the number of those p;.s>0.

3) Decision Rule

We reject the null hypothesis that transitions from a row state 7and the entire
system if ;(12 > lj(m)(m) and )(22 > ;{i’m(,ﬂl)(bfl) .

Computation and conclusion will be displayed subsequently.

2.1.1. The Prediction Equation for the Expected Future Enrolment

The basic prediction equation as given by [23] for the expected future size is:
n(t+1)=2 " n () py + 1,2 n(6)w, 9)
This equation can be expressed using matrix notation as:
ﬁj(t+l):nj(t)p+le (10)

where p = 6 x 6 transition probability matrix (TPM); w' = 6 x 1 vector of was-

tage probabilities; 7= 1 x 6 vector of inflow probabilities 7, (+1)=n(r)Q

where: Q=p+w'l.

And also Qis a stochastic matrix with the (ij )th element given as:
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2

Table 3. Layout for x test of stationary of transitions from the i grade (T x7 Con-

tingency Table).
J Row Total
T 1 2 3 4 5 6 7(W) n (t)
1 P (1) pa(1) pe(l)  pa(1) n (1)
2 7(2)  pa(2) r(2)  p.(2) n, (1)
T pa(T)  pa(T) pe(T)  pa(T) n(T)
Column
Total pl p.2 r7

_ T
4y =Py + W I

We shall use the behavior of Q to discuss and answer the questions about the
model described. Using the predicted value at time (#+ 1) we obtain that for (¢ +
2) and so on.

That is we have

(11)

2.1.2. Projections of Teachers

Enrolment statistics forms the basis for many investment decisions in education.
A teacher is the most important academic input especially at the primary and
secondary level, and teacher’s salaries accounts for a major share of recurring
expenditure of the federation budget education. Projections on recruitment of

teachers should follow enrolment projections.

2.1.3. Method Based on the Number of Pupils per Class and Hours
Taught by a Teacher

This is technically a better method of making projections of teacher-requirements
in the future, as it takes into account the following variables:

1) Size of the class;

2) Number of hours that the students receive instruction per week;

3) Number of hours taught by a teacher per week.

The following set of data is required:

1) Stage-wise enrolment;

2) Average number of hours per week for a student as per time-table;

3) Average number of students taught at the same time by one teacher;

4) Average number of student-hours per week taught by a teacher.

According to this method following the work of [22] the requirement of
teachers is determined by the following procedure:

T E-Hs

R-Hi 12
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where 7'= Number of teacher required; £ = Projected enrolment; R = Average
number of students per teacher or per instructional group or size of average class;
Hs = Average number of weekly hours per student which is generally prescribed
in the school curricula; and Ht = Average number of weekly hours per full-time
teacher.

Equation (12) is very useful for planning purposes. All the different factors
can be planned, as none of them is constant. In this equation, the number of
teachers required is directly proportional to the number of pupils and the aver-
age weekly hours per student.

The following assumption holds.

1) Teacher-pupil ratio will vary gradually (increase or decrease);

2) Weekly hours per student will remain constant; and

3) Weekly hours per teacher will vary gradually (increase or decrease).

Expected Wastage

Given 7,(t) as the expected grade size or the structure at time ¢ the ex-

pected wastages at the end of time ¢is given by:
w(t):z(/":lﬁj(t)wf (13)

where w; is the probability of a student dropping from grade ;j and is inde-
pendent on time.

Expected Length of Stay

Bartholomew (1991) established that the mean length of time spent in a grade

in the system is given by:
E(e)=(1-p)" (1)

where 1 = 6 x 6 identity matrix; p = the transition probability matrix for the base
year.
Variance and Standard Deviation of Length of Stay
The variance of length of stay is a measure of the variability of length of stay
in a grade. It is given by:
Oy =2ttty — phy — py Fori# j (15)
Hi —p; fori=j
where g, isthe (i —j)th element of (1- p)f1 :
The standard deviation is defined as the square root of the variance in 2.15
above.
The Probability of Attaining Higher Grades from Grade i
This is the probability that an entrant to any grade 7 attains higher grades and
is given as:
My
/Iij ) Hjj

(16)

where ; is the (i— j)th element of (1— p)71 and 7/ denotes the probability

that an entrant to grade 7 will attain grade /.
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3. Data Analysis and Discussions (Tables 4-10)

Since p, (t)= p; for all #we reject, we conclude that probabilities are not con-

stant.

3.1. Testing for Stationarity

Test for stationary as described on Section 3.3 is applied to the data for the ap-

plication we have that the states are: i=1,2,---,6 (grade levels) and the times of
observation are 7=1,2,---,6 (2008/09-2013/14).

For easy follow through, the transitions calculated for each time of observa-

tion will be given illustrating the procedure using 7 = 1. The result for the other
states 7= 2, 3, 4, 5, 6 shall only be stated.

Table 4. Transition probabilities for the year 2008/2009.

1 2 3 4 5 6 7 (W)
1 0.227 0.7645 - - - - 0.0083
2 - 0.0249 0.9701 - - - 0.0050
3 - - 0.0645 0.8065 - - 0.1290
4 - - - 0.0373 0.8136 - 0.1492
5 - - - - 0.0722 0.9202 0.0076
6 - - - - - 0.0244 0.9756
7 0.8824  0.0549  0.0157 - - 0.0471
Table 5. Transition probabilities for the year 2009/2010.
1 2 3 4 5 6 7(W)
1 0.2643 0.7143 - - - - 0.0214
2 - 0.0441 0.9461 - - - 0.0008
3 - - 0.0276 0.9078 - - 0.0645
4 - - - 0.0551  0.08814 - 0.0636
5 - - - - 0.0425 0.8533 0.1042
6 - - - - - 0.0193 0.09807
7 0.8494 0.541 - - - 0.0811
Table 6. Transition probabilities for the year 2010/2011.
1 2 3 4 5 6 7(W)
1 0.1327 0.8605 - - - - 0.0068
2 - 0.0045 0.9462 - - - 0.0493
3 - - 0.0099 0.9655 - - 0.0246
4 - - - 0.0095 0.9524 - 0.0381
5 - - - - 0.0228 0.8950 0.0857
6 - - - - - 0.0523 0.9474
7 0.7902 0.0623 0.0721 0.0361 - 0.0393
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Table 7. Transition probabilities for the year 2011/2012.

1 2 3 4 5 6 7(W)
1 0.1143 0.8821 - - - - 0.0036
2 - 0.0366 0.8242 - - - 0.1392
3 - - 0.0340 0.8426 - - 0.0718
4 - - - 0.0335 0.8947 - 0.0718
5 - - - - 0.0195 0.9171 0.0634
6 - - - - - 0.0679  0.9321
I 0.8551 0.0212 0.0141 0.0160 0.0141 0.0393

Table 8. Transition probabilities for the year 2012/2013.

1 2 3 4 5 6 7 (W)
1 0.1143 0.9124 - - - - 0.0219
2 - 0.1027 0.8669 - - - 0.0304
3 - - 0.0717 0.8819 - - 0.0464
4 - - - 0.0288 0.9087 - 0.0625
5 - - - - 0.0872 0.8974 0.0154
6 - - - - - 0.0925 0.9075
I 0.8703 0.0086 0.0288 0.0115 0.0231 0.0576

Table 9. Transition probabilities for the year 2013/2014.

1 2 3 4 5 6 7(W)
1 0.1563 0.8250 - - - - 0.0188
2 - 0.0214 0.9500 - - - 0.0286
3 - - 0.0235 0.9333 - - 0.0431
4 - - - 0.1050 0.8858 - 0.0091
5 - - - - 0.0187 0.9473  0.0140
6 - - - - - 0.1065  0.8935
I 0.8772 0.0175 0.0088 0.0205 0.0556 0.0205

Table 10. Transition probabilities for the year 2008/09-2013/2014.

1 2 3 4 5 6 7 (W)
1 0.1586 0.8278 - - - - 0.0136
2 - 0.0402 0.9127 - - - 0.0471
3 - - 0.0400 0.8857 - - 0.0743
4 - - - 0.0450 0.8845 - 0.0704
5 - - - - 0.0443 0.9070 0.0487
6 - - - - - 0.0596 0.9404
I 0.8543 0.0346 0.0262 0.0140 0.0173 0.0536
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Presenting the > test of stationary of transition from each row state
i=1,2,---,6 for t=12,---,6 and for the whole (TPM), using the relations (a)
and (b) and the layout in Table 2 as follows. However details of the first grade ;
= 1 will be given here (Table 11).

;(2 = z;zl Zf:l n, (t)[(p” (t) —p71)2 n (piZ (t) —Pn )2 + (pi7 (t)—p77 )2 :|

Pn Do P
=n (1)|:(p11 (1) —Pn )2 (plz (1)—]772 )2 (p17 (1) - Py )2 ]

+ +
Py P P

+n, (2)|:<p21 (2) _p71)2 + (Pzz (2)—1772 )2 . (p27 (2) - Dy )2:|

Pn Pn P
(p31 (2) —Pn )2 + (p32 (3)_P72 )2 + (p37 (3) —Pn )2 ]

Py P P

+n3(3)[

(p41 (4) _pﬂ)z + (p42 (4) _p72)2 + (p47 (4) —p77)2
Py Pn Pn

+n4(4){

n (5)_(1751 (5)_1771)2 N (Psz (5)—1772)2 . (p57 (5)—p77)2}
’ P P Pn

+n6(6)_<p61 (6)_1771)2 + (Pez (6)_1772)2 N (P67(6)—p77)2]

Pn P D7

R (0.2273-0.1586)" . (0.7645-0.8278)’ . (0.0083-0.0136)"
- 0.1586 0.8278 0.0136

(0.2643-0.1586)" (0.7143-0.8278)’ (0.0214—0.0136)2]

+280 + +
0.1586 0.8278 0.0136

(0.1327-0.1586)° , (0.08605 - 0.8278)’ , (0.0068 - 0.0136)’
0.1586 0.8278 0.0136

+294{

(0.1143-0.1586)° (0.8821-0.8278)" (0.0036-0.0136)

+280 +
0.1586 0.8278 0.0136

2]
+274_(0.O657 ~0.1586)" (0.9124-0.8278)° (0.0219—0.0136)2]
)2]

+ +
0.1586 0.8278 0.0136

(0.1563-0.1586)° (0.8250-0.8278)° (0.0188-0.0136
0.1586 0.8278 0.0136

=94.0654+25.3400+2.6166 + 6.5520 + 18.6594 + 0.6400
=147.8734

+320

Here b = 3 implies that the degree of freedom (df) is (6-1)(3-1)=10 and
at 5% level of significance the critical value is the value of (10) = 18.31. Since

64.3358 > 18.31 we reject the null hypothesis of stationarity from grade 1 to the
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Table 11. Array for testing stationarity of transition from grade 1 to Other grades.

N 1 2 3 4 5 6 7(W)  n (1)

2008/09(1)  0.2273 0.7645 - - - - 0.0083 240

2009/10(2)  0.2643 0.7143 - - - - 0.0214 280

2010/11(3)  0.1327 0.8605 - - - - 0.0068 294

2011/12(4) 0.1143 0.8821 - - - - 0.0036 280

2012/13(5)  0.0657 0.9124 - - - - 0.0219 274

2013/14(6)  0.0657 0.9124 - - - - 0.0188 320
)2 0.1586  0.8278 - - - - 0.0136

other grades over time (study period). The result for similar test for grades 2, 3, 4,
5 and 6 and that for the entire TPM are set down in the table below (Table 12).
From the table above, the rejection of null hypothesis is most probably due to

high mobility or transition rate in each grade.

Calculation of the Stochastic Matrix Q
The stochastic matrix Q which was defined as: Q=(P+1).

Where: P = the transition probability matrix (TPM); W = the vector of was-
tage probability; /= the inflow probability vector.

The (i) elements of Qis defined by :

From Table 10, the w and I vectors of wastage and inflow probabilities are
given by:

[0.0136 |
0.0471
WiTIj = 0.0743 (0.8543,0.0346,0.0262,0.0140,0.0173,0.0536)

0.0704
0.0487
1 0.9404 |

And the transition probability is given in the table below (Table 13).

From these and using the relation connecting Q, P, Wand I, we obtain Q.

[0.1702  0.8283 0.0004 0.0002 0.0002 0.0007 ]
0.0402 0.0418 0.9139 0.0007 0.0008 0.0025
0.0635 0.0026 0.0419 0.8867 0.0013 0.0040
0.0601 0.0024 0.0018 0.0460 0.8852 0.0038
0.0416 0.0017 0.0013 0.0007 0.0451 0.9096

10.8034 0.0325 0.0246 0.0132 0.0163 0.1100 |

3.2. Future Grade Size

The prediction equation was defined as (£+ 1) = (9 Q, but since our assumption
for stationary is not validated we would have to update the matrix Q before us-

ing it to predict for each new item period. This implies that:

DOI: 10.4236/0js.2018.83035

545 Open Journal of Statistics


https://doi.org/10.4236/ojs.2018.83035

M. N. Egbo et al.

Table 12. Results of test of stationary of transition probabilities.

Grade Observed value Degree Critical value Decision
of test statistics ( x; ) of freedom at a=0.05
1 147.8734 10 18,31 Reject
2 98.3836 10 18.31 Reject
3 72.7721 10 18.31 Reject
4 54.4814 10 18.31 Reject
5 64.7222 10 18.31 Reject
6 25.3742 5 11.07 Reject
TPM 463.6068 100 124.34 Reject
Table 13. Transition probability matrix (TPM).
1 2 3 4 5 6
1 0.1586 0.8278
2 - 0.0402 0.9127
3 - - 0.0400 0.885
4 - - - 0.0450 0.8845
5 - - - - 0.0443 0.9070
6 - - - - - 0.0596

n(t+1)=n(1)0(1)
Hence we update the matrix as follows:
Using 2013/2014 as the base year and with the number of students at this time
as:

7(t)=320,280,255,219,214,216 and r=0

Hence
ﬁ(t)Q(t) = (320, 280,255,219,214, 216)

[0.1702 0.8283 0.0004 0.0002 0.0002 0.0007 |
0.0402 0.0418 0.9139 0.0007 0.0008 0.0025
0.0635 0.0026 0.0419 0.8867 0.0013 0.0040
0.0601 0.0024 0.0018 0.0460 0.8852 0.0038
0.0416 0.0017 0.0013 0.0007 0.0451 0.9096

10.8034 0.0325 0.0246 0.0132 0.0163 0.1100 |

Recall p, (¢) is the probability of a student moving from grade ito grade jat
the end of the session and n, (t) is the number of students who move from

grade 7to grade jat the end of the Session (Table 14, Table 15).
7(¢+1)=(277,286,272,239,208,222)

Therefore to obtain 7 (¢+2)=7,(t+1)Q(t+1)
We calculate Q(7+1)
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Table 14. Prediction equation for year (r+ 1) 7(t+1)= n, (1)0(r).

1 2 3 4 5 6

1 54.46 265.06 0.13 0.06 0.06 0.22
2 11.26 11.70 255.89 0.20 0.22 0.70
3 16.19 0.66 10.68 226.11 0.33 1.02
4 13.16 0.53 0.39 10.07 193.97 0.83
5 8.90 0.36 0.28 0.15 9.65 194.65
6 173.53 7.02 5.31 2.85 3.52 23.76

Total 277.4 285.33 272.68 239.44 207.75 221.18

(277) (285) (273) (239) (208) (221)
Table 15. Estimated projection for 2014/2015.
1 2 3 4 5 6 7 n, (t)
1 54 265 31 350
2 12 255 9 276
3 11 226 38 275
4 10 194 64 268
5 10 195 12 268
6 - - - - - 24 213 0.0596
I 223 9 6 3 4 3
Column
Total 277 286 272 239 208 222

This can be obtained by first adding the 2014/15 predicted flow of student’s
data to the base year (2008/09-2013/14) data, which is given below (Table 16,

Table 17).
Recall that:

We obtain Q(¢+1) using matlab as (Table 18, Table 19):

O(t+1)=

[0.1806
0.0385
0.0728
0.0842
0.0426

| 0.8031

0.8166
0.0423
0.0029
0.0034
0.0017
0.0325

0.0007
0.9156
0.0421
0.0024
0.0012
0.0234

n, (1+1)0(1+1)
=(277,286,272,239,208,222)

0.0004
0.0006
0.8766
0.0451
0.0007
0.0128

0.0005
0.0008
0.0015
0.8601
0.0454
0.0161

0.0013
0.0022
0.0041
0.0048
0.9083

0.1112 |

[0.1702
0.0402
0.0635
0.0601
0.0416

0.8034

0.8283
0.0418
0.0026
0.0024
0.0017
0.0325

0.0004
0.9139
0.0419
0.0018
0.0013
0.0246

0.0002
0.0007
0.8867
0.0460
0.0007
0.0132

0.0002
0.0008
0.0013
0.8852
0.0451
0.0163

(1 +2)=(289,247,279,252,215,217)

0.0007]
0.0025
0.0040
0.0038
0.9096
0.1100 |
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Table 16. Total 2008/2009-2014/2015.

Row
! 2 3 4 > 6 7 Totals n{?)
1 322 1664 - - - - 54 2040
2 - 70 1573 - - - 77 1720
3 - - 68 1489 - - 144 1701
4 - - - 72 1412 - 161 1645
5 - - - - 70 1424 78 1572
6 - - - - - 106 1506 1612
7 1753 71 53 28 35 99
Column
Total 2075 1805 1694 1589 1517 1629
Table 17. Total 2008/2009-2014/2015.
1 2 3 4 5 6 7 (W)
1 0.1578 0.8157 - - - - 0.0265
2 - 0.0407 0.9145 - - - 0.0448
3 - - 0.0400 0.8754 - - 0.0847
4 - - - 0.0438 0.8584 - 0.0979
5 - - - - 0.0445 0.9059 0.0496
6 - - - - - 0.0658 0.93242
I 0.8597 0.0348 0.0250 0.0137 0.0172 0.0486

Table 18. n(r+2)=mn,(t+1)Q,(1+1).

1 2 3 4 5 6
1 50.03 226.20 0.19 0.11 0.14 0.36
2 11.01 12.10 261.86 0.17 0.23 0.63
3 19.80 0.79 11.45 238.44 0.41 1.16
4 20.12 0.81 0.57 10.78 205.56 1.15
5 9.46 0.35 0.25 0.15 9.44 188.93
6 178.29 7.22 5.19 2.84 3.57 24.69

Table 19. Estimated projection for 2015/2016.

1 2 3 4 5 6 7(W) Row Totals n{d
1 50 226 - - - - 1 277
2 - 12 262 - - - 12 286
3 - - 11 238 - - 23 272
4 - - - 11 206 - 22 239
5 - - - - 9 189 10 208
6 - - - - - 25 222
197
1 239 9 6 3 4 3
Column
289 247 279 252 215 217
Total
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To obtain for 7(7+3) =we compute as above.

The structure for the three years ahead is given in the table below (Table 20).

An educational planner will use the projected structures to plan and provide
adequate infrastructure needed in the Secondary School system by taking into

consideration the variations.

3.3. Projection of Teachers

We begin by computing the base year (2013/14) ratio on the basis of resources
available.
The number of teachers required for the three years ahead following the me-
thod in the analysis sectioin is shown in the table below (Table 21).
T 1623x45

= =120
46x13.2

For 2013/14; E= 1623, Hs = 45, Ht= 13.2 and R = 44. Where, Tis Number of
teacher required; E'is Projected enrolment; R is Average number of students per
teacher or per instructional group or size of average class; Hsis Average number
of weekly hours per student which is generally prescribed in the school curricula;
and Htis Average number of weekly hours per full-time teacher.

The following assumptions have been made in the above calculations:

1) Teacher-pupil ratio will be gradually decreased from 44 in 2013/14 to 43 in
year 2016/17;

2) Weekly hours per student will remain the same; and

Table 20. Projected structures for the three years ahead.

Session 1 2 3 4 5 6 n(d
0 2013/14 350 276 275 268 217 237 1623
1 2014/15 277 286 272 239 208 222 1504
2 2015/16 289 247 279 252 215 217 1499
3 2016/17 284 255 244 259 233 220 1495

Table 21. Grade size data.

Average number Total number of ~ Number of
Number of

Grade Total classes (Arms) of students per  student hours subjects taught

class per week per week
1 350 7 50 45 19.0
2 276 6 46 45 19.0
3 275 6 46 45 19.0
4 268 6 45 45 22.0
5 217 5 47 45 22.0
6 237 5 47 45 22.0
Net Average - 6 46 45 20.5
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3) Weekly hours per teacher will be gradually increased from 13.2 hours in
2013/14 to 14.0 hours in 2016/17 (Table 22).

3.4. Expected Wastage

Recall that wastage and inflow are random and as such we are justified to talk of
expected wastages (Table 23).

We thus obtain the following result for the predicted three years ahead using
Equation (13)

w, =(0.0188,0.0286,0.043 1,0.0091,0.0140,0.8935)T for j=12,---,6 and
t=0,1,2,3.

3.5. The Expected Length of Stay in a Grade

It is of interest to the educational planner in an organization to have an idea of
the length of time a student is likely to spend in a given grade and also the mean
total time spent in the system.

Hence the expected length of stay as given by Bartholomew (1982) and stated

in method of data analysis can be obtained using Equation (14):

00 0O0O0

S O o o o =

oS o o o =
S o o = O
(= = = =]
oS = o o O
- o o o O

P = the transition probability matrix (using the transition matrix P. for the
base year 2008/09-2013/14).

Table 22. Projection of Teachers for the three years ahead.

Weekly

v Enrol (B Teachers Pupil Weekly Teachers
ear nroimen
Ratio (R)  Hrs/Student (Hs) Hrs/Teacher Required (7)
(Hb)
2013/14 1623 46.0 45.0 13.2 120
2014/15 1504 44.0 45.0 13.4 115
2015/16 1499 43.5 45.0 13.6 114
2016/17 1495 43.0 45.0 14.0 111
Table 23. Expected wastage for the three years ahead.
I 1
. (E\\ 1 2 3 4 5 6 Total
\\
w(0) 6 8 11 2 3 193 223
w(1) 5 8 12 2 3 198 228
w(2) 5 7 12 2 3 194 223
w(3) 5 7 11 2 3 197 225
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[0.1586 0.8278 0 0 0 0
0 00402 09127 0 0 0
pe| O 0  0.0400 0.8857 0 0
0 0 0 00450 0.8845 0
0 0 0 0  0.0443 0.9070
|0 0 0 0 0 0.059|
T 0 0 0 0 0]
010000
(1—P)=0 01 000
000100
00001 0
00000 1
[0.1586 0.8278 0 0 0 0 ]
0 00402 09127 0 0 0
0 0  0.0400 0.8857 0 0
1o 0 0 00450 0.8845 0
0 0 0 0  0.0443 0.9070
L0 0 0 0 0 0.059 |
[0.8414 —-0.8278 0 0 0 0
0 09598 -09127 0 0 0
(1-P)= 0 0 09600 -0.8857 0 0
0 0 0 0.9550 -0.8845 0
0 0 0 0 0.9557 —0.9070
L0 0 0 0 0 0.9404 |
total
[1.1885 1.0250 0.9745 0.9038 0.8365 0.8068] 6.4324
0 10419 0.9905 0.9187 0.8502 0.8200| 4.6213
Lo 0  1.0471 09661 0.8941 0.8623| 3.7642
(1=P) = 0 0 0  1.0471 09691 0.9347| 2.9509
0 0 0 0  1.0464 1.0092| 2.0556
L0 0 0 0 0  1.0643| 1.0634

The above shows the total expected length of stay in the system as well as the
time in a grade. For example, on entering grade 1, a student is expected to spend
1.1885 year in grade, 1.0250 years in the second grade, 0. 9745 year in the third,
0.9038 year in the fourth, 0.8365 year in the fifth and 0.8068 year and 0.8068 year
in the sixth grade on the whole, a new entrant into this system is expected to
spend 6 years in the system. The above result should be expected considering the
fact that some students on grade 1 fail and do not pass to the next higher class
while some student dropout and almost about 70% of the student were pro-
moted to the next higher class.

Similarly, an entrant into grade 2 is expected to spend total of 4.6213 years in
the system which is divided into 1.0419 years in the second grade, 0.9905 year in
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the third grade, 0.9187 year in the fourth grade, 0. 8502 year in the fifth grade
and 0.8200 in the sixth grade. We observe, generally, that the total expected

length of stay decreases as a student ascends to hierarchy. This result reflects the

increase of wastage.

3.6. Variance and Standard Deviation of Length of Stay in a Grade

Applying Equation (2.15) to the above matrix (I —P)71 , we obtain the variance

as:

y

o) =0y = u, -, =1.1885" —1.1885 =0.2240

02 = 1, — 1y, =1.0419% —1.0419 = 0.0437

Oy = sy — sy =1.0417° —=1.0417 = 0.0434

Oy = Hes — Hgs =1.0634> —1.0634 = 0.0674

Oy =24ty — Hyy — iy =2(1.0250%1.0419) - 1.0250 —1.0250° = 0.0603

Oy =245 sy — My — My =2(0.9745-1.0417) - 0.9745-0.9745> = 0.1061

Oag =2 fUsgflsg — Hsg — Hag = 2(1.0092 —1.0634) —1.0092 —1.0092% = 0.1187

0.2240 0.0603 0.1061 0.1721 0.2144 0.2566
0 1.0437 0.0920 0.1612 0.2063 0.2516
0 0 1.0434 0.1238 0.1777 0.2281
0 0 0 0.0493 0.1827 0.1796
0 0 0 0 0.0486 0.1187
0 0 0 0 1.0674
The corresponding standard errors are
[0.4731 0.2456 0.3257 0.4145 0.4630 0.5065 |
0 0.2090 0.8899 0.4015 0.4542 0.5016
0 0 0.2083 0.3519 0.4215 0.4776
7T o 0 0 0.2220 0.4274 0.4238
0 0 0 0 0.2205 0.3445
0 0 0 0 0 0.2596 |

We observe from the above matrices of variance and standard error that the

variability in the expected lengths of stay in a given grade is not too high or low.

3.7. The Probability of an Entrant to Grade i to Attain Higher

Grades

We calculate the probabilities that an entrant to any grade 7 to attain higher

grades by using Equation (2.16)
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PR T
- T
My
A=Ay == A =1
1.02
g, =t 10250 55
1, 1.0419
974
By =t 99 631
1, 1.0417
dyy =22 00 4974
1 1.0419
Jy, = Mo 10092 6605
e 1.0419
1 09838 0.9355 0.8631 0.7994 0.7587]
0 1 09508 0.8774 08125 0.7711
Lo o 1 09226 0.8545 0.8109
iTlo 0 0 1 09261 0.8800
0 0 0 0 1 0.9490
0 o 0 0 0 1

From the above results we observe that an entrant to grade 1 has a chance of
about 98% of ever being in grade 2, 94% of being promoted to grade 3, 86% of
being promoted to grade 4, 80% of being promoted to grade 5 and 76% of being
promoted to grade 6. Similarly an entrant to grade 5 has 95% chance of being

promoted to grade 6.

4. Summary and Conclusion

Base on the result of this research work indicating a decrease in the future grade
size and teachers in the system, the school management should provide neces-
sary facility to reduce wastage in the entire system as it is obvious from the fu-
ture projections that the inflow level is inversely proportional to the wastage lev-
el. I hereby recommend that educational planners in both private and Govern-
ment schools use this model to project future enrolment especially in secondary
schools where the assumptions underlying the use of the model is met, as a
knowledge of the future size will help in wise management, infrastructure and

man-power development.
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