/
oo Resmurch
0.00 Publishing

Open Journal of Statistics, 2016, 6, 873-881
http://www.scirp.org/journal/ojs

ISSN Online: 2161-7198

ISSN Print: 2161-718X

Estimation of Reliability for Stress-Strength

Cascade Model

Rohit R. Mutkekar?, Surekha B. Munoli2

!Goa Institute of Management, Sanquelim, India

“Department of Statistics, Karnatak University, Dharwad, India

Email: rohitrm@gim.ac.in, sbmunoli@yahoo.co.in

How to cite this paper: Mutkekar, R.R. and
Munoli, S.B. (2016) Estimation of Reliability
for Stress-Strength Cascade Model. Open
Journal of Statistics, 6, 873-881.
http://dx.doi.org/10.4236/0js.2016.65072

Received: March 25, 2016
Accepted: October 18, 2016
Published: October 21, 2016

Copyright © 2016 by authors and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

The study endeavors to provide statistical inference for a (1 + 1) cascade system for
exponential distribution under joint effect of stress-strength attenuation factors. Es-
timators of reliability function are obtained using Maximum Likelihood Estimator
(MLE) and Uniformly Minimum Variance Unbiased Estimator (UMVUE) of the
parameters. Asymptotic distribution of the parameters is also obtained. Comparison
between estimators is made using data obtained through simulation experiment.
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1. Introduction

As the complexity of a system increases, its reliability decreases unless compensatory
measures are taken. System reliability can be increased by increasing the reliability of its
associated components, but sometimes this cannot be achieved beyond certain limits.
An alternative way to increase the reliability in such situation is to have redundant con-
figuration of components in the system.

Cascade system is one such special type of standby system. Cascade redundancy is a
hierarchical standby redundancy, where an array of components (finite in number) are
arranged in the order of activation. Here, the first component is active and the remain-
ing components are at standby. The brunt of attack, in the first instance is borne by the
active component. If it survives the attack, the system also survives with no loss and is
ready to face the next attack. However, if the active component fails then the next

component in the array has to face and withstand the “cushioned” attack on it. The

DOI: 10.4236/0js.2016.65072 October 21, 2016



http://www.scirp.org/journal/ojs
http://dx.doi.org/10.4236/ojs.2016.65072
http://www.scirp.org
http://dx.doi.org/10.4236/ojs.2016.65072
http://creativecommons.org/licenses/by/4.0/

R. R. Mutkekar, S. B. Munoli

stress acting on the subsequent active component will be “&” times the stress of the pre-
vious failed components, where “&” denotes stress attenuation factor.

Research works on reliability modelling and assessment related to cascade model as
studied in the literature are quite exhaustive, Pandit and Sriwastav (1975) have featured
relevance of geometric distribution in the study of behavior of a cascade system [1].
Raghavachar, Rao and Ramacharyulu (1983) presented a closed form solution of stress
attenuated reliability function for n-cascade system when both stress and strength fol-
low identical distributions [2]. Maheshwari, Rekha, Rao and Raghavachar (1993) stu-
died stress attenuated reliability for n-cascade system whose stress and strength follow
normal and exponential distributions respectively [3]. Rekha and Shyam Sunder (1997)
have also highlighted a similar cascade system where stress and strength follow gamma
and exponential distributions respectively. They showed that for higher parametric
values and lower attenuation factors a high degree of reliability could be attained [4].
Rekha and ChechuRaju (1999) endeavored to present a closed form solution of stress
attenuated reliability function for n-cascade system with exponential stress and standby
strengths following Rayleigh and exponential distributions [5]. Shyam Sunder (2012)
has studied stress attenuation for cascade system when both stress and strength follow
Rayleigh distribution [6]. In most of the works mentioned in the literature on cascade
model, study is carried out by considering the influence of stress attenuation factor on-
ly. This observation has motivated the present study of attempting to design reliability
model for a cascade system under joint effect of stress as well as strength attenuation
factors. Further, reliability assessment (estimation of reliability function) is carried us-
ing the standard methods [7]-[10].

2. Estimation of Reliability for a (1 + 1) Cascade Model
2.1. Stress-Strength Cascade Model

Let X,,X,,:--, X, denote the strengths of n-components in the order of activation
and let Y,,Y,,---,Y, be the corresponding stresses acting on them. In a n-cascade sys-
tem after every failure the stress gets modified by a factor “4” (stress attenuation factor)
such that Y, =KkY,,Y, =kY, =k?Y,,---,Y, =k''Y, here, k >1 and we assume that the
strength gets modified by a factor “m1” (strength attenuation factor) such that

X, =mX,, X, =mX, =m?X,,---, X, =m'*X, here, 0<m<1.

The reliability function R, of the system with ‘7 components is defined as,
R, =R(1)+R(2)+---+R(n)
where,

R(r)=P[ X, <Y, mX; <KYy,-,m™X, <k™2Y,mX, k™, ]| for r=12.n

Cascade model with more number of standby components is not recommended as
the strength goes on depleting with the order of standby which leads to dead invest-
ment. In view of this fact, we have considered estimation of reliability for a (1 + 1) cas-

cade model.
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2.2. Reliability Function for a (1 + 1) Cascade Model

To determine reliability function for the model under study, let us consider the strength
of the two components (basic and standby) to be X; and X, respectively, where
X1, X, are independently and identically distributed (i.i.d) exponential random va-
riables with parameter “A4”. Let Y, and Y, be the stress acting on the two compo-
nents respectively, where Y,,Y, are ii.d exponential random variables with parameter

¢ u’. To obtain the expression for reliability function, consider,

_ _[” M
R(L)=P[X,2Y,]=["P[X, > y]gy (v,)dy, Ger) (1)
R(2)=P[X, <Y, X, 2Y,]=P[X, <Y, mX, >kY,]

= [ P[X, <y, ]P[mX, > ky,] gy, (v, )dy, 2)

HA

(st a)

Using results of (1) and (2), we obtain reliability function for the proposed (1 + 1)

cascade model as,

R, =R(1)+R(2)=—H—+ KA (3)

A o]

To obtain the estimators of “R,”, suppose “n” systems whose reliability function is de-

2.3. Life Testing Experiment

fined as in expression (3) are put on life testing experiment. Here,
Xy X5 (i=12,---,n) are observed and X, X, are iid exponential random variables

>

A .
with parameters “ A ” and “— ” respectively. Also, the data of stress Y;;,Y,, (I =12, n)
m
are obtained separately from simulation of conditions of the operating environment

and Y;,Y, are ii.d exponential random variables with parameter “u” and “%”

respectively. The joint probability density function of the random variables
Xy, X5 (i=12,---,n) and Y;,Y,(i=12,--,n) is given by,

yu *{ZL&#%Z&XZJ ,u2n ’/‘[ZiLl)/li*%Zin:lyZi:}
e —¢€
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lZn ~2 x1'+§ luZn —4 Yi+Lé
= por e [ m]k_ne [ k}
where,
n n n n
X zlei’ X5 =ZX2i1 Yy ZZYN Y ZZYZi
i-1 i-1 i-1 i-1
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The log-likelihood function of Equation (4) is obtained as,

IogL:2n|og/1—nlogm—ﬁ[xﬁﬁ}ﬂnIogy—nlogk—,u[yl’+%} (5)
m

2.4. Estimators of Reliability Function (MLE & UMVUE)

Differentiating the log-likelihood function given in Equation (5) partially with respect

to A, m and equating it to zero, we get,

dlogL 2n X
=0=>—-|Xx+=2|=0 6
ol P {Xl m} 2
AL L N L. Y TN, B 7)
om m m m

Solving Equations ((6) and (7)) simultaneously, we get the Maximum Likelihood Es-
timator (MLE) of 4 and m as,

=2 (8)
X

=2 (9)
X

Similarly, differentiating the log-likelihood function given in Equation (5) with re-

spectto u, k and equating it to zero, we get,

dlogk _y_,2n | Y2 |_g (10)
ou y7, k

8IogL=0:>—_n+y_)2/2=O:>_n+y_y2=0 (11)
ok k k k

Solving Equations ((10) and (11)) simultaneously, we get the MLE of x# and Kk as,
n

== (12)
Y1

k=22 (13)
Y1

Using the invariance property of MLE, the MLE of reliability function Ii; ” is ob-
tained by substituting the MLEs of A,m, z,k in Equation (3) and is given by,

~ L ]
A Iz
+

MNPy P

Here, ﬁ; denotes the estimator of reliability function obtained through MLE of the

(14)

parameters. Further, estimator of the reliability function “R,” attained through the
Uniformly Minimum Variance Unbiased Estimator (UMVUE) of the parameters is ob-
tained as follows.

We know that, X, ~ Exponential (1), implies x/ =>"" x; ~Gamma(n, 1)
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na—Ax (r\1 n
o R e T

x| ox In Ino
-1
= E{(n—,)}z
X
. n-1) |.
=1 ={Q} is the UMVUE of parameter 4 (15)
X

Also, 'y, ~ Exponential (), implies y; =" y; ~ Gamma(n, x)

On similar grounds we have,

’
1

. n-1)|.
u = {u} is the UMVUE of parameter u (16)

Similarly, x,; ~ Exponential (ij ,implies X, =" X, ~ Gamma[n,ij
m - m

no_Ay, o n
[/1) e mz(xé) 1 (ﬁj
o, M , m
dx, =

=Ele]=),x I'n 2 In

A
J‘Oce—axz (X; )(n+l)—1 dX;

0

:E[xg]zm

Substituting A =A4" [result as mentioned in Equation (15)], we get,

.1 mnx
:>E[x2]=n—_xi

o).,

nx,

’

. n-1)x, |.
=>m = {&} is the UMVUE of parameter m (17)
nX

Also, y,, ~ Exponential (fj ,implies y; ="y, ~ Gamma(n,fj

On similar grounds we have,

A

. n-1)y, |.
k ={¢} is the UMVUE of parameter k (18)

Substituting the UMVUEs of A,m, u,k in Equation (3), we get estimator of the re-
liability function “R; ” obtained through the UMVUE of the parameters.

2.5. Asymptotic Distribution

To obtain the asymptotic distribution of AA, m, 4, K , let us denote the Fisher Informa-
tion Matrix of A,m, s,k as 1(4,m, z,k).
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where,

L(A,m,pu,k)=—

M 2 2 2 2
E % E oL E oL oL
oA oAom oAou 0A0K
2 2 2 2
E oL E 0 I; E oL E oL
omoAa om omou omok
2 2 2 2
E oL o°L E 0 I; E oL
oo ouom ou ouck
2 2 2 2
E oL E oL E oL E 6_I2_
| okoA okom okou ok ]
Ill |12 |13 I14
|21 |22 |23 |24 (Say)
|31 |32 |33 |34
|41 I42 I43 I44
oL 2n
|y :_|:E[F\Jj|:l_
[ (&L n
' ___E(amzﬂzﬁ
[ (e2L)]| 2n
l,=—| E ==
a=-] 2 ﬂ 2
[ (&L n
o°L o°L -n
=-E =l =ly=—
oAom omoA mA
%L o°L -n
=-E =y =l,=
ook okou k
2 2
Ot - gl 2L o=, =1, =0
EYER QoA
o°L o°L
=-E =0=1,=1,=0
a/wa (aka,ij e
2 2
OL e[ 2L |oo= 1, =1, =0
omou ouom
o’L

Thus, we have the Fisher Information Matrix as,
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L

A ma
I(l,m,,u,k): on -n
0o 0 5 —
u- Ky
o o I
L kp  k*

From the asymptotic properties of MLE under regularity conditions and multivariate

central limit theorem we have,
[(i—ﬂ),(rﬁ—m),(ﬁ—y),(l?—k)} - NormaI(O, I‘l)

I is inverse of Fisher Information Matrix | (/1, m, u,k)”

where,

- _
Fomog

n n

2
mi  2m 0 0

|_1: n n
0 0 '“_2 ku
n n
2
0 0 ku 2k7
L n n |

3. Simulation Experiment

For the i" system, the random variables XX, (with respect to strength) and ran-
dom variables Y,,Y;, (with respect to stress) are generated independently as follows:
Step 1: Initialize i, =1,n=n,,A=4,m=m, for the 1* and 2" component of the

system. Uniform random numbers U, [i,] is generated from U (0,1). Further, expo-

nential random variable x; = [%J log (1—U1 [il]) is obtained for the 1* component of
the i" system. Another uniform random numbers U, [i,] is generated from
U (0,1). Further, exponential random variable X, = (_Tn?o] log (1—U2 [il]) is obtained

for the 2" component of the i" system.
Step 2: The whole procedure in Step 1 is repeated for n=n, number of systems and
. . B n , n .
the statistics X/ =D X;,X; = ) X, are obtained.
Step 3: Initialize i, =1,n=ny, =g,k =k, for the 1* and 2" component of the
system. Uniform random numbers V, [i,] are generated from U (0,1). Further, ex-

ponential random variable vy, = (jj log (1—V1 [i, ]) is obtained for the 1* component

0

of the i" system. Another uniform random numbers V,[i,] are generated from

KD
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U (0,1). Further, exponential random variable vy, = _/u—ko log (1—V2 [iz]) is obtained
0

for the 2™ component of the i

system.

Step 4: The whole procedure in Step 3 is repeated for n=n;, number of systems and
the statistics y; =" ;.. Y, = Y, areobtained.

Step 5: With the help of the statistics X;,X,,y, and Yy, the MLE of parameters
A,m, 1,k of the model are obtained. Using these MLEs in the expression of reliability
function, the MLE of reliability function is obtained.

Step 6: With the help of the statistics X/,X;,y; and Yy, the UMVUE of parameters
A,m, 1,k are obtained. Using these UMVUEs in the expression of reliability function,
estimator of the reliability function based on UMVUE of the parameters is obtained.

Table 1 and Table 2 give the results of the above simulation experiment for different

values of A,m,u,k and n.

4. Conclusion

From the above results (as shown in Table 1 and Table 2), we observe that reliability of

Table 1. A=05,4=1.0,n=5.

' ' ’

m k R X/ X A A R MLE R UMVUE MSEMLE  MSE UMVUE
025  1.00 0810 13412501 6562061  6.706251 3.124121 0.855 0.818 2.03 %107 6.40 x 107
025 125 0792 10290507  2.620377  5.145254  3.800942 0.831 0.799 1.52x 107 4.90 x 107
025 150 0778  09.181533 2998768 5590766  3.368335 0.816 0.784 1.44 x 107 3.60 x 10°°
0.50 1.00 0.867 09.778324 3.125278 4.889162 1.915278 0.909 0.860 1.76 x 1073 4,90 x 10°°
0.50 1.25 0.848 15.892459 6.225975 6.912290 1.256218 0.885 0.853 1.37 x 1073 2.50 x 107°
0.50 1.50 0.833 12.241618 9.066720 6.120809 3.797080 0.868 0.837 1.23 x 1073 1.60 x 10~°
075  1.00  0.897  14.691534 6720832  5.345767  2.380555 0.931 0.892 1.16 X 107 2.50 x 107
075 125  0.881 13931526  7.937316  5.965763 1.581096 0.913 0.877 1.03 x 107 1.60 x 107
075 150  0.867 15716419  6.075062  6.428210  1.075062 0.898 0.870 9.61x 10 9.00 x 107

Table 2. 1=0.5=1.0,n=10.

m k R X! X yi ys R MLE R UMVUE MSEMLE  MSE UMVUE
025  1.00 0810  18.036022  04.895907  09.018011  08.965815 0.833 0.816 5.29 x 107 3.60 x 107
025 125 0792  18.058302  04.234054  09.029151  09.985135 0.810 0.796 3.24 %107 1.60 x 107
025 150 0778 15606312  07.447487  09.303156  15.842461 0.795 0.781 2.89 x 107 9.00 x 107
0.50  1.00  0.867 20403873 06592115  10.201937  05.012115 0.886 0.862 3.61 %107 2.50 x 107
0.50 125  0.848  26.671318 12450741  13.335659  05.463426 0.865 0.844 2.89 x 107 1.60 x 107
0.50 150  0.833  22.037254  08.622803  11.018627  07.934204 0.849 0.835 2.56 x 107 4.00 X 107
075  1.00  0.897  23.010950  10.241815  11.505475  02.827877 0.915 0.893 3.24 %107 1.60 x 107
075 125  0.881 16283512  08.869339  10.941756  02.691160 0.898 0.878 2.89 x 107 9.00 x 107
075 150  0.867  21.313683  11.199248  10.656841  07.099248 0.883 0.865 2.56 x 107 4.00 X 107
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the system improves for larger values of strength attenuation factor (mz2) and for lower
values of stress attenuation factor (4). Here, we also observed the estimates of reliability
improves for larger value of the sample size “n”. This indicates that reliability of a sys-
tem can be enhanced by strengthening the inbuilt mechanism of the system, which ul-
timately withstands the effects of the external environment in which it operates.
Further, on comparing the efficiencies of MLE of reliability function with reliability
estimator obtained using UMV UEs of the parameters, we observed reliability estimator
obtained from the UMVUEs of the perform better than the MLE of reliability function
in terms of Mean Square Error (MSE) for the given data set. This emphasizes the need
to strengthen the processes such that they are least affected by effects of the variation

factors which intern boost the reliability of the operating system.
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