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Abstract

Yu et al. (2012) considered a certain dependent right censorship model. We show that this model
is equivalent to the independent right censorship model, extending a result with continuity re-
striction in Williams and Lagakos (1977). Then the asymptotic normality of the product limit es-
timator under the dependent right censorship model follows from the existing results in the lite-
rature under the independent right censorship model, and thus partially solves an open problem
in the literature.
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1. Introduction

In this paper we study various dependent right censorship (RC) models and their relation to the independent RC
model in the literature. The definitions of these RC models are given in Definition 1.

Right censored data occur quite often in industrial experiments and medical research. A typical example in
medical research is a follow-up study; a patient is enrolled and has a certain treatment within the study period. If
the patient dies within the study period, we observe the exact survival time T; otherwise, we only know that the
patient survives beyond the censoring time R. Thus the observable random vector is (V, &), where
V=min{T,R} (=TAR)and 5:1(TSR), the indicator function of the event {T <R} . Let (V,,8,),--,(V,.5,)

be i.i.d. copies of (V,5). Let F (t)(:P(T st)) be the cumulative distribution function (cdf) of T and
S; =1-F; . Denote Fg, Fyand F, , the cdf’'sof R, Vand (T,R), respectively, and F.. the conditional cdf
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of Rgiven Tand S, =1-F, . Letfr (fr or fg;) be the density function of T (R or R|T ) (with respect to
(w.r.t.) some measure). The common right censorship model assumes T and R are independent (T L R). Then
the likelihood (function) for RC data is often defined as

L=L(F)=TI(f (%)) (S()) " FeF, (1)
i=1
(see [1]), where F is a collection of all cdf’s if under the non-parametric set-up, or a parametric cdf family
with a parameter, say 6 ® and © is the parameter space, S=1-F and f is the density of F. Recall that
the formal definition of the likelihood (function) for a sample X=X is A=A(0)= f, (x|9), 6 € ® . More-
over, if A,=c(x)A(6) VO&e®, where c(-) does not depend on 6, and A; is also called a likelihood. We
shall call A the full likelihood and A, a simplified one. Since our sample x = ((Vl, 51),--~,(Vn , 5n)),

1-6;

A= llj( r2vi IFra (i r))ai (J.t>vi dF & (LY, )) 6

n 5 dF, . (LV 1-6;
i i=1 [ fr (¥ )J.rzvi dFer (I’|Vi )J {ST \% )L\/‘T\/,()t)] 2
=L1(6 M) (5 () (@) (e(v) ™.
where
Q)= 85 (). 1506 (1) 00 o

S(r)
and the integrals are Lebesgure integrals. We say that a function H(-) is non-informative about the function
F. (-16) with 6 e© ifitis not assumed that H is a function of F. or 6. We shall further clarify what “non-
informative” means in the next example.

Example 1.1. Consider 3 cases of right censoring:

Case (1). T L R with the parameter space © = {(FT F): R eF FRe }‘} (see Equation (1)).

Case(2). T LR with @={(F F):F eF, R =F}.

Case (3). R=3-T with parameters 6, =P (T =i), ie{1,2,3,4,5} (Z?Zlei :1). Fr is informative about

F+in cases (2) and (3), as it is a function of F+ in case (2) and a function of (01,02,03,6'4) in case (3). However,
Fr is non-informative (not informative) about Ft in case (1), as Fy and F are both independent parameters.

If T LR, AinEquation (2) may be simplified as £ as in Equation (1) due to the non-informative property
by the well-known result as follows.

Proposition 1.1. The full likelihood A can be simplified as £(F) (see Equation (1)) iff

Q(-) and G(-) given in Equation (3) are non-informative about F; . 4)

Example 1.1 (continued). In case (1), £(F) is a likelihood function, as Equation (4) holds. In case (2),
F; = F isinformative about Fr and condition Equation (4) fails.

. . 15 5 n 15 5

A =TT OISO (s ) [= (PITT(F ()" (sv+)" |

ﬁ(F) is not a likelihood, but can be viewed as a partial likelihood. The generalized maximum likelihood (GMLE)
n—i

n—-i+1

- - - - 2 b‘(l) - - -

S of Sybasedon L(F) isstill the PLE, i.e., S(t) :Hi:v(.)«[ j » Where 'V, is the i-th order statis-
. . : : _ _ - . 1-S(t)
tic of \Z ’s and 5(i) is the ¢; that is associated with V(i). The variance satisfies nVar(S(t))—>—

(if

Sr is continuous), while the GMLE based on A is S(t)= lZi":ll(\,i>t) (as S, =S? and
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S7(t)

A(FT)=H?:1 f, (V;)) and nVar(S~(t))—>l_TT

(3), L£(F) isnota likelihood function. The full likelihood is A:Hi”:l[( (V) (f (3—vi))l""‘} (as

by the delta method. Thus the PLE is not efficient. In case

i ). If one treats £(F) as a (partial) likelihood, then its GMLE of Sy is the PLE

[Vi<3-v, =R if =1
13-V, >V, =R if §=0

. 1 . Y 1Y, 1) 3 1
S.Let f, (t):Z’ te{1,2,4,5}. Then S(Z)L{l—zj (1—§j [l_EJ :—¢§:ST (2),i.e., the PLE is
1

not consistent at 2. The GMLE S basedon Ais S(t) :HZ” [Vi‘s' (3-v,) " J - 2255 (1).

i=1

Remark 1.1. Example 1.1 indicates that if Equation (4) is not valid then the MLE based on so-called “like-
lihood” L(F) as in Equation (1) can be inconsistent, or can be less efficient than the MLE based on A due to
loss of information on &< ®. However, it is difficult to verify Equation (4) in practical applications, thus
people propose some sufficient conditions. A typical sufficient condition of Equation (4) isthat T L R and Fg
is non-informative about Fr.

Williams and Lagakos (W&L) [2] point out that T L R is often un-realistic. They further propose a con-
stant-sum model (which allows T 1 R) as follows.

a(u)+B(u)=1lae w.rt u (the measure induced by F; ), (5)

where
a(u)=P(s=1T =u),B(u)=]_dB(t),and

(6)
dB(u)=P(V e(u—du,u],6 =0T 2u).

In the literature, there are many studies on the asymptotic properties of the PLE by weakening the assump-
tions in the independent RC model over the years (see, e.g., [3]-[10]). It is conceivable that the asymptotic prop-
erties of the PLE is difficult under the continuous constant-sum model in Equation (5). However, the next theo-
rem makes it trivial.

W&L Theorem (Theorem 3.1 in [2]). W&L (1977)). Suppose that (T,R) is a continuous random vector.
Then Equation (5) holds iff 3 a random vector (Z,Y) suchthat (1) F, =F,, K, =B (see Equation (6))
and Z 1LY ,where(2) Z=T<Y if T<R,and(3) Y=R<Z if R<T.

By the W&L Theorem, one can easily make use of the existing results about the PLE under the assumption
T L R to establish asymptotic properties of the PLE under the continuous constant-sum model. Indeed, by (2)
and (3) of the W&L Theorem,

V=TAR=ZAYandd=1; o =1, 7

Since Z LY ,the PLE F based on (Vi1 8)se++1(Vyn8,) from (V,8) (see Equation (7)) satisfies

sup.., |F ()~ F, (t)‘—>0 as., where r=sup{t:F, (t)<1} (see [10]). By the W&L Theorem, F. =F, and
Equation (7) holds, so sup,., If(t)—FT (t)‘L)O under the continuous RC model given in Equation (5),
evenif T LR.

On the other hand, case (3) in Example 1.1 shows that the PLE can be inconsistent for t <z under a depen-
dent RC model. Hence the W&L Theorem is quite significant. Yu et al. [11] show that the PLE is consistent
under the dependent RC model considered in [12]-[15], etc., which assumes Al and A2 as follows.

Al J‘(br’FR”(F“);&FR‘T(”TT))dFT (t)y=0 forall r, or equivalently, Fy. (r|t)="Fe (r|ry) ae.int(wrt g )on

the set {x:fT(x)>O,x>r}.

Notice that F (r|z ) is well defined if P(T =7z )>0 and undefined if P(T =7 )=0. We define
Ferr (Y77 ) = Far (r|z; =) if P(T =2;)=0. Notice that Al says that Fg (r|t) is constant in t>r, thus
Fer (r|zr =) is well defined if P(T =7z )=0.
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A2 G, (-) isnon-informative about F;,with G, (X)=Fy (X/z;).

Definition 1. If T L R and Fg is non-informative about F+, then we call the RC model the independent RC
model. The dependent RC model considered in this paper assumes that Al and A2 hold.

Next example and Example 3.1 in Section 3 are examples that satisfies Albut T L R.

Example 1.2. P(R=1T =0)=1, fu (r[1)=(re(0,1)) and T has a binomial distribution (T ~bin(1, p))
with parameter pe(0,1).

Yu et al. [11] show that Al and A2 are the necessary and sufficient (N&S) condition of Equation (4) under
the non-parametric set-up. Then we may ask the following questions:

1) Are Al and A2 the N&S condition of Equation (4) under the parametric set-up?

2) What is the relation between the constant-sum model (5) and A1?

3) Can the W&L Theorem be extended by eliminating the continuity restriction?

We give answers to the 3 questions. In Section 2, we show that A1 and A2 are a sufficient condition for Equ-
ation (4) under both non-parametric set-up and non-parametric set-up (see Theorem 2.1). Our study suggests that
the constant sum model (5) is a special case of Al. In Section 3, we extend the W&L Theorem to the case that
Al holds (rather than the case that Equation (5) holds), which allows (T,R) being discontinuous. As a conse-
quence, we establish the asymptotic normality of the PLE under the dependent RC model and under certain re-
gularity conditions, making use of the existing results in the literature about the PLE under the independent RC
model. In Section 4, we show that under the parametric set-up, Al and A2 are not a necessary condition of Equ-
ation (4). Section 5 is a concluding remark. Some detailed proofs are relegated to Appendix.

2. The Relation between Equation (4), Equation (5) and A1

We shall first show that Al and A2 are a sufficient condition of Equation (4), extending a result in [11] under
the non-parametric set-up. Then we shall show that if (T,R) is continuous, the constant sum model is the same
as Al; otherwise, these two models are different.

Theorem 2.1. Equation (4) holds if A1 and A2 hold.

Proof. Since Q(t)=| _ dFy (r|t)=1- ARy (rjt)=1- dFr (rz; ), it is non-informative about Fr by

rxt r<i

dr; . (¢, f t)dF; (t f dr; (t
A2. Moreover, by Al G(r)z‘[‘:t>r el r): L RlT(r|) 7 ):”t>r il (r|TT) 7 ):leT(r|rT).Thus

S (r) S (r) S (r)
G(-) is non-informative about Fr by Al and A2, as for and F. are equivalent. Then Equation (4) holds. UJ
The next example and lemma help us to understand the constant-sum model (5).
Example 2.1. Suppose T ~ bin(n, p), P(R= 0) =1 and T LR. Then Al holds, but not the constant-sum
model assumption (5), as Equation (6) yields a(0) = P(T =0<R|T= O) =1, and
B(0)= Iu<0dB(u) =P(R=0<T)=p.Thus a(0)+B(0)>1, violating Equation (5).
Lemma2.1. a(u)=Sg (u—fu) and B(u):J' Fars: (), if (T,R) is continuous, where

t<u
dFgr.c (t)=P(Re(t-dt.t]T >t).

Theorem 2.2. If (T, R) is continuous, then Al and Equation (5) are equivalent.

The proofs of Lemma 2.1 and Theorem 2.2 are very technical but not difficult. For a better presentation, we
relegate them to Appendix (see Section A.1 and Section A.2).

Remark 2.1. Example 2.1 shows that Al is not a special case of Equation (5) (or the constant-sum model).
However, if (T, R) is continuous, Al and the constant-sum model are equivalent. Thus the continuous con-
stant-sum model is a special case of Al. Since Yu et al. [11] show that under the non-parametric set-up, Al and
A2 are the N&S condition that Equation (4) holds, it is desirable to extend W&L Theorem to the model that as-
sumes Al rather than the constant-sum model by eliminating the continuity assumption.

3. Extension of the W&L Theorem

In the next theorem, we extend the W&L Theorem from the continuous constant-sum model to Al.
Theorem 3.1. Al holds iff there exist extended random variables Z and Y suchthat1) Z 1Y and

K (-)=B(-),where B(r):{fR'T(rer) ::::22) T=Z<Y if T<R,and3) T>Y=R if T>R.
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In our theorem, there are two modifications to the W&L Theorem.

1) Equation (5) with continuous (T,R) is replaced by Al without continuity assumptions.

2) The random vector is replaced by the extended random vector.

In fact, W&L Theorem is not accurate as stated, unless a random variable is allowed to take “values” Zo
(see Examples 3.1 and 3.2 below). However, by the common definition of a random variable, it does not take
values Zoo . Thus the random variables in their theorem should be referred to the extended random variables.
1-tte" if 0<t<1/2,t<r
2r if 0<r<t<1/2
(T ~U (0,]/2)), then Al holds and (T, R) is a continuous random vector, but T L R. By Theorem 2.2, it sa-
tisfies the constant-sum model. Consequently, the assumptions in the W&L Theorem are satisfied. In particular,
R does not take the value oo . If the W&L Theorem were correct, according to their definition, there would be a
random variable Y with a cdf B(-) defined in Equation (6). However, B(u)=1/4<1 for u>1/2 (the proof
is given in Appendix (see Section A.3)).

Thus B(-) is not a proper cdf as claimed in the W&L Theorem. Y should be modified to be an extended
B(r) if re(0,:)

1 if r=o0.

Example 3.1. Suppose that leT(r|t):{ and T has a uniform distribution

random variable such that P(Y <r) ={

Example 3.2. A random sample of complete data T,,---,T, from T which has the exponential distribution
T ~ Exp(u) can be viewed as a special case of the RC data. But f. is not even defined for a random varia-
ble R. However, if we consider extended random variables in Al, that is, R may take values +oo, then we can
define R=o0.Since P(R=o)=1, R.LT .Thus Theorem 3.1 s trivially true in such case.

Proof of Theorem 3.1. It suffice to show (=) part. Since Fg; (-|7) is a conditional distribution, B(r)
defines a “cdf” on (—oo,oo]. Denote Q :(—oo,oo]2 and let B be the Borel o-field on Q. Without loss of ge-
nerality (WLOG), one can assume that (€,B,P) is the probability space such that P(A):fAdFT_R(t,r)
VAeB. Let W be the joint cdf defined by W (t,y)=F; (t)B(y) V(t,y)eQ. By the Kolmogorov consisten-
cy theorem, W (-,-) induces a random vector (Z,Y) on Q by (Z,Y)(w)=w Ve=(t,y)eQ. Note that
Pg(T,R)e A)= P&Z,Y)e A)  VAc{(tr):t>r} and AeB . Verify that Z(w)=T(0)<Y (o) if
T(0)<R(®); T(w)=Z(w)>Y(0)=R(w) if T(w)>R(w). Verifythat Z LY as F, =B(-). Thus con-
ditions (1), (2) and (3) hold. O

Remark 3.1. In the previous proof, let S be the supportof F . and A=Q\S.Then (T,R) may notbe
defined on A, but (Z,Y) may be defined on A. Thus it is necessary to create a new random variable Z.

Corollary 3.1. If Al holds then V =T AR=Y AZ and 6 =1;, =1,

The asymptotic properties of the PLE under the continuous constant-sum model are obtained by making use
of the W&L Theorem and the existing results in the literature on the PLE under the continuous independent RC
{t:t<z'} if P(T =rSR)=O
{t:t<z} otherwise.

tablished in the literature as follows.
Theorem 3.2 (Yuetal. [11]). Under A1, sup,_, . |IE (t)-F (t)|L>O .
\%

model. Denote D, :{ The consistency of the PLE under assumption Al is es-

Now by Theorem 3.1 and Corollary 3.1, we can construct another proof of the consistency of the PLE as fol-
lows.

Corollary 3.2. Under A1, sup,_,, .. |lf (t)-F (t)|L>O where
D < {tit<z} if R (7)>F (r—)and R, (7-)=1
VT {t:t<z}  otherwise.

Proof. Yuand Li [10] show thatif T LR, then sup,, ‘If (t)-F (t)‘%o , Where
D, :{{t:t <z} if R (7r)>F (r—)and Ry (7 —)=1

. Under A1, T L R may not be true, but by Theorem 3.1,
{t:t<z} otherwise.

Z1Y,V=TAR=ZAY, 6§=1(T <R)=1(Z <Y). Thus the observation (V,,5,)’s are i.i.d. from (V,5),
which can be viewed as being generated from (T,R), as well as (Z,Y). Thus replacing D, and (F;,Fg)

)
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by D . and (F,,F ), respectively, in the previous equation yields su F(t)-F, (t)—2=>0. Now
v Z Y ptEDvﬁ-k z

since F, = F;, the proof is done. O

Remark 3.2. Notice that the statements in Theorem 3.2 is slightly different from the statements in Corollary
3.2. One is based on D,-.R), and the other is based on D,-.Y).

The asymptotic normality of the PLE under A1 without continuity assumption has not been established in the
literature. It can be done now by making use of Theorem 3.1 and the existing results in the literature on the PLE
under the independent RC model. In particular, assuming T is continuous, Breslow and Crowley [3] and Gill [6]
show that

T

l

(1)-F (1)) —2>N(0,0%) fort<r, ®)

Lm nCov(IE (1), F (S)) =S (1)S; (S)I;Asm

Without continuity assumptions, Gu and Zhang [16] and Yu and Li [17] among others established asymptotic
normality of the GMLE under the double censorship (DC) model. Since the independent RC model is a special

case of the DC model, their results imply that (8) and (9) also hold if LE(O _ )S__ldSR (t) <o Ve>0,and if

= (1)
either P(T >7)=0 or P(V :z')>0. The next result follows from Theorem 3.1 and Corollary 3.1, which
partially solves the open problem in [11] about the asymptotic normality of the PLE under the dependent RC
model.
Theorem 3.3. Equations (8) and (9) are valid if A1 holds and if either T is continuous or (1)
-1 dS, (t)< Vbe(0,7) and (2) either P(T >7)=0 or P(V =7)>0, where the random varia-

Ite(o,b) SY (t)

ble Y is defined in Theorem 3.1.

dF; (%), t,s<7. )

4. Are A1 and A2 the N&S Condition of Equation (4) under the Parametric Set-Up?

The answer to the question is “No” in general. We shall explain through several examples.
Example 4.1. Suppose that P (T e {2,3,4}):1, f(i)=p,, p=(P,. Ps Ps)€®,and
t=2t=3t=4
far (1|t) 3/6 2/6 1/6
far (2|t) 2/6 3/6 3/6
far (3|t) 16 1/6 2/6
where ®,={p:p,=0,p,+p,+p, =1} and ©@={pe®,:p,=p,}. This defines a parametric family of dis-
crete distribution functions F1. One can verify that possible observations I;’s are (1,oo), {2} (2,oo), {3}
(3,00). Write f, (I,)= ¢ (1;)W(I;),then W (I,) is either Q or G in Equation (3). In particular,
W ()= (1) ue (1) = for (111) p; /1=2/6, -+, which lead to

I, 1, I, l, I

W(l;): 2/6 SRIT(2_|2) fR|T(2|TT) SR\T(3_|3) leT(3|TT)
W(l): 2/6 36 3/6 1/6 2/6

Thus the parametric model satisfies the N&S condition Equation (4). But in view of .., Al fails. Note that

the PLE maximizes £(p)=ps (1-p,)®(p;)" (1-p,—p;)* over pe®,. It is important to notice that

L(p) with pe®, isnot a likelihood. However, £(p) with pe® is a likelihood by Proposition 1.1. Ve-
N P(T=2<R
rify that the PLE of F(2)= N, _as P ) _3p,/6 _3p, # F; (2) , thus the PLE is not consistent,
n-n, 1-P(R=1) 1-2/6 4

but the MLE which maximizes L£(p) over pe® is consistent, as expected. In fact,
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L£=p¥(1-p,)"(1-2p,)" (p,)" = pyr™ (1-p,)" (1-2p, )"

dlogL _, yields T2t Mo N, g
op, P, 1-p, 1-2p,
= (n,+n,)(1-3p, +2p2)—ny(p, —2p3)-2n,(p, — p)=0.

=N, +n5— P, (30, +3n5+n,+2n, )+ p3 (2n, +2ng +2n,+2n,)=0.

= n,+Ns — P, (3n,+3n;+n,+2n,)+ p; (2(n—n,))=0 which is of the form ap] +bp, +c=0.

_ 3n,+3n,+n,+2n, i\/(Sn2 +3n, +n, +2n,)" —4(n, +ng)(2n-2n,)
2 4(n—n,)

Then the MLE is the one that p, =[0,1/2]. Verify that

b/n—>3p2(%+%)+(1— pz)%+2(1—2p2)/6=%(p2(15—3—4)+5)=8pzT+5 as.;
2a/n—>4(1-2/6)=4°/6 as.;
4ac/n2—>%10i as
8p, +5+4/(8p, +5)° —160p, 8p, +5++/(8p, —5)
5, Pt J(8p, +5) P, _8p, +5+4/(8p, -5) _p, or5/8as,

4° 4

Since 5/8¢[0,1/2], the MLE p, —» p, a.s. as expected. That is, the MLE of p based on £(p) (pe®) is
consistent.

Example 4.2. Suppose that f; (|) =p, and p,+p;+p, =1. This specifies a parametric family of discrete
distributions with parameter (pz, Pss p4) subject to the constraint p, >0 and Z; p; =1. Then Al and A2
are the N&S condition of Equation (4) (see Section A.4 in Appendix).

Remark 4.1. In Example 4.1, since Al fails, the W&L Theorem does not hold.

Both Examples 4.1 and 4.2 are parametric cases, but Al and A2 are the N&S condition of Equation (4) only
in one case. In both cases the MLE’s based on the simplified likelihood £ as in Equation (1) are consistent.
They indicate that in general under the parametric set-up, Al is not the necessary condition of Equation (4).
Since the two examples are discrete case, we also discuss two continuous examples.

Example 4.3. Suppose that T is continuous,

te(0,0.5)U(L15) te(051)U(L5,2)
p ifte (0,1)
f. (t)= . and  foo (1]t) 1/6 3/6
1-p ifte(12)
fR”(th) 5/6 3/6
This defines a parametric family of a continuous random variable with parameter p. The possible observations

I’sare {t} and (1,0).Alisviolated due to the table for f...The G(-) and Q(-) in Equation (3). satisfy

P(R=1<T) P(R=1<T) %p/“%(l— p)/2

G(l,oo): = = :1/2,
T el e
1 ift<l

Q({t}) =Sy (t-]t)=15/6 if te(LL5)
306 if te(15,2).

Thus both Q and G in Equation (4) are not functions of p or Fy and Equation (4) holds. Hence in this example,

G2
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Al is not a necessary condition of Equation (4).
Example 4.4. Suppose that T" ~ Exp(y) and T = 2(1—exp(—T*/,u)) ~U (0,2) . Define f,. asin Exam-

RIT
ple 4.3, then Al fails and Equation (4) holds for the random vector (T,R). Now define
fR*‘T*(r| y)= leT(Z(l—e‘r/#) 2(1—e‘y/#)), y,r>0.Then (T*, R") does not satisfy AL but Equation (4) holds,
It shows that if T ~ Exp(x), Al is not a necessary condition of Equation (4) though Equation (4) can hold un-

der proper assumptions on fR*T* . The idea can be extended to the other continuous parametric families e.g.,
N (uc*), Weibull, Gamma etc!

5. Concluding Remark

We have established the equivalence between the standard RC model and the dependent RC model. The result
simplifies the study on the properties of the estimators under the dependent RC model. The results in this paper
may have applications in linear regression with right-censored data. For instance, the model assumption consi-
dered in [18] can be weekend. It is also of interest to study whether the result can be extended to the double
censorship model [17] and the mixed interval censorship model [19].
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Appendix

We shall give the proofs of Lemma 2.1 and Theorem 2.2 and the proofs in some examples of the paper here.

A1l. Proof of Lemma 2.1
WLOG, one can assume that u satisfies P(T >u)> 0. By Equation (6),

a(u)=P(5=1T =u)=P(R2T|T =u)=P(R2u|T =u) =S (u-u).

dB(u)=P(V e(u—du,u],6=0|T >u) (by Equation (6))
(u-du,u], T >R|T >u)
(u-du,u],T>RT 2u)P(T 2u)
e(u-du,u],T>RT>u)P(T >u)+ P(Re(u—-du,u],T>RT =u)
P(T >u) P(T>u) P(T>u)
P(T >u)+ P(Re(u—du,u),T=u)
P(T>u) P(T>u)
P(T >u)+ P(Re(u—du,u),T =u)
P(T 2u) P(T 2u) '

:P(Re(u—du,u]|T >u)

= dFF{|T>u (U)

If T is a continuous random variable, then the previous equation and Equation (6) yield
P(T >t
B(u)=_|'t<uﬁdﬁm>t (t) =] _dFera (t). O

A2. Proof of Theorem 2.2
Assume that (T,R) is continuous. Then by Lemma 2.1, Equation (5) holds iff Sg; (u—|u)+jrSudFRIT>r (r) =1
ae inuwrt. g, iff Fy (u-|u) :.frq,dFRrbr (r) aeinuwrt s .

Since (T,R) iscontinuous, Fgr (u —|u) =J.r<u far (r|u)dr .By Lemma 2.1,
R ()= _dFer (r)=[ P(Re(r—drr]T>r)=[ fo (r)dr,
[ far (r]t) £ (t)at

P(T>r)

Lu for (r|u)dr :Lu t RllTD(T - rT) dr ae.inu(wrt g );

foo(r|t)f (t)dt
iff yFRlT(_lu)Hr:Ku,leT(r|u);«rs'L>r Rl;ET|>)rT)() H:O ae inu(wrt g );

iff ”FRW(»\u)({r:KU' o Fer (ru) fr () dt= [ for (r[t) Fr (t)dt}):o a.e. inu;

iff e, ({(t,r):r <u, T <t, for (rft) = fiop (r|u)}):0 ae inu(wrt ue );

iff for almost all r (w.r.t. ), fR‘T(r|t) isconstantinta.e. w.rt. g on {t:t>r};

where fgr (r)= . Thus, Equation (5) holds iff
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iff Vr, Fg;(r[t) isconstantintae. w.rt g on {t:t>r} (whichisAl).O]

A3. Proof of the Equation B(u)=1/4<1 for u>1/2 inExample 3.1
u) = jr<udFR\T>r (r) (by Lemma 21)

= L]/ZdFRIT>r (r) (asT~U(012))

= LW qr (17 )dr (by Theorem 2.2, where 7, =1/2)

= jo 2rdr by the given expression of fy )
=1/4<1.o

A4. Proof of Example 4.2

If for(r|t) isnotconstantace. (w.rt. s )in {t:t>r}, 3i,j>r suchthat

1) for (r]i)=a<b=for (r]J),
2) p,>0 and p. >0.

3) p+p, :ST(rﬁ is fixed.

S (r)G(r) =], far (r[t)dF: (r)

[\

Q

S (r)(b—c) (by (3)).

Si(r)G(r)=]_ for (r[t)dF; (t)
<j ( ar (1] +c)dF (t) (if p; =0)
~S; (r)(a+c) (by (3))

Thus S, (r)(a+c)>S;(r)(b—c), contradicting a+c<b-c by assumption (2). O

[ ( ar (1] §)—c)dF (1) (if P, anndc:bjTaj
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