Open Journal of Statistics, 2014, 4, 118-136 00::‘ Scientific
Published Online February 2014 (http://www.scirp.org/journal/ojs) #s* Research

http://dx.doi.org/10.4236/0js.2014.42012

On the Convergence of Observed Partial Likelihood under
Incomplete Data with Two Class Possibilities

Tomoyuki Sugimoto
Department of Mathematical Sciences, Hirosaki University, Hirosaki, Japan
Email: tomoyuki@cc.hirosaki-u.ac.jp

Received October 21, 2013; revised November 21, 2013; accepted November 28, 2013

Copyright © 2014 Tomoyuki Sugimoto. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. In accor-
dance of the Creative Commons Attribution License all Copyrights © 2014 are reserved for SCIRP and the owner of the intellectual
property Tomoyuki Sugimoto. All Copyright © 2014 are guarded by law and by SCIRP as a guardian.

ABSTRACT

In this paper, we discuss the theoretical validity of the observed partial likelihood (OPL) constructed in a Cox-
type model under incomplete data with two class possibilities, such as missing binary covariates, a cure-mixture
model or doubly censored data. A main result is establishing the asymptotic convergence of the OPL. To reach
this result, as it is difficult to apply some standard tools in the survival analysis, we develop tools for weak con-
vergence based on partial-sum processes. The result of the asymptotic convergence shown here indicates that a
suitable order of the number of Monte Carlo trials is less than the square of the sample size. In addition, using
numerical examples, we investigate how the asymptotic properties discussed here behave in a finite sample.
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1. Introduction

Although the Cox model [1] is a standard tool for the analysis of time-to-event data, in practice analysts are of-
ten confronted with some problems in handling incomplete data beyond the right-censored form, such as inter-
val-censored data [2], missing covariates [3-5] or (statistical) structural modelling. The inference for the Cox
model under such cases of incomplete data can usually be performed based on the semiparametric profile like-
lihood (SPFL) [6] as a generalization of Cox’s partial likelihood [7]. On the other hand, as a substitute for the
SPFL method, one can analyse the same data using the imputation method, which yields a sum of partial like-
lihoods. By describing the sum of all possible partial likelihoods more exactly, we can formulate the marginal of
partial likelihoods [8], that is, the observed partial likelihood (OPL). In this area, the theory for the SPFL has
been studied by many authors (e.g., [6,9]). However, to the best of our knowledge, there has not been much de-
velopment in mathematical theory for the OPL.

In this paper, we discuss the theoretical validity of the OPL which appears in a Cox-type model under incom-
plete data beyond the right-censored form. In this area, one advantage of the OPL is that the baseline hazard
function as a nuisance included in a Cox-type model is eliminated completely in the inferential likelihood. This
yields a more stable computational system for optimization than that of the SPFL. For example, in a Cox-cure
model, a computational process based the EM algorithm to obtain the SPFL easily fails to converge if a suitable
starting value is not provided (e.g., see [10]). The main disadvantages of the OPL are, for instance, that a great
length of time is required for the exact computation and it is not clear how much the amount of computation can
be reduced by the Monte Carlo (MC) method. However, even if the feasible number of MC trials is smaller than
desirable to approximate the OPL, and hence the MC approximation is quite rough, it may be sufficient for a
starting value in the computational process of the SPFL.
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Generally, it is difficult to investigate computationally to what extent the MC approximations of the OPL are
valid, since the exact computation requires a huge number of summands, as the sample size and incomplete in-
formation of data are increasing. For this reason, it is worth studying the OPL theoretically. However, it is not
easy to complete such a study in one go, because standard tools to study asymptotic properties of Cox’s partial
likelihood or the SPFL cannot be applied directly to an objective of the OPL. Therefore in this paper, for the
sake of simplicity, we focus on the OPL constructed in incomplete data composed of unobserved two class la-
bels. Typical cases of this type occur in a Cox-type model with incomplete data, such as missing binary cova-
riates, a cure-mixture model or doubly censored data. As a main result, we establish the asymptotic convergence
of the OPL and derive a limit form of the OPL. This result is a foundation or precondition for applying an infi-
nite-dimensional Laplace approximation for integral on the baseline hazard. Such a Laplace approximation me-
thod will yield the other limit form of the OPL [11], which is useful in discussing the consistency and asymptot-
ic normality of the estimators. However, the method is not convenient for showing the convergence of the OPL.
For these reasons, it is also valuable to discuss the convergence of the OPL using the arguments employed in
this paper.

A matter of interest in practice concerns MC approximations of the OPL. One other significant point is that
the result for the convergence of the exact OPL can be easily tailored to the context of the MC approximations.
Based on such an argument, we show that a suitable order of the number of MC trials is less than O(n?) Further,
in Section 4 we investigate how the asymptotic properties discussed here behave in a finite sample.

In Section 2 we formulate the OPL in incomplete data with two class possibilities, providing several examples
of interest; in Section 3 we develop the tools to obtain the main result and show the convergence of the OPL,
and in Section 4 we discuss the performances of MC approximations.

2. Observed Full and Partial Likelihoods
2.1. Notations and Motivated Examples

Let T,=min(T",U;) and A, =1(T; <U,) be the observed survival time and right-censoring indicator of the
i-th individual, where T;",i=1--,n are continuous random variables independent of U, and 1(:) is the
indicator function. Suppose that the individuals possess some difference between models or observations identi-
fied by the two classes. We define such a class variable by

. {1 if the i-th individual belongs to class 1

' |0 if the i-th individual belongs to class 0’

In the case that 0 expresses the difference between models, assume that the distribution of T, follows the
proportional hazards model formulated as

2 (1) =2 (1) ri(J) (B) and ri(J) (B)= r) (ﬂTZi(J) ) 7=0,1,
where /4, (t) is the baseline hazard function, r'” (x) is the function given by
r® (x)=exp(x), either r(© (x)=exp(x) or r(© (x)=0,

ZY s the covariate vector (Z9,---, 2T from the population of the class 7, and S is the regression

coefficient vector (A,,---,3,)". As usual, the information on (Ti,Ai) can be re-expressed using the counting
processes N (t)=1(T, <t,A; =1) and at-risk processes X (t)=1(T; >t).
In this paper, we consider incomplete data where some of the @ ’s are treated as missing. Let

C, =1(q is completely observed) and

" 1(g; =) fory=0.1if C, =1(q; is complete),

m” =

1 for y=0,1if C; =0 g is missing).

Each of these is used to construct the likelihoods. Further, if the event of {qi* = ]} can be expressed by a pro-
bability, we use the following notation and assumption

Pr(qi* =j|Xi): pi(f)(a) and pi(o)(a)=exp(aTXi)/{l+eXp<aTXi)},
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where X; is ghe covariate vector (J,Xil,-~~,xia)T related to ¢, and « isTthe regression coefficient vector
(@@, +ex,) . For simplicity, we will write 0 =(6,.6,.+,6,,,)" =(a".5") hereafter.

Let " =(q;.---,q;) be the collection of true ¢; ’s. In many cases of incomplete data with two class possi-
bilities, the observed full likelihood (OFL) can be generally written as

L(:)(Q’AO):qu{o,l}"L(;:f) (Q’Ao;q)ﬂs (Q) (2.1)
with the elements such that
n Ai
L(,:f) (H,AO,Q) _ Hi:l pl(Ch) (a){lo (TI )rl(ch) (ﬁ)} Sl(ql) (Tl’ﬂ,/\o)nf%)

and I,(q)=]] ,s% wherethespace {0,1}" denotes the collection of all the vectors composed of 0 or 1 with
lengthn, q=(q,- -,qn) expresses one element of {0,1}n , in which there exists one true element ",

S (t:8.A0) =exp(—1” (B) Ao (1)), 7 =01

is the survival function of the i-th individual belonging to the class j, A, (t):ﬁﬂo(s)ds is the cumulative
baseline hazard function, and s is given by either of s=1 or —1 inadvance.

In the following three examples, we show how the form of the OFL is related to the representative cases. He-
reafter, we will often omit & when it is clear that a function depends on 6, eg. r”) =r" (), pV =

p’ (@), S (t:A,)=S"(t;8,A,) andsoon.

Example: Missing Binary Covariates. Let us assume that r® (x)=r®(x) but Z\” #Z". For example, the
first covariate is binary and may be missing, Zi(lq‘*’ =q; and Zigqi*’ =Z;, j=2. Then, we can write

w9 (B)=exp(STZ )= exp( 572 )+ (1-; Jexp( 5727,
where A7Z\%) = a7+ B,Z;. Inthis case, the OFL is
L (6,A,) = HL[ZFOJPS” (@)% (T)r (B)} S0 (T3 8.8 ) m”

Using the binomial expansion, this can be rewritten as

n ' 2 (a '
L(f ) (9,/\0) = qu{O,l}"Hizlpi(q'){lo (Ti ) ri(ql)} Si(ql) (T| §Ao)7'5§q')- (2.2)

Example: Cox Cure-Mixture Model. The Cox cure-mixture model [10,12-15] is presumed to hold the propor-
tional hazards model for uncured individuals and to be zero-hazard for cured ones. That is, we assume
29 =z" but r®(x)=0, so that we can write

ri(qr) (B)=q exp(ﬂTZi(l)).

We observe that ¢ =1(ie.C, =1) if A, =1 and ¢ ismissing (ie.C; =0) otherwise. The OFL is usually
n A|

LY (0:80) = TT1{ PO (T)EHSE (Ts0)} ™ {1 + IS (T3, )}

note here that 5% (t;A,)=1 forall t. Then, (2.3) can be rewritten in the same form as (2.2).

14
5

(2.3)

Example: Doubly Censored Data. In doubly censored data [16,17], left-censored data may be included. Let
G; indicate whether the i-th observation is left-censored or not, the OFL is then

L0 (0.80) =TT (M) ™ s (e ) f1-s (T )} 2.4

In the phenomenal meaning, the common model is assumed regardless of the type of observations, but we do not
define g as . Hereweusetherule ¥ =0 and Z® =Z{" suchthat g designates the type of model
rather than an observation. Under this rule, because we have Siﬁo) (t;AO) =1 forall t, (2.4) can be expressed
as

n ) A " " i
L(f ) (Q’AO) = qu{o,l}nHizl{ﬂO (TI ) rl(ql)} Si(fh) (T| 3AO )ﬂ.i(ql) (_l)q ,
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where note that ¢ is defined as missing data (i.e. C,=0) if the i-th observation is left-censored, and as
complete dataof ¢ =1 (i.e. C, =1) otherwise.

2.2. Observed Partial Likelihood

Let Rn[-] be the integral operator proposed by [18] to derive the partial likelihood in the Cox model without
time-dependent covariates. Without loss of generality, let us suppose that there are no ties. By operating Rn[-]
tothe OFL L\ (6,A,), we have the OPL

L(pn)(e)_qu{m} (0 q)]l ( )

where

L (0:0) =R, [ 0. = [T ([T (8)/ S0 T ()] =

i=1
Let ¢,,(6)=n" Iog(L(;) (49))+ nt Iog(l_[i":l n ) To discuss an asymptotic form of £, (&), we will pre-

pare some convenient expressions. First, to pack the expression of nEq‘) into ri(q‘) and pi(q‘) , we define
240 (8) = {2 {1 (0)) +(1-a) (2] (1 ()] |
+(1_Ci )[Qi {Zi(l)}l {ri(l) (ﬂ)}h +(1_qi ){Zi(o)}I {ri(O) (ﬂ)}h} h,1=0,1,

and X(® =C(1-q7) X, +(1-C))(1-g) X

Using these expressions let
SO (L6A)=E [ ROF(5)]. 59 (0ap)=E[R(OZVE (5)],
and S(no)(q;a): [a X (@) Iog(1+e )]

_ n
where E,[Ri]=n "Y' R is an empirical version of the theoretical expectation E[R;]. Further, as an impor-
tant definition, let

vy (A)= 2_nZ:xe{o,l}"Jl (xeA)

be the n-dimensional version of Minkowski’s measure v_. Then, using these notations, ep(n)(e) can be

written as
Com (@)=n" Iog{Bn .[qe{o,l}“ exp(nenp(n) (e;q)) I (q)dv, (q)} (2.5)
where
C ooy (0:0) =S (@s00) + [ BTE, [ ZIWAN; (1) |- [ tog {7 (t.: 8)} E, [V (1)],
7, Is the greatest follow-up time and B, =2”/22i=1C‘. The quantity of ZZ‘H=1Ci is the total number that the

same £, (6;q)’s are repeated on g e{0,1}". In addition, we define
?P(”)(Q) = p(n) (9)

and znp(n)(é’;q):S(no)(q;a)+.[ge{ﬁT§(n°) (ta:p)- Iog{S(0 (t,q; ﬂ)}So (ta:p )} 5 (1),
whichis ¢ . (6;q) inwhich N (t)’s are replaced by the true intensity
Af*(t):q.*j‘y( )R (B )dAg (s)+(1—a7 ) [ % (s)r” (8" )dAs (s).

where SV (t,q: ") =E,[% (1) 2 ( )(ﬁ )l B and A are the true_g and A,. In the case of z" =

|
Z.(O), such as Cox cure-mixture model or doubly censored data we have Sn (t o8 S(l)( B

Lap(n) (“);q):znp(n) (6:9)
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Remark 1. In (2.5), even if we consider a difference or quotient between ¢ (¢) and Wi o )( ), We cannot

remove the potential increasing factor n in the summands exp(n/ ap(n) ()) because of the existence of the oper-

ator ¥ coq-  Thus, it may potentially be difficult to apply some of the standard tools in the survival analysis

to the asymptotic discussion. For these reasons, our strategy to obtain a limit of ¢ Bl )( ) is to regard all the

s{umr}nands of Y40y @ @ process on {0, 1} . We will then derive the result of a weak convergence on
0,1 m|

3. Convergence of the Observed Partial Likelihood

We will now discuss how the mean of the log OPL converges to a deterministic function and provide Theorem 1
of the main result. The following conditions are assumed for these discussions.

Conditions A. Let ® be a compact set of & which includes 9*=(a*T,ﬂ*T)T, where @° and «a” are the
true @ and a. The true baseline function Ag(t) is continuous and non-decreasing on te[O,z’e] with
Ay (0)=0.

Al: Xi,Zi(”,izl,m,n are i.i.d. vectors from the population of the class ;7 =0,1.

A2: Pr()(r,)=1)>0. A3 Ay(7,) <.

Ad: E[sup peo

)r.(f)(ﬂ)J<oo,]:0,1forI:1,---,b. As: E[|X,[]<oforl=1-a.

Condition A2 means E[{p; s/ (t)+ p;”s/™ (t)¥SP (t)1>0 for all te[0,7,] because of Pr();(t)=1)=
E[)(t)], where S.*(’)( t)=S sVt 8°,A;) and P’ =pY(a’) and SV (t) is the i-th survival function of

rlght censormg time under a given (X,,Z,(q' )). By the compact condition of ©, we have O <
E[pI ( )<l on ae® asamatter of course. However, in the case that there are no p (a) as in the ex-

ample of doubly censored data, such conditions on « are omitted because S (q a) 0 always.

Theorem 1. Suppose that Conditions A are satisfied. Then, as n—o, ¢ ( ) converges almost surely to a
deterministic function uniformly on 6 e 6.

Theorem 1 is proved in Section 3.3. We prepare useful tools for such a proof in Sections 3.1 and 3.2 below. In
Section 3.1, we discuss a relation needed to show that two OPL’s converge to the same limit, determining a plan
(Lemmas 1 and 2) to obtain Theorem 1. In Section 3.2, following the plan, we provide a tool (Lemma 3) to give
a weak convergence of all possible partial-sum processes.

3.1. Relations between Two Observed Partial Likelihoods

Note that the OPL is constructed by an integral on {0,1}" with the measure v,. Thus, to give two OPL’s with
the same limit, it is predicted that the difference between the integrands of two OPL’s should converge weakly
to zeros on {0,1}" , for example, by analogy of the dominated convergence theorem. Let

£y () =010 B, [, (1) (6:0))L (a)dv, (@)f for 1= ABand =,

be functions that exist around (. )( ), Wwhere ¢, (x)=exp(nx) for simplicity. Then, we have the following
lemma about some € (Hq np(N) 0;q

Lemma 1. Suppose that
lim supv, (q e{0,1}"
n—oo 0cO®

with probability 1. Then, as n — oo,

: E:p(x) (G;q)_esp(h’) (H;Q)‘ > g) =0 foralle>0, G

SUP.o € 5 (0) — €2 (9)‘ .0,

where —,, denotes almost sure convergence.
(Proof of Lemma 1). Using Taylor expansions of

log f, —log f, = f,* (f, = f,), gl"—go”=n‘1{go}ynfl(gl—go) and e™ —g"M — e (h—hy),
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the difference between £ (6) and £ () is derived as

f?(x) (9)-¢ S(x) (9)= {é 2% jqe{oﬂl}ﬂz?)(q){gjp(s\‘) (6:0)- Efp(x) (H;Q)}Hs (a)dv,(a)
where, with some &,&,,&, ) €(0,1) on qe{0,1}" and &=1-¢ (1=22,3(q)),
t=gex(C) (0))+&exp(€04 (6)).7 = &0, (£ (0)) + &304 (£ (0)
and Zg(q) =, (és(q)ejp(;\‘) (6;q)+ gé(q)gz?p(;\‘) (93q))'

Let us assume that 0<( 7 (@) <0y () without loss of generality. Then, ﬁzzf}”” /Zl and
_[6 dv (q)/é2 are bounded on @ < ® by some finite values b and b,. In fact

" [t <ye and [Eyqdv, (a)/T; <Yé,
are shown by exp(( o) (6))/exp(£ o) (6)) <1. Therefore, we have

7
J‘q ziq) {E:p(x) (6’;q)—€fp(N) (B;q)} I (q)dv, (q)‘

: K:p(x\‘) (H;q)_gfp(x) (Q;Q)‘ > 0)-

sup,

£ (0) =5 (0) <tisup,

<byb, sup, vn(q <{0,1}"

Applying (3.1) to the above inequality, this Iemma is proved |

Using Lemma 1, for several patterns of 0t oy and (8 () We can investigate whether they converge to the
same limit. The important problem is how to show the condition (3.1). For this purpose, we make the use of
meaning that a convergence in v, -probability implicated in (3.1), since v, is a probability measure on
{O,l}” . We have the following lemma to establish the condition (3.1).

Lemma 2. Suppose that

€ oo (050) ¢ (N)(H;OI)‘—%O, (3.2)

where — = denotes convergence in probability. Then, (3.1) is established.

sup

6<0,q¢{0.1}"

Remark 2. For simplicity, letting
G, (6,0) =[5y (6:0) = €2, (650)| and ;7 (@) =1(supy.0 G, (6.) > 2),

denote
Qi =va(aefoq: £ (0)=1)=] .1 (@)dv, (a)

as the area of f; (q) =1. We can immediately show that (3.2) provides a version of convergence in probability
of (3.1), i.e.
lim,_Pr(Q; =0)=1for all £>0, (3.3)

because it is always satisfied that
sup, v, (q €{0,1}":G,(6,9)> .9) <v, (q €{0,1}" :sup, G, (6,9) > g) <SUp, o0 G (6:0)-

Thus, we show that the operators of lim and Pr are mutually exchangeable in (3.3) in a proof of Lemma 2. o
(Proof of Lemma 2). Note that

Qi =v. (aefoly”: £ (a)=1)=[ . (@)dv. (a) (1)

because f, (q) isindependent of (.;,0,,,,--) due to the n-dimensional projection to {0,1}" from {0,1}".
From condition (3.2), limits of f’ q) are zeros almost everywhere on q e{O,l}”, which can be eventually
written as lim, f° (q) <0p (1) independently of qe {0,1}°°. The dominated convergence theorem provides
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limQ; Lr 01 Ilmf (q)dv, (q)<o0p(1).
This shows Pr(lim, Q¢ =

=0)=1 via Markov’s inequality such that

Pr(lim, Q; >7) < [ E[lim, 17 (q)]dv..(a) /7*.
Therefore, condition (3.2) gives (3.1). o

3.2. All Possible Partial-Sum Processes

Note that, by the portmanteau theorem, (3.2) is equivalent to, as n —

K:p(x)(é’;q) éfp(\)(e;q) —5 0 on (6,q)e©x{0,1}",

where — denotes convergence in distribution. In this section, we develop a tool to show such a weak conver-
genceon qe{0,1}".

For simplicity, let C/=1-C,, ¢ =1-¢ and Q.' 1-q;.

An important key to obtaining (3.2) or a limit of
€ () s a convergence result of sY(t,q;8), S

(t 9.5 ) and S\” (g:@) on qe{0,1)". As representa-
tions of more essential terms to consider in the convergence on qe {0 1}" , We denote

T (¥ (£6).0)= X qY(tﬁ)a”dT(( ) )= 20 4, (60),

where examples of Y;(:6) are C/)(t)Z"", ¢/ (t)Z!"®), C/X, and so on. Then, n™T,(Y(t6),q)

can be regarded as E, [Yi (t;e) : ] , which is the empirical version of the conditional expectation on a unique
Q" but is calculated letting ¢ be fixed. Let

o |E[Yi(te) |ai =0] if g’ =0,
#q;(Yi(t,H))_ E[Yi(t;a) _*:]J if o =L

which is the conditional expectation of Y; (t;@) on given @;. Although ¢ is treated as unknown in many

incomplete problems, this is not the case for terms included in the observed partial likelihood. Hence, for a fixed

qe{0,1}", the conditional expectation of T, (Y (t;60),q) on ¢’ is E[ (Y(t:0).) |a J:Zi”zlqiyq_* (Y, (t:0)).

So letting s (t,q; ), (tg;8) and s\’ (g;e) be means to centralize S{(t,q;5), SV(tg;8) and
(q a), then

s (ta:£)=E[Co({az (8)+a 2" (B)] |
Y0 G (CLOZ (8) 0 S gia, (€0(1)2
s (e p) =E[C ]z (5)+a 2% (8)] ]
S g (€020l (8 02 g, (€ (0)20)¥) (),
and sO(qa)= aTE[Ciq{*Xi]—E[Iog(1+e"TX‘ )}an’lZLq(ﬂq; (CX,).

Example: Missing Binary Covariates. For simplicity, we assume that C, =1 or 0 occurs independently of
G . Letting w = Pr(Ci = Xi,Zi(q;)) , then

E[Ca’X; = E{Xi Pr(Ci =1q/ =1|Xi,Zi(q'*)ﬂ =E[ Xwp” ],
E|:Ci:yi(t){ql i rn(l +0 Z r(o }} zFo,lE[Zi(J)Iri('/)W(l)

(0) (ﬁ))
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whlle the expectations of terms which may form all possible partial-sums in S!* (), S(n')(t,q;ﬂ) and

(t q;3) are
o]

e[ xwi%la; =0]  [E[ xw®p; [e
i E[xiwff” .*=1r E[Xiwi“’) /E[ ()

]
i (Con20e )| e er{ o) -, 2l
P (0)}

,qu»« (Cilxi): [X Pr( ._0|X,,q,)

(] if g =0,
pr] it g =1

|

E| M E"wOs O (t)sP (t) p;

E[p]
= ()| (J)h (0) (1)( ) U( ) (1)j| .]2091
E| Z77 e w ST (1) ST (t) by
[ if g =1,
E[p ]
In these calculi, note that the Bayes rule is used, such as
Pr(q: = i|%)

0 = J | = [ Xwl%dPr(X,[o; = §) = [ X, w'dPr(x

El X.w® :
X Pr(q{‘:j)

Example: Cox Cure-Mixture Model. In this model, C, =A, is usually assumed. The expectations of terms
which may form all possible partial-sums are M (Ci'yi (t)zf(’)'ri(“)) =0 and

S

qi*:l}_ E[ZIn(A)Q (1) ]/E[ ] if o =1

qi*:O:|_ e[zl (p) s,U o ] /E[ @] if g =0’

where Q°(t)=Pr(t<T,,A, =0/X,,2%,q; =1)=—[*s;® (s)dS} (s). Similarly, we have

E |:Zi(1)| ri(l)Qio (t)

0(0)pr® 07 i gt —
w000 e -2l |- LSO el

qi} e[ xp /e[ ] if g =0

On Weak Convergence. Let Y, (t;0) =Y, (;0)— u ( (t; 9)) In our application, note that centred

(t 0) =1---,n are zero-means and mutually quependent but are not sampled from an identical distribution.
We will therefore discuss the partial-sum processes about Y; (t 6) sampled from two populations. Lemma 3
shows that n™'T, (\?(t;a),q converges in probability to zero uniformly on [0,re]><®><{0,1}°°; recall that an
n-dimensional element q e 0,1}n means marginal collection of elements of {O,l}w. In advance, let

Keo = {(to:6): E[ Y, (t:60) Y, (:6)] ] < 6}

Remark 3. For example, if E[Y, (t;@)zJ <o, by Chebyshev’s inequality, we immediately have
IimrHocsuqur(‘n’l’Irn (V (t;@),q)‘ > g) =0.
However, a result of interest here is whether Pr and sup, can be exchanged, that is, about

IimePr(supq ‘n’l’]I‘n \ (t;H),q)‘) .
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Incidentally, we cannot obtain the almost sure convergence in this problem, since
sup, 0T, (¥ (1:0),)| = E,[ 1(¥; (:6) = 0)¥, (1:6) ]

is always apart from zero. o

Lemma 3. Let Y,(-;0),i=1---,n be random elements on D[0,z,] sampled from one of two distributions
(populations) with E[YI (t;6’)]b 0 atevery (t 0) where the population to which the i-th element Y( 9)
belongs is known and indexed by ¢ =0 or 1. Suppose that Y;(;6),-,Y, () are mutually independent and
have E[VI (t;H)J =0 atevery (t,0). If the following three conditions are satisfied,

(i) The class of functions {Y;(:0):(t.6)€[0,7,]x®} is Glivenko-Cantelli

(i) E[supte[o,re]ﬂe@ \ (t§9)” <o and

(iii) E[supt PR

then,as n—

i(to;ao)—\fi(t;e)ﬂso(l)& forevery K/, [0,7,]x®

T, (Y (t:0),0) =5 0 on (1.6,q) €[0,7,]x©x{0.1}".
Lemma 3 is proved in Appendix A.1. The following examples show that the conditions needed in Lemma 3 are
satisfied for Y, (ta)=C/X;, Y;(t8)=CR(O)Z" ™" and Y, (t;8)=C () 27" (I,h=0,1).
Example 1. Let Y;(t;0)=C/X; -, (C/X;). From Condition A5, we have Condition (ii). Since Y, (t;60) is
independent of (t,0), Conditions (iY'and (iii) are clearly satisfied.
Example 2. Let Y, (t;8)=C)(t)z"' k" — (C.’y( )z ) 7=0,1. Conditions (i) and (ii) are shown

by Conditions A1 and A4. Arbitrary (to,ﬁo) € Kt ; satisfies |, — #|<O(1)s by Condition A4 and
UY (te:8)-Yi(t; ,BO)H O(1)s by Condition A3, where | means the Euclidean norm for vectors. Hence,
Condition (iii) is satisfied.

3.3. Proof of Theorem 1

Consider .\ (6), ¢
where fp(n)(é) and

e fp(n)(g) ( Lrp(n) (0:0)=Cap(n)(6:9)

o (0:0) =57 () + [ A7 (b0 57)-log (S (b A} i ('3 s 1),
o (6:0) = s (q; ).[Te[ﬁT l( ﬁ*)—log{sﬁo)(t,q;ﬂ)}sﬁo)(t,q*;ﬂ*)}dA’{)(t).

£ o @nd Eﬂp(n): It is satisfied that

o0 (6) and ¢, (@) in which the random quantities are reduced less than that of ¢, (0%
K o (0) are £, (6) inwhich ¢_ (6) is replaced by 7., (6:0) and ], (6:q
)

L (0)=1,,(9) and

p(n)

Cap(oy (0:0)=Cy ) (0:9)

sup

(6, [N, (6)]- [759 (tg": 8 )ds ‘—> 0

ql
and sup, .. |B L,En[ d; (t J BT IS (t.g: 87 )dA; ( ‘—) 0
by Conditions Al and A4, similar to the standard Cox model (see [19]). Thus,

sup énp(n)(a;q)—ﬁnp(n)(a;q)‘ as 0

00, qe O 1}

is obtained as n — oo.

Lom@nd £ : We have
sup

(qa) s” qa‘—> 0

0<0,q¢{0,1}

using Lemma 3 in Example 1 and applying the strong law of large numbers (SLLN) to log p| ( ) and
a'C .0 X, by Conditions A1 and A5. For the latter application, note that E[|log p |]<I092+E[|a X1 be-
cause of Iog(1+ x)<log2+1(x=>1)logx (x>0). Also, it is shown that
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sup, |S

V(L) -6 ) - 0
by applying the SLLN on D[O, re] (see [1]) from Conditions Al and A4. In addition, we have
sup sY(ta;57) -5 (t,q;ﬁ*) -, 0

”p(n (6? q)-¢ n)(H;Q)‘ converges in probability to zero

qe{01}7t
using Lemma 3 in Example 2. Hence, sup
as n—oo.

0O qe 0 1}

y t . s
£omand £2, ) ¢ It satisfies that
sup, o [log S (t.0: 8) ~ log s\’ (t,: B)| —, 0

using Lemma 3 in Example 2 and the continuous mapping theorem about log-function. For the latter application,
note that s” (t.0;8) is bounded away from zero on [0,7,]x{0,1}" x® by Condition A2. Hence,

sup p(n) (g'q)_[:[p(n) (H’q)‘

0<0,qe{0,1}”

converges in probability to zero as n — .
Applying the above three results to Lemmas 1 and 2, therefore, we obtain

SUP, € ooy (9)—?p(n)(0)‘ —.. 0, sup, ‘?p(n)(e)—zp(n)(e)‘ —.. 0 and supg‘zp(n)(e)—fp(n)(e)‘ -, 0,
respectively, so that we conclude
ot (0)= L) () 45 0 as N> 0, (3.4)

Supé‘eO p(n
t

Although (3.4) shows that the limit of ¢ (9) is equwalent to that of ETD (9) ¢,
and ;’s. We will therefore investigate the limit form of (' )( ) further.
In discussing a convergence about the form n=*>"" lq/l () and n*H°" LG (-) included in Sr(]o) and
5U of the partial sums, note that they can be written as

nilzin:lqwq; ()= EnI:](qi =1q :1):|x“1(')+ En[](qi =Llq :O)Jﬂo (),
nilz,n:lq(/uql* () = En |:}l (q| = O’Q.* =1):|/ul() + En |:]l (q| = Osq: = 0):|/u0 ()
Let v\ (q)= E[]l(qi =h,q = j):| h,7=0,1. Similarly to Lemma 3 (proof of s2), we show that
En[ll(qi =h,q; =I)J -, v (q) asn—

at arbitrary point qe{0,1}°°. In particular, because of
Pr(q, =h.g; =X, )=Pr(a = | X, )Pr(a, =h|X,.q7 =),

v,(1'7)(q)=E[E[}l(qi =h,q =j)‘Xiﬂ=E[pi*(]) Pr(qi =h|X;.q =J)J

and then v\ (q)+v{"(q) = E[ pi"(-f)] . We have the following lemma.

((0) still depends on n

note that

Lemma 4. nflzi"ﬂqiﬂq* (-) and nflzi":lqi'ﬂq* (-) converge in probability to

v (@) () + 9™ (a) o () and vg” (a) () + %5 () 4 ()
uniformly on qe{0,1}".

A proof of Lemma 4 is provided briefly in Appendix A.2 since it is similar to Lemma 3. Now, applying Lemma
410 s (t q; ﬂ), A (t q; ) and s! (q ), we obtain their limits as

(60 2)=E[CR Oz (8)+a 2 (p)] ]
(@) (G (027 (8)) " (@) (€% (026 ()
+ (a) (CR () () + 8 (a) (€0 ()26 (B)),
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si”(t,q;ﬂ)=E[ciaz(t>{q:z§”n<”(ﬂ)+ " (p)}]
! (0) i (CR ()20 (8 )) v (0) s (C ()27 ()
v (0) 4 ( R OZO' (8))+ v (0) o (CR (D Z (8)),
and s () = E[C,0"X, [ og(1-+¢”" )}+a v (q) 24 (CIX )+ @™V (q) 1y (CIX, ).
Let £\,(6:0) be €}, (6:q),inwhich (1, (6;q) is replaced by
Oy (0:0) =5 () + [ [ 85 (La's )~ log {s (t.a: 8)) s (L.a's ) [ (1),
sUap) -5 (La )

—, 0 and sup,, ‘Iog st (q;a)—logs® (g; ) ‘—> 0 by Lemma 4 and the continuous mapping theorem about

A om @Nd E;p(*) : We obtain sup,, ‘Iog st (t,q; )~ log s\” (t,q;ﬂ)‘ —, 0, sup,,

log-function. Therefore, sup

peaclon” Eﬂp (6;9)- ﬂp(*)(e;q)‘ converges in probability to zero as n— .

Hence, using Lemmas 1 and 2, we can show sup,_q ETp(n)

(9)—£*p(*)(0)‘ —,. 0, so that a triangle combi-
nation of this result and (3.4) yields

SUPgee

C ooy ()= (0)| 4 0 as N >0 (35)

On a Limit Form. The result of (3.5) shows only that the limit of ep(n)(e) is equivalent to that of ETp(*)(Q).
Here we discuss a limit form of £},,,(6). To consider the case of s=-1, let {01}7 and {0.1}" be the sub-

setsof {0,1}" suchthat I (q)=1 if qe{0}" and I (q)=-1 if qe{0,1}". Forsimplicity, let
fT(q)zexp(ﬂp(*)(e;q)).
Then,

exp(€ (9)) = B {[, e T (@) v, (@) =[, o 17 (@) 0, (Q)}Vn

/n
_ RY n
=B;" {Iqe{o,l}gf*(q) dvn(Q)} 1=

Because of exp(ﬂp(*) (9)) >0, we have

> J.qe{m}2 £1(q)" dv, (q)/_‘aqe{o’l}2 f'(q)"dv,(q)20,
so that, via the general binomial theorem, we can show that
n
rl]m{ .[qe{01 dv /I oy" (q)} -1

Also, (Bn)l/n -, B, =2"F%] Therefore, because of vn({o,l}+ <1, and similar to the derivation of the
£”-norm on the Banach space which results in the essential supremum, we conclude

1/n
Ilmn—mexp([rp(*) (9)) = B* Ilmn—m {J.qe{o l}" f ! (q) an (q)}

= B, ess.sup,,_ 01wexp(€f (H;q)).

In addition, (3.6) is derived in the case of s=1. Results (3.5) and (3.6) show that Theorem 1 is complete. o
A limit function of ép(n) (9) is concretely provided by (3.6), which is summarized as follows.

(3.6)

Corollary 1. If Theorem 1 holds then a limit expression to which £ (9) converges almost surely as
n—>c is l0gB, +esssupqeolm€ 1(6:9).
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4. Additional Considerations
4.1. Monte Carlo (MC) Approximations

It usually takes a long time for the exact computation of the OPL. So, another subject of interest is the perfor-
mance of its MC approximations. Let O, 055 0, be all the elements of {0,1}n labelled in order such that

Coory (0500 )T (00 ) S <00 (050, )T (0,) < € (650 ) T (a4

We assign a point j/2" €(0,1] to g; using cj(j/z”)=qj and let v, (£ (t)) denote the distribution
vn(qe{o,l}":g‘l(q)st). Using these notations, we redefine exp(nép(n)(a) as

M, (0) = exp(n£ o(n) (6)) =B, tE(Ojl]exp(nﬁﬂp(n) (0;§(t)))]lS (¢ (1)dv, (< (1))

Given fixed data (Ti,Ai,Ci,X. z® Zm), i=1---n, let G,--G, be k random elements from {0;,d,,

S o=

--.,qzn}, where qj:(qjl,-~.,an) and q; is either 1 or 0 with an equal probability 0.5 if C, =0 and
G, =¢ if C;=1. AnMC approximation of M, (6) is

W (0) = B, [,y &XP(nC i (0: (1)) 1 (¢ (£)) A0 (¢ (1)
using {ql,-‘-,qk} and the corresponding empirical measure

ﬁgk)(g(t)):k*lzﬁzl]l((l(qj)st).
By the standard asymptotic theory, as k — o, it follows that
W) (8) >, 1, (0) and VK (T (0) - M, (6)] 5 N(0.9,(0)). (4.)

provided M, (6) existsand V,(#)<oo, where

Vi (0) =B oy &XP(200 ) (0:¢ (1)) dva (¢ (1))~ M, (6)°
To evaluate the quantity of V,(6) in the case of n—» oo, consider Vn(e)]/",then, as n—oo

v, (8" >, BZesssup, oy exp(2€fm(*)(0;§(t))),

similar to the discussion for (3.6). As this result means that V, (0) may increase exponentially according to n,
direct use of (4.1) is not particularly productive. Therefore, although (4.1) is the rationale in this context, it will
be modified, as k —> o, to

n? Iog(M(nk) (0)) —,, NP log(M, ()
and vkn? {Iog(M(nk) (6’))— log (M, (9))} -5 N {O,Mn (6)/n?"M, (9)2]

using the delta method. Now consider the other aspect of (4.2) under p=1. Applying Theorem 1 and Corol-
lary 1 to such a problem, we obtain the following results

nt Iog(M(nk) (9)) — 109B, +esssup,, Elp(*) (6:¢(t)) as n—> oo,

(4.2)

—, 109 B, +esssup, o400, (654 (1)) as k>,

n—o

totic variance in the second line of (4.2). Hence, we can show that the order of V, (6’)/Mn(9)2 is less than
O(n?) in (4.2) under p=0. That is, using the MC method, a computational load of O(2") needed in the ex-
act computation can be reduced to one of at most O(n?).

where t; :g“’l((jj"). This means lim Vn(e)/nzMn(é?)2 <0(1) from the point of view of the k-asymp-

4.2. Numerical Examples

We will investigate two circumstances in the finite samples using the Cox cure-mixture model. One is how a re-
lation such as (3.6) obtained as n — oo is located in the finite samples. The other is to observe numerically the
practical size of the error in MC approximations, V, (9)/an (6)2, which was shown to be less than
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n? )/k in the previous section.

Ovarian Cancer Data: For the first purpose, we use survival data of ovarian cancer patients [20]. We set the
covariates as X, =(Treat, Age, Rdisease) and Zi(l) =X, i=1---,26, where Treat is the type of chemothe-
rapy (0 = single, 1 = combined), Age is the age of the patient (in years) and Rdisease is the extent of residual
disease (0 = complete, 1 = incomplete). The maximum of the OPL ¢ o(n) (9) is achieved approximately at

0=(a", A" )=(1.702,1.020,-0.054,-9.276,-1.643,0.158,-2.277)".
Here, let 6" =(j/5)x0, j=1---,5. Figure 1 shows plots of
y(t;0)=(8,)" exp(ém(n)(e;g(t))) on te(0,1]
and M, (6)"" at @=6", where B, =2" and the y-axis is drawn in exponential scale. Although the total

number of ¢ . (6;q) is 2, in fact C o (650) s of 2 are sorted on t=¢"(q)<(0,1). This data are

small |n 5|ze (n 26) However, cwcumstances close to the relation in (3.6) are observed at least at
0=0%60" and 6.

Simulated Data For the second purpose, we prepare simulated data with «, = Iog(O 6/0. 4) al =-1 4, =1
and X; =17, ® " where X, follows the standard uniform distribution. The latent distribution of T," is standard
exponentlal and the censorlng follows a uniform distribution [0,3.65]. Under these settings, the simulated
means of cure and censored rate are about 48% and 58%, respectively. We generate 100 pairs of simulated data

of size n. We perform m MC approximations for each simulated data set. Let V (9) be the j-th element
of m M¥(g)s. For each 5|mulated data set, we estimate logM, (19) and V,(0)/kM, (6)° by
Iog(Mfﬁ%(@)) and V) (0)/M1%) (0) , where

Mnfm(0)=m‘le:1Mn () and V1) (0)= m* X7, (M) (0) - Mnk,%(ﬁ))z'
We use these to observe a better estimation performance than
i1 (6)=m™*3" log M) (¢) and m’IZL(Iong‘;(k)(e) log M nkr)n(e))z.
Figure 2 shows simulated averages and standard errors (SEs) of 100 pairs of
log M, (), Iog(I\_AI(n'f)m (49)) and 1) (0)

computed at 9=6"" in simulated data of n=30 under k=5n and m=1000, where 6 =(2j/10)x 6"
(i=1---10). Although k is considerably smaller than the 2" needed in the exact method,
Iog(M(k)( )) approximates log M, (6) well enough.

Further, evén if the approximations were reduced to m=30, the simulated average of V3 / M3Om )
would still yield sufficiently good approximations of V(6 )/kMaO( )2. Based on these emplrlcal findings,

0
o e p(16) -6- M, (89)"
W56 M, (69)" °

S| mne”)  -e- M)
S| et e ME™)”
S oo Ep(n0Y) - M, (0")"
o
8
N
K ~

o

Figure 1. Plots of (Bn)”"exp(fnp(n)(e;f(t))) on te(0,1] (solid curves) and M, (0)]/n (horizontal dotted lines) at

0=6",j=1,---,5, in ovarian cancer data ( y-axis : exponential scale).
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we set n=30,100,300,500,1000, k =5n and m=30. Figure 3 shows
Vi (0)/ M) (o) ato=0", j=2,58

computed under these settings. Although \7;33)(9)/M<:gg(a)z increases over an initial domain of n, Figure 3
shows that the rate of such an increase is smaller as n increases. This provides a conjecture that
v, (6?)/1\/JIn (49)2 may be bounded by some order smaller than O(n?), such as O(n), for a sufficiently large

n. We leave further investigation of this to future research.

5. Concluding Remarks

A main result of this paper was to show the almost sure convergence of the OPL constructed in incomplete data
with two class possibilities. To obtain this result, we discussed the principle of formulating this type of structure
of the OPL, and then developed the tools based on a partial-sum processes argument. The limit function of the
OPL resulting finally (Corollary 1) is the essential supremum of partial likelihoods obtained based on all the
forms of complete data included in incomplete data, which is similar to ¢”-norm on a Banach space. In Sec-
tion 4.2, we showed numerically how an essential supremum approximates the OPL in real data for the Cox
cure-mixture model.

Unfortunately, it will be difficult to show consistency and asymptotic normality of the maximum OPL esti-
mator (MOPLE) using the limit function of the OPL provided in Corollary 1. However, if the consistency is

<

[(e}

N

N

o |

[{e}

o0

@

© |

Lr) A

b —m— logM, (0)

N —o— logMY¥),(0)
' 7k

o | * -&-[0)(0)

e}

H(II) 0|(2) 6(|3) g|(4) GI(S) gl(s) HI(7) gl(s) 9}9) e(IIO)
Figure 2. Plots of averages (polygonal lines) and SEs (horizontal whiskers) of logM, (8), Iog(M(nfﬂn (0)) and

[(6) at =6V, j=1,-.,10 obtained from 100 simulated data sets of n=30 (k=5n and m=1000).

m

2 4
B
=R
~
S -m- 9=07
<5
o - 6=0"
D O =9®
30 100 " 300 T n T J
0 250 500 750 1000

2

Figure 3. Plots of averages of Vﬁkln(ﬁ)/Mf]kln(G) at =0 j=258 obtained from 100 simulated data sets of n

=30, 100, 300, 500 and 1000 (k=5n and m=30).
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achieved (as almost expected), the global essential maximum will be accomplished around true complete data
under a true regression parameter. On the other hand, for the purpose of showing the consistency of the MOPLE,
there will be other convenient limit expressions, although not discussed in this paper. A future paper on this top-
ic is based on an infinite-dimensional Laplace approximation for integral on the baseline hazard function [11].
However, in applying such a Laplace approximation to the OPL, a precondition that the OPL converges to a de-
terministic function is necessary. Hence, in order to obtain this precondition and for the reason that it is general-
ly difficult to show the convergence result directly using the Laplace approximation, it is meaningful to discuss
the asymptotic convergence of the OPL using the argument employed in this paper.

The results on the convergence of the exact OPL could easily suit the context of MC approximations. For
example, at the end of Section 4.1 we show that, by applying Theorem 1 and Corollary 1, the size of the MC er-
ror is less than O(n?)/k. This suggests that the MC method, for which the number is at most O(n?), achieves
an appropriate approximation and can reduce the vast computational load of O(2") implied by the exact me-
thod up to a feasible level. Further, in Section 4.2 we performed numerical experiments to investigate the prac-
tical size of the error in MC approximations using the Cox cure-mixture model. These experiments indicate that
the exact OPL may be sufficiently approximated with the number of MC trials smaller than O(n®), such as
O(n),as n is larger.

In future study, it is important to derive the other expression of the limit function based on an infinite-dimen-
sional Laplace approximation for integral on the baseline hazard and then to discuss the consistency and asymp-
totic normality of the MOPLE, since the asymptotic convergence of the OPL is given in this paper. Further, it is
an interesting issue how the discussion of the OPL of the binary class as considered here could be extended to
that under continuous class possibilities, such as the Cox frailty model.
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Appendix
A.1. Proof of Lemma 3
For notational simplicity, we let 7=(t,8) €[0,7,]x®, then write
Y, (£0)=Y,(z) and n™T,(z,q)=n"T,(Y(r).q).
It is immediately clear that n™T, (7,q) is almost surely bounded. In fact,
n"T,(r,q)<n™'T, ( V(r)|,q) < n’lzi":lhfi (r)| . EHYI (r)H <o,

where the last part is obvious from Conditions (i) and (ii).
Therefore, under a condition that n’l']I‘n (r,q) is bounded, to prove the weak convergence of this lemma, the
following results are needed (see [21]):
e sl n'T, isasymptotically tight,
e s2: The marginals (n’l'JI‘n(rl,ql),--~,n’111‘n(rk,qk)) converge weakly to a limit for every finite subset
(Tlaql)f"a(Tka)-

(Proof of s2). First, we show the pointwise version of the convergence. If (T,q) is fixed at one point on
[0,7,]x©x{0,1}", n™T,(7,q) is a random variable on R. Let e(q <={0,1}" be an equivalent class of g
such that a success rate lim, ‘12 _,O; Obtained by every ¢, €&(q) is the same quantity as

lim Z. _,4,/n gained from q (exactly as lim Z ,G;/n and I|m _,4/n which depend on two po-
pulatlons) Then, g isregarded as a random element sampled from e q Ielements ql,qz, ) included in
q (e e(q)) are binominal random variables with the success rate lim, lq /n. Consequently, by applying
the simple SLLN based on the facts that EUYi (r)qu<oo and Yi( 0, i=L--n, are iid. samples of

two known distributions with zero means, we have |n’111“n (7,9) —O| —,, 0 asn—oo. From this result,
—I|mPr(|n (z. q 0‘ )—Iinm > Pr(g]e(q Pr(|n (z. q1 O‘ql)
dee(a)
is satisfied, which provides
lim, Pr(|n’111“n (r,q)| = O‘q) =1 (A1)
by two properties of the probability measure, z Pr(ql|e(q)) =1 and Pr(-|ql) <1. Thus, (A.1) is the weak

convergence result under (7,q) fixed at one pomt
Once the result of pointwise convergence at each point is obtained, by the -5 method we can show how

the R*-variate n’l’]l"n converges on every ( rl,ql rk,qk)) because k is finite. Using the pointwise con-

vergence under a fixed (7,,q,)e[0,7,]x©x{0,1}", there exists a sufficiently large M, for Ve >0 such that
Pr(|n‘1’]l‘n (71,4, )|£g|‘q|)§l—gl forn>M,.

Letting M* =max(M,,--,M, ) and & =max (e, -5 ), itis then satisfied that

forn>M¥, Pr(lrjlg_),(k|n’l’]l‘n(r,,q, )|s<«;+k ql,...,qkjsl—ef

on ((rl,ql)’...,(rk,qk)). The more M¥ increases, the closer gf approaches to zero. Then, by tanking
M¥ - on both sides, we obtain

lim Pr(lg;l’% T, (z,.q,)/n| < &¥ ¢0|q1,~--,qk):1

Hence, the marginals (|n T, (7.,9,),

|n T, (7.0 )|) converge weakly (in probability) to zeros.

(Proof of s1). The asymptotically tightness is shown by the following results (see [21]):
o s11: T, (z,q) isasymptotically tightin R forevery (7,q),

e s12: T, isasymptotically uniformly p-equicontinuous in probability,

e 313: ([0 7, ]x®x{0,1}" ,p) is totally bounded.
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(Proof of s11). In the proof of s2, we show that J{ 2' q /n is almost surely bounded. Because this boun-
dedness is equivalent to the compact property in R, | n"'T, (r q)| is covered almost surely by a compact set.

(Proof of s12). We define a semimetric p as

P2 = p((rlvql)v(fzqu)) - E[|Y~' (Tl)_YNi (T2)|]+pH (6%,
where p, (03,0, ) =1im, py, (0,,0,)=lim n*Y"" g, -, is the Hamming-type metric and we note that

e[V, ()| ] =E[ Pr(a =0)E[Y. (¢)|a; =0]+Pr(a; =2)E[V, (<)]|a; =1]]

By a triangle inequality, we have

SUP (2 ) (r2.00)) <0 n‘lTn(rl,ql)—n‘lﬂl‘n(rz,qz)|
<sup, [N 1?1‘n(rl,ql)—n’lﬂl‘n(rz,ql)|+suppl2<5 n’lTn(rz,ql)—n’l’JI‘n(rz,q2)|
=EQ +EQ,,
where EQ =sup, _;[n"'T, (\7( )-Y (), ql) and EQ, =sup, s [n"'T,(7,.0, 0, )| To evaluate EQ,, it
should be noted that
Elesuppl2<(5 1’H‘n(Y( 7'2 | ql)<supplz<5 12, 1|Y 2'1 -Yi (Tz)|

and EUYI (z,)-Yi(z, )” <& under p, <d. Thus, using Markov’s inequality, we have
¥ ()Y, (fz)ﬂglao(l),
712. ) |( 2)(% — 0y )‘,

Pr(EQ >e¢)<e'E[EQ]<e ™Y E[sup

where the final inequality follows from Condition (iii). To evaluate EQ, =sup,, _;
let 1(5,) be an index set that holds

Oy — 0y #0if iel(d,)and g; —q, =0if ig1(5,),
and let |I(5

,)| be the number of elements of 1(d,). We have |I(5,)
tisfied if p,, <. Then, using Markov’s inequality, we have

Pr(EQ, >¢)<¢'E[EQ,]= s*n’lE[supm

<g™nE [Ziel(a‘n)

For example, we can take & <nz/(1+0(1)) independently of n, (rl,rz) and (0,,0,) for every 7,&>0.
Therefore, since EQ, and EQ, are asymptotically uniformly p-equicontinuous in probability, T,
bounded by these sums is also so.

<ns, because py (0,0,)<5 is sa-

]

=¢760(1).

zlel( Y~ (TZ )(qn i )

Y~|(72)H <& 10

deragiven 7€[0,7,]x®, weshowthat (rx{0,1}",p)" is totally bounded.
Let D(;‘ be the collection of all the functions such that

n(s)=gq if se((i-1)/n,i/n], i=1

which has either 0 or 1 at each n_partition point i/n on [0.1]. The space {0,1}" is identifiable to D,
which is easier to see geometrically than {0,1}". Let ® be the onto-mapping map ®:qe{0,1}" — neD,,
where D, is D; obtainedas n-—»co. Since py, (6,0,) is identical to

[} (%)= 7, (%)] e (x)

using the Lebesgue measure z on [O 1] Py (:Iimn_m pHn) can be expressed as the L -normin D,,

(Proof of s13). Here we show that QO’TE Lx@x{o,l “,p) is covered by a finite number of ¢-balls. First, un-

Pu (00,) = [, | (x) = 7, ()| (x)

To consider the number of partitions of D, with &-band, let g,,1=12--,1/¢ be representative elements
such that
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Figure 4. An illustration of the neighbourhoods N, (g,,€) and their elements f, in Dq.

9| (x):{L X e((l —1)g,|81

0, xeotherwise

Allelements = of D, are included in the combination U:/:‘ZN/]H (g,,g) , Where
N, (g|,5)={f :py (f,0,)<e/2and f(x)=0 for Xﬁ((l—l)g,lg]}

As illustrated in Figure 4, for every =, wecanput ==f @ f,®..-® f,_ by selecting every element f, in-
cluded in a cylinder-type neighbourhood NpH (g,,g) (fl eN,. (gl,glﬁ ,1=1---1¢ and connecting such
f, ’s. These facts imply

D, = @({0.4")=UiN,, (9,6) = {01 =507 {N,, (9,.2)},
so that ({0,1}°°,pH) is totally bounded.
The remainder of the discussion is that ([O,‘re]x®><q,p)=([0,z’e]><®,p6) is totally bounded under a given

qe{01}”, where pq(7,7,)= EUV, (z,)-Yi(z, )” Because pg(7,,7,) isthe same as the L, -norm based on
the probability measure, the result to be proved here is equivalent to verifying whether the class of functions
{Y;(t:0):(t.0)€[0,7,]x®} is Glivenko-Cantelli. Consequently, Condition (iii) provides that ([0,z,]x®, 5 )
is totally bounded.

Because the projection spaces ({O,l}w,pH) and ([O,re]x®,pG) are totally bounded, the product space
([O,re]x®x{0,1}°°,p) isalso so. O

A.2. Proof of Lemma 4

(Proof of Lemma 4). Since the convergence in probability at each point is obtained similarly to Lemma 3 (proof
of s2), a weak convergence of the arbitrary marginals on qe {O,l}w is also shown by the ¢-5 method similar
to Lemma 3. Further, the asymptotic tightness is also shown similarly to the proof of s1 in Lemma 3. In the lat-
ter, a more simple proof may be provided based on the fact that {0,1}°° is homomorphism to the Cantor set. o
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