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Abstract

A technique is developed for finding a closed form expression for the cumulative
distribution function of the maximum value of the objective function in a stochastic
linear programming problem, where either the objective function coefficients or the
right hand side coefficients are continuous random vectors with known probability
distributions. This is the “wait and see” problem of stochastic linear programming.
Explicit results for the distribution problem are extremely difficult to obtain; indeed,
previous results are known only if the right hand side coefficients have an exponen-
tial distribution [1]. To date, no explicit results have been obtained for stochastic ¢
and no new results of any form have appeared since the 1970’s. In this paper, we ob-
tain the first results for stochastic ¢, and new explicit results if b an c¢ are stochastic
vectors with an exponential, gamma, uniform, or triangle distribution. A transforma-
tion is utilized that greatly reduces computational time.

Keywords

Stochastic Linear Programming, The Wait and See Problem,
Mathematics Subject Classification

1. Introduction

Consider the linear programming problem,

Max z(X) = cx (1)
st:(Al)x=b 2)
x>0 (3)
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where ¢ isan 1x(Mm+n) vector whose j, component is ¢; (where, c; =0, for
j>n) and bis an mx1 vector whose i, component is b, A:(aij) is an mxn
matrix, I is an mxm identity matrix and x is an (m+ n)xl vector. Further assume
that b and c are random vectors with joint density functions f(b) and g(c) re-
spectively. Next, consider the value of z (X) by first observing the vector b or the vec-
tor cand then solving (1)-(3). This paper is interested in finding explicit expressions for
the distribution of max Z(X) if either b or cis random. This is called the distribution
problem of stochastic linear programming.

Early work on the distribution problem can be found in Babbar [2], Bereanu [3] [4]
[5] [6] [7], Hsia [8], Prekopa [9], Sengupta, Tintner, and Millham [10], Sengupta,
Tintner, and Morrison [11], and Wets [12]. For additional references, see the biblio-
graphies by Stancu-Minasian [13] and Van Der Vlerk [14]. Application of the distribu-
tion problem can be found in the areas of agriculture [15] and economic planning [10],
[11]. Explicit results for the distribution of maxz(x) are very difficult to obtain; in-
deed, most analyses rely on approximation techniques or simulation. (See, for example,
Bracken and Soland [16], Sarper [15], or Dempster [17]). Bereanu [3] discovered that
under certain assumptions, the sample space of the random coefficients allows a parti-
tion into non-overlapping sets, called decision regions, such that a basis of the linear
programming problem can be assigned to each of the sets, and this basis remains op-
timal for all of its sample points. Ewbank, ef al [1] extended this theory using a Jaco-
bian transformation to simplify the computational analysis. To date, we believe that an
explicit expression for the distribution of maxz(x) has only been obtained for sto-
chastic b [1], and no explicit results have been obtained for stochastic ¢. In addition, no
explicit results have been obtained for non-exponential distributions. In this paper, we
obtain new explicit results for exponential, uniform, gamma, and triangle distributions

with b or crandom. These are the first explicit results for the case in which cis random.

2. Theory

Following [1], consider the linear programming problem (1)-(3). Let XiB = (X1' X:n)
be the vector of basic variables corresponding to the ith basis, and B, is the mxm
basis matrix whose columns are the columns of (A, 1) corresponding to the elements
of xj. Let c| :(cli,-n,crin) be the vector of coefficients of the basic variables in i,
basis and let a; bethe j, column of (A1) corresponding to ¢;. Also,

D, ={j|x‘j is a basic variable} and E, :{k|xf< is a nonbasic variable}. B, is an op-
timal basis if

cyBta;—c; =0

KD
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For all
j=1---,m+n (4)
and is feasible if
B'b>0 (5)
141



A. Ansaripour et al.

For the case in which the b vector is random, let the probability space be defined by

the m-tuple (bl, by ) Bereanu discovered that there exist non-overlapping regions

S, = {b|(8"), 20 forall j=1.m| (©)
where
P(S.NS,)=0 for kI (7)
Thus,
Pr{[z(x)s@]}:ZPr[z(x)s®|Si]Pr{Si} 8)
Now, let
V, ={blbes,}
Since
jjf )1 1.db 9)
Then
Pr{[z(x)s@]msi}:Pr{z(x)s®|8i}Pr{Si} (10)
Priz(x)< @S} =Pr{{z(x)<@]ns | [Pr{s (11)
Pr{[ z(x <®]r\8}:[ | { b) [T fudb, (12)
Thus,

Pr{[z(x)ﬁ@]}:ZiPr{[z(x)SQ}mSi} (13)
Now, consider the case in which only the ¢ vector is random. Let the probability

space Cbe defined by the n-tuple ¢=(C,,*-,C, ). Bereanu [3] found that the space Cis
partitioned by the sets:

:{c|ch(1aj —c; >0 forall j suchthatx] e E‘} (14)
where i refersto the i, basis. Further the set of points
{C|C:3 B 'a;—c, =0 forallje Ei} is of probability measure zero if the joint density
function of i is continuous. Points in this set are such that alternate optimal basis give

the same value of Z(X). Also,
Pr{T,NT,} =0 fork =1 (15)

Thus,
Pr{z(x)<@}= zi{Pr[z(x) < @]mTi} =Y Prlz(x)<@T JPr{T}  (16)

where J isan arbitrary constant.

142

0‘ , Scientific Research Publishing



A. Ansaripour et al.

To evaluate the right-hand side of equation Equation (15) let U, = {c| ce Ti} . By de-

finition
J jf ) Tde (17)
Since
Pri{z(x)<@] T} =Pr[z(x) < [T, JPr{T;} (18)
Then
Prifz(x) <@ | =Pr{{z(x) <@] T} fPr{T} (19)
where

Pr{[z(x) < @]mTi} j _[ ()] rde, (20)
Thus, if only the ¢ vector is random the distribution function of max z(X) can be
found, in theory, by evaluating the integral in equation Equation (20). Given a basis Bi
and sets U, and V,, the limits of the integral in Equation (12) and Equation (20) are
the intersection of m or n hyperplanes (depending on whether the b vector or the ¢
vector is stochastic). These limits are extremely difficult to obtain if the probability
space has dimension greater than 3. Ewbank, et al, [1] developed a Jacobian transfor-
mation that greatly simplifies the computation of the integrals.

In the case of stochastic b, Let
B>0 (21)

By substituting for b we have:

B(B’lb) =b=Br (22)

The probability that a basis G remains feasible is

P= j [ £ (b)[ T 1yclb, (23)

where S is the set of 's defined in Equation (20), and by substituting Equation (21) in
Equation (22), we have:

P =[] [f(Br]3, )]s (24)

r>0
where J, isthe Jacobian
J, =det[ab, /or;]

Because b, =(Br) = T,B,r; and b, /or =By, this implies

J, =det[B;]=det(B) (25)

Note that since B is the basis matrix, its determinant is nonzero; thus J, is also

nonzero.
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3. Computational Results

The problems were run using the Mathematica software version 8.0.1.0 utilizing the

supercomputer at the University of Oklahoma.

* CPUs: All compute nodes have dual Intel Xeon E5-2650 “Sandy Bridge” oct core 2.0
GHz CPUs; there is also one “fat node” with quad Intel Xeon E7-4830 “Westmere”
oct core 2.13 GHz CPUs.

* RAM: Most of the compute nodes have 32 GB of 1333 MHz RAM and 23 with 64
GB of 1333 MHz RAM,; the one “fat node” has 1 TB of 1066 MHz RAM, which is
called large memory.

* Accelerators: There are 18 NVIDIA Tesla M2075 cards, for an aggregate of an addi-
tional approximately 9 TFLOPs double precision.

In order to compare the run times, four types of distributions were considered as
shown in Table 1. The coefficients were randomly generated in small interval, because
large intervals led to computational results that had results with coefficients of the or-

ders of 1020 or larger.

3.1. Results for Stochastic b with Exponential Distribution

3.1.1. Problem 1

Case Case I. Stochastic Resource Vector. Ewbank’s model
A 11
12
B {b.,b,} ~ Exponential iid(1 =1)
c {2.3}

CDF

lez(—6+6e“—®) >0
6
0 <0

CDF

1.00
0.98
0.96§

CDF Plot -

092

0.90

10 15 20

Time 2.808 seconds.

144
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Case Case I. Stochastic Resource Vector. Bereanu’s model
N 11
12
B {b,,b,} ~ Exponential iid(1 =1)
c {23}

1e@(—6+6e@—®) @>0
6

CDF
0 <0
CDF
1.00
0.98
0.96
CDF Plot 0.94
0.92
0.90
5 10 15 20 ¢
Time 4.134 seconds.
Table 1. Equations of distribution.
Distribution Defined Equation Parameters pdf
Exponential f(x)=2e™ A=1 f(x)=¢"
b=8
Uniform f(X)=i f(x):1
a-b a=0 8
=1
- (x-y) p
(x=7)" exp| —~—== N
Gamma f(X)— s a=0 f(X):Xe x
FT(a) o
0 x<a
2(x-a) a<x<c a=0 0 x<0
Triangul f(x)=f(xab,c)= (b-a)(c-a) 05 ax 0<x<05
rangt R TGO NP c=v 4(1-x) 05<x<1
(b-a)(b—c) a b=1 0 1<x
b<x
*:ii: Scientific Research Publishing 145
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3.1.2. Problem 2

Case

Case I. Stochastic Resource Vector. Ewbank’s model

CDF

CDF Plot

Time

42 64 62 18 3 3

68 65 2 34 65 17
32 20 13 1 10 55
37 56 44 7 30 11
62 39 59 61 52 24
18 35 50 65 5 42

{b,,b,,b,,b,,b;,b,} ~ Exponential iid (1 =1)
{53, 57, 38, 7, 1, 32}
1126418971

174827706709 148007864405

126591405630e 7

1862 1152 932

334942876224e *  89303808e ©

| 187191798507739 23288387
2590
105177626880e =

199

189486¢ ¢

CDF

1.000000

0.999999

0.999999

0.999998

0.999998

0.999997

0.999997

>0

<0

5 10 15
1335.08 Seconds.

20

Case

Case I. Stochastic Resource Vector. Bereanu’s model

CDF

42 64 62 18 3 3

68 65 2 34 65 17
32 20 13 1 10 55
37 56 44 7 30 11
62 39 59 61 52 24
18 35 50 65 5 42

{b,,b,,b,,b,,b,,b,} ~ Exponential iid (1 =1)

(123211

No Result

146
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3.1.3. Problem 3

Case Case 1. Stochastic Resource Vector. Ewbank’s model

[13 69 56 45 23 39 34 4 38]
30 65 8 51 29 59 65 54 18
30 20 53 5 46 52 55 32 1
65 45 4 41 43 50 41 5 54

A 3 31 31 46 19 49 2 64 2

26 52 67 13 27 55 59 0 63

13 55 31 35 46 29 23 40 34

55 16 40 37 62 48 34 21 14
7 21 14 32 55 66 47 45 34

B {b.,b,,b,,b,,b.,b, b,,b,,b,} ~ Exponential iid (1 =1)
C {63, 58, 33, 49, 50, 64, 47, 70, 40}
-3042 -3602

923512167204243¢ = 458782426906946% ¢
112421428303294292  722317922166417500

25710 -3650

1829039266689190654e “©  727938601434779113e *

2336758228034180379 410788623816360000
CDF 00 =50
1665192956e * N 14540635702595879¢
1394020125 398109809908800
-2420
_ 264776529949169098094e 350
7094601260302987937
0 <0
CDF
1.00000
0.99999
CDF
Plot 0.99998
0.99997
¢
5 10 15 20
Time 7792.77 Seconds.
0% 147

K2
+%%, Scientific Research Publishing



A. Ansaripour et al.

3.2. Results for Stochastic b with Uniform Distribution

3.2.1. Problem 1

Case Case I. Stochastic Resource Vector. Ewbank’s model
A 11
12
B {b,,b,} ~ Uniform(0,8)
c 23
(480-112)0 0< <12
460B
1
——(-256 + 96 — 3* 12< <16
CDF =h ( )
1 >16
0 <0
CDF
1.0
0.8
0.6
CDF Plot
0.4
0.2
5 10 15 20 ¢
Time 1.36 Seconds.
Case Case 1. Stochastic Resource Vector. Bereanu’s model
A 11
1 2
B {b,,b,} ~ Uniform (0,8)
c (2,3}
480-1
(480-112)2 0<B <12
460B
1
——(-256 + 96 — 3* 12< <16
CDF 3 2( )
1 3>16
0 <0

%%
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Continued
CDF
CDF Plot
5 10 15 20 ¢
Time 1.36 Seconds.
3.2.2. Problem 2
Case Case I. Stochastic Resource Vector. Ewbank’s model
2 6 25
A 26 17 22
39 51 42
B {b,,b,,b,} ~ Uniform(0,8)
C {4,3,46}
D (-1472736 + 787752 +92992° ) 32
_ 0<F<—
460B 39
—46970460160 + 5987642931648 — 461528402256% +11478091905° 32 @< 184
CDF 24705054176256 39 21
1 > ﬁ
21
0 <0

CDF

CDF
Plot

5 10 15 20 ?
Time 6.8 Seconds.

90:0 . . .
%% Scientific Research Publishing
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3.2.3. Problem 3

Case Case I. Stochastic Resource Vector. Ewbank’s model
4 10 3 5 1 4
5 5 10 6 4 4
2 8 8 515
A
795 28 3
26 4 812
8 6 7 6 8 6
B {b,,b,,b,,b,,b,,b,} ~ Uniform(0,8)
C {10, 2, 2,09 4, 4
2(94681969459200000 —51871916751200002 — 623227239936000° + 88202659881600°
371504185344000000
@ (-365032235188" +51324519043° 0<T<a
371504185344000000
-819350510400000 + 6671233548000000&7 —588214667070000” + 4558298004000°)
23219011584000000
2143045992600* —1185832813680° +19731810732°
+ 4<J<9
2319011584000000
—346924362544798400000 + 421027877219066400000<7 —56208803310069330000°
CDF 911852659408896000000
+ 3814862723932876000° —1380657238843206003" + 2514521036736408° —18027084023513° 9<F<10
911852659408896000000 B
2050268425803784192 —11097097497418229767 + 255630745634538240° —31026699217604480°
72948212752711680
+ 20969977586937600* — 74945946698532F° +11078791733515° 10< Q< @
72948212752711680 13
113 >148
0 <0
CDF
1.0}
0.8
CDE 0.6
Plot
04}
0.2
5 10 15 20 ¢
Time 260.76 Seconds.
150 <8
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3.3. Results for Stochastic b with Gamma Distribution

3.3.1. Problem 1

Case

A

CDF

CDF Plot

Time

Case I. Stochastic Resource Vector. Ewbank’s model
11
1 2

b, ~ Gamma (=2, 8=1),i=1,2

{23
67189@ (~648+648¢” — 6480 — 207" - 26@°) @ >0
0 @<0
CDF
1.0
0.8
0.6
0.4
0.2
5 10 15 20

1.685 Seconds

Case

CDF

CDF Plot

Time

Case I. Stochastic Resource Vector. Bereanu’s model
11
1 2
b ~ Gamma(x=2,4=1),i=12

23

1

ag® (F648+648e° ~6480 - 2070 ~262°)  @1>0

0 <0

CDF

1.0

0.8

0.6

0.4

0.2

RS
3
Yo%

3 Scientific Research Publishing
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3.3.2. Problem 2

Case Case I. Stochastic Resource Vector. Ewbank’s model
21 2
A 312
161
B b, ~ Gamma (=2, =1),i=1,23
C {5.3,2}

EX) 1] 29
(e 3 (65884500e 3 —243e 5 (243000 + 3792250 +157905° +15972®3J

CDF +125(754684 + 245190 + 913550 + 26620@3))/6588400 >0
0 @<0
CDF
1.0
0.9
0.8
CDF Plot
0.7
0.6
0.5
5 10 15 20 ¢
Time 16.44
Case Case 1. Stochastic Resource Vector. Bereanu’s model
21 2
A 312
161
B b ~ Gamma(x=2,4=1),i=123
c {5,3,2}

-8 80 20
[eT (65884500eT —243e 5 (243000 + 3792250 + 1579052 +15972®3]

CDF +125(-54684 + 245190 + 9135508° + 266200° ) ) /6588400 z>0
0 <0

K2
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Continued

CDF
1.0

0.9
08
CDF Plot
07

0.6

0.5

5 10 15 20

Time 26.52

3.4. Results for Stochastic b with Triangle Distribution

Problem 1
Case Case I. Stochastic Resource Vector. Ewbank’s model
331
A 331
132
0 b<0
4b <bh<o.
B b,,b,,b,} ~ Triangular(b|0,1,0.5) =
(bbb ~ Trianguler (810.10.8) =1, ) )6y oy
0 1<b
C (32,2}
1.2225* +1.45372" —1.72220°
8.2003-52.7154@ +133.976° —164.267° <@<
+105.386* —33.8097° + 4.21528° 05<@<1

—13.4184 + 46.81470 — 49.55510° +5.9317Q°
CDF +24.9566Q" —17.36112° + 3.61692° 1<g<11
—26.2336 +116.715 — 208.420° +198.495°

-106.3373" +30.38190° — 3.6169° 11<g<14
1 g>14
0 <0
CDF

1.0

0.8

0.6

CDF Plot
0.4
0.2
5 10 15 20
Time 410.189 Seconds

90:0 . . .
%% Scientific Research Publishing
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3.5. Results for Stochastic ¢ with Exponential Distribution

3.5.1. Problem 1

Case Case II. Stochastic Resource Vector. Ewbank’s model
A 5 4
10 3
C {c.C,} ~e
B {65}
-130 30 20
1+§eT—e’”’——eT—eT >0
CDF 33 33
0 <0
CDF
1.00
0.95
0.90
CDF Plot
0.85
0.80 |
5 10 15 20 ?
Time 5.85 Seconds
Case Case II. Stochastic Resource Vector. Bereanu’s model
A 5 4
10 3
C {c.C,} ~e
B {65}
) s 20
1+De70 _ew_2g% o >0
CDF 33 33
0 <0
CDF
1.00|
0.95|
0.90|
CDF Plot |
0.85:‘
0.80|
5 10 15 20 ¢
Time 17.97 Seconds

%%
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3.5.2. Problem 2

Case

CDF

CDF Plot

Time

Case II. Stochastic Resource Vector. Ewbank’s model

10 2 5
3 2
3 4

o -

{Cl' Czlca} ~ e(C;+C2+Ca)

{7,6,5)

7

23205 3744 6120 69 132

-2

0 2 e” 49 % 9 2 5%z 2

G+ -z —
119 160 85 44 69
0

CDF

0.8
0.6
0.4

0.2

5 10 15

34,991 Seconds

7

23368 205 2 1757 2 7 849 22
+ e® ——e’ +—e’ +—e

>0
<0

20

3.6. Results for Stochastic ¢ with Uniform Distribution

3.6.1. Problem 1

Case

A

CDF

Case II. Stochastic Resource Vector. Ewbank’s model

53]

{C,.C,} ~ uniform(0,8)

{10,10}
2
199 0<<12
3600
2
2,08 @ 12<D< 40
7 56 5600 3
5(832-1762 +52° 40 88
—_—— —<J<—
3584 3 5
0 50 > 88

08 Qi .
%% Scientific Research Publishing
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Continued
CDF
1.0
}
0.8]
06|
CDF Plot |
04|
0.2]
5 10 15 20 ¢
Time 2.606 Seconds
Case Case II. Stochastic Resource Vector. Ewbank’s model
A 11
21
C {C,.C,} ~ uniform(0,8)
B 10,10}
2
199 0<<12
3600
2
_2 + 2_2 12<< 40
CDE 756 5600 3
5(832-1760+50°) 40 88
-— = —<J<—
3584 3 5
0 57 > 88
CDF
1.0
}
0.8]
06|
CDF Plot |
04
0.2]
5 10 15 20 ¢
Time 3.12 Seconds

K
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3.6.2. Problem 2

Case Case II. Stochastic Resource Vector. Ewbank’s model
20 38 23
A 40 36 26
24 30 29
C {C,.C,.C,} ~ uniform(0,8)
B (27,22,29}
(16898367744 1625159 + 4569917507 )
0<J<6
54618872832
—885527518720 + 2194425834880 — 2140782896880° + 8704702125%° 6<O< 1096
5682385695744 ~ 165
CDE —88146918912 + 222257865280 — 2437205124025 + 8782548755 1096 <O< &
577406648320 165 ~ 33
3(74893594112 + 2398313408 — 307856280° +13171149®3) 232 o< 856
294 380
4001054720 33 11
1 1112 > 856
0<J
CDF
1.0
0.9
0.8
CDF
Plot 0.7
0.6
0.5
0.4 5 10 15 20 ¢
Time 105.144 Seconds
3.7. Results for Stochastic ¢ with Gamma Distribution
3.7.1. Problem 1
Case Case II. Stochastic Resource Vector. Ewbank’s model
A 1 2
31
C {C..C,} ~C,xCe%
B (32)
1 -20 20 E E
2—16e 216e*” —72e 3 (3+2Q)—108e? (2+30)
CDF +e” (20-500 ~80" ) +7(28+ 660+ 2727 )) 0>0
0 <0

2
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Continued

CDF Plot

Time

CDF
1.0
08
06
04
02

5 10 15 20 ?

9.454 Seconds

Case

Case II. Stochastic Resource Vector. Ewbank’s model

CDF

25
2 4
{C..C,} ~C,xCe%

o
No Result

3.7.2. Problem 2

Case

CDF

CDF Plot

Time

Case II. Stochastic Resource Vector. Ewbank’s model

515
2 4 3
115

{C.C,.C,}~{C xC,xC,}e @

(32)
-130 -170

23368 205e ° 1757e 7 7 M 49 22
- - +—¢e +

e

— e
23205 3744 6120 69 132

-12 12} 50 20 ) )
%97+;—0+%97—%e7—%e7—e7 @>0
0 <0
CDF

5 10 15 20

91.385 Seconds

158
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3.8. Results for Stochastic c with Triangle Distribution

3.8.1. Problem 1

Case Case II. Stochastic Resource Vector. Ewbank’s model
A 1 2
31
0 C<0
4C 0<C<05
B C,,C,,C,} ~ Triangular(C|0,1,0.5)= f (C|a,b,c)=
SR gular )=1( ) 4(1-C) o05<C«<1
0 1<C
c {35}
0.382* 0<@<0.75
-0.027 +0.272 - 1.026° +1.53° - 0.398* 0.75<@<0.83
—-0.28+1.730 — 4.1450 + 4.490° —1.45" 0.83<@<15
CDF -2.33+3.763 -1.02* - 0.012° + 0.008* 15<@<1.66
-0.29-2.16 +5.230° — 2.98° — 0.53* 1.66<<1.8
—11.45+ 22.640 —15.43° + 4.680° — 0.53* 18<@<2.2
1 22<
0 <0
CDF
1.0 /
0.8
0.6
CDF Plot
0.4
0.2
- 5 10 15 20
Time 13.292 Seconds
3.8.2. Problem 2
Case Case II. Stochastic Resource Vector. Ewbank’s model
2 15
A 2 2 4
2 1 4
0 C<0
. 4C 0<C<05
C {C..C,.C,} ~ Triangular(C|0,1,0.5) =

4(1-C) 05<C<1
0 1<C
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Continued
B {2,214
00.524755 2<
1.32544" 0<@<0.375
—0.228579 - 0.16 —1.123* — 0.6233332° + 0.09875* 15<@<2
0.271421-1.49333Q — 2.453330° —1.215932° + 0.1975150* 1< <15
CDF 0.792255 - 3.160 + 4.453330° — 2.29926° + 0.4266820" 08<g<1
-50.3958 - 333.907 — 918.2130° +1341.7° —1098.47"
+478.271° —86.5885° 0.75<<0.8
—0.000798542 — 0.2133490* +1.668360° —1.32544° 0.4<@<0.75
0 0>
CDF
0.5
0.4
CDF Plot 0:9y
0.2 /
01} |
J_/
5 10 15 20 ¢
Case Case II. Stochastic Resource Vector. Bereanu’s model
215
A 2 2 4
2 1 4
0 C<0
B {C..C,.C,} ~ Triangular(C|0,1,0.5) = dc 0=C=05
v 77 l4(1-c) 05<C<1
0 1<C
C {2,214}
CDF No Results

4. Computational Time Comparisons

The different distributions were solved using both Bereanu’s method and the Ewbank,

Foote and Kumin transformation method to compare the two. Table 2 and Table 3

compare the run times for both methods for case I and case II. The results show that

K2
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Table 2. Comparison between Bereanu and EFK method for case L.

Size Sample of number in result Difference between run times
2x2 2851 3.06
E
E 3x3 10,071 7.71
o
é 6 X6 187,191,798,507,739 4.62
=
9x9 264,776,529,949,169,000,000 11.00
2x2 2,929,968 2.05
5 3x3 46,970,460,160 2.06
<
5 6x6 8,538,555,554,355,150,000 5.41
9%x9 844,697,996,409,499,233,632,305,152 86.61
o 2x2 549,615,780 2.60
g
g 3x3 15,629,133,492 1.41
<
o
6X6 243,545,558,927,209,970,255,163,031,323,401,871,559 4.70

Table 3. Comparison between Bereanu and EFK method for case II.

Dimention Bereanu’s Method EFK Method
2x2 2.386 1.747
Exponential 3x3 78.68 17.97
6x%x6 No Result 9176.28
2x2 3.12 2.606
Uniform
3x3 210.4 105.144
2X2 No Result 11.544
Gamma
3x3 No Result 115.004
2x2 No Result 13.292
Triangular
3x3 No Result 575.846

the EFK method substantially reduces the computational time. In addition, Bereanu’s
method is not able to solve some larger sizes of the problem. All times are measured in

seconds.
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