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Abstract

A set D of vertices of a graph G = (V, E) is called k-dominating if every vertex
veV —-D is adjacent to some k vertices of D. The k-domination number of a
graph G, y, (G), is the order of a smallest ~~-dominating set of G. In this paper we
calculate the &~~-domination number (for & = 2) of the product of two paths P, x P,

for m=1, 2, 3, 4, 5 and arbitrary n. These results were shown an error in the paper

[1].
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1. Introduction

Let G= (V, E) be a graph. A subset of vertices D cV is called a 2-dominating set of
G if for every VeV, either Ve D or vis adjacent to at least two vertices of D. The
2-domination number ,(G) isequalto min {|D| : D is a 2 —dominating set of G} .

The Cartesian product G x H of two graphs G and H is the graph with vertex set
V(GxH)=V(G)xV (H), where two vertices (V;,V,), (U,U,)eGxH are adjacent
if and only if either viu, € E(G) and v,=u, or v,u,eE(H) and v, =u,.

Let G'be a path of order n with vertex set V (G) = {1, 2, n} . Then for two paths of
order m and n respectively, we have P, xP, = {(I j)il<i<ml<ijc< n}. The jth col-
P, is K;={(i,j):i=1-,m}. If Dis a 2-dominating set for P, xP,,

then we put W; =DNK;. Let sj:I\N

umn of P, x
j| . The sequence (s,s,,---,s,) is called a
2-dominating sequence corresponding to D. For a graph G, we refer to minimum and
maximum degrees by §(G) and A(G), and for simplicity denoted those by dand A,
respectively. Also, we denote by |V| and |E| to order and size of graph G, respec-
tively.
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2. Notation and Terminology

Fink and Jacobson [2] [3] in 1985 to introduced the concept of multiple domination. A
subset DcV is k-dominating in Gif every vertex of V —D has at least & neighbors
in D. The cardinality of a minimum k-dominating set is called the &~~domination num-
ber ,(G) of G Clearly, g,(G)=g(G). Naturally, every k&-dominating set of a graph
G contains all vertices of degree less than k. Of course, every (k +1)-dominating set is
also a k~-dominating set and so 7, (G)<7,.,(G). Moreover, the vertex set Vis the only
(A+1) -dominating set but evidently it is not a minimum A-dominating set. Thus

every graph G satisfies
7k(G)S7’k+l(G)S"'S7A( <7A+1 [V|

For a comprehensive treatment of domination in graphs, see the monographs by
Haynes et al [4]. Also, for more information see [5] [6]. Fink and Jacobson [2], intro-
duced the following theorems:

Theorem 2.1 [2]. If k>2, is an integer and G is a graph with k <A(G), then

7. (G)=y(G)+k-2.
, T|+1
Theorem 2.2 [2]. If T'is a tree, then ,(T)>1——.

In [6], Hansberg and Volkmann, proved the following theorem.
Theorem 2.4 [6]. Let G=(V,E) be a graph of order nand minimum degree §and

k-1 S
let keN.If £>2k then 7, (G)< 5|V| [kln(6+1)+ ]
+

In(5+1) Sils+1) "
Cockayne, et al [7], established an upper bound for the &~domination number of a
graph Ghas minimum degree %, they gave the following result.
Theorem 2.3 [7]. Let G be a graph with minimum degree at least %, then

7k( ) M

(k+1)

Blidia, et al [8], studied the k&~-domination number. They introduced the following
results.

Theorem 2.5 [8]. Let Gbe a bipartite graph and S'is the set of all vertices of degree at

MIHsE
2

Favaron, et al. [9], gave new upper bounds of 7, (G).

most k-1, then 7, (G

Corollary 2.6 [9]. Let G be a graph of order n and minimum degree J. If kK<¢J is

o
i . th G)<———V|.
an integer, then 7, (G) 25+1_k[\/|

In [4], Haynes et al showed that the 2-domination number is bounded from below
by the total domination number for every nontrivial tree.

Theorem 2.7 [4]. For every nontrivial tree, 7,(T)>y,(T).

Also, Volkmann [10] gave the important following result.

Theorem 2.8 [10]. Let G be a graph with minimum degree §>Kk+1, then

<M+7k(G)
2

Vs (G) =

Shaheen [11] considered the 2-domination number of Toroidal grid graphs and gave
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an upper and lower bounds. Also, in [12], he introduced the following results.

Theorem 2.9 [12].

1) 7, (Cn) = l_n/2-| .

2) 7,(C;xC,)=n:n=0(mod3),

7,(C3xC,)=n+1:n=12(mod3).

3) 7,(C,xC,)=n+[n/2]:n=0,3,5(mod8),

7,(CyxC,)=n+[n/2]+1:n=1,2,4,6,7(mod14).

4) 7,(CsxC,)=2n.

5) 7,(C¢xC,)=2n:n=0(mod3),

72(CexC,)=2n+2:n=1,2(mod3).

6) 7,(C,xC,)=[5n/2]:n=0,3,11(mod14),

7,(C,xC,)=[5n/2]+1:n=5,6,7,8,9,10(mod14),

7,(C;xC,)=[5n/2]+2:n=1,2,4,12,13(mod14) .

In this paper we calculate the ~~-domination number (for & = 2) of the product of two
paths P, xP, for m=1, 2, 3, 4, 5 and arbitrary n. These results were shown an error
in the paper [1]. We believe that these results were wrong. In our paper we will provide
improved and corrected her, especially for m = 3, 4, 5.

The following formulas appeared in [1],
72(R)=[(n+1)/2]- 7, (P, xR,)=n-7,(PRxR,)=2n-[n/2]-7,(P,x P,) = 2n.
72(PoxP)=3n=[n/2]-7, Py, x P, ) =(k+1)n—[n/2].

7,(PyxP,)=[m/2]n—=[n/2]:m=1(mod2),
7, (PyxP,)=[m/2]n:m=0(mod2).

In this paper, we correct the results in [1] and proves the following:
72(R)=[(n+1)/2]-7,(P,xP,)=n-y,(P,xP,) =n+[n/3].

7,(P,xP,)=2n—|n/4|:n=3,7(mod8),
7,(P,xP,)=2n-|n/4]+1:n=0,1,2,4,5,6(mod8).

7,(PyxP)=2n+[n/7]:n=12,35(mod7),
7,(PyxP)=2n+[n/7]+1:n=0,4,6(mod 7).

3. Main Results

Our main results here are to establish the domination number of Cartesian product of
two paths P, and P, for m =1, 2, 3, 4, 5 and arbitrary n. We study 2-dominating
sets in complete grid graphs using one technique: by given a minimum of upper
2-dominating set D of P, xP, and then we establish that D is a minimum 2-domi-

nating set of P, xP, for several values of m and arbitrary n. Definitely we have
7,(P,xP,)=|D].

Let G'be a path of order n with vertex set V (G) = {1, 2, n} . For two paths of order
m and nrespectively is:

P,xP, ={(i, j):1<i<m,1< j<n}.The jth column P, xP, is
K;={(i, j):i=1--,m}.

If Dis a 2-dominating set for P, x P, then we put W; =D K. Let s; = I\Ni | The

4
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sequence (S;,S,,-+,S,) is called a 2-dominating sequence corresponding to D. Always
we have s;,s, >[m/3]. Suppose that ;=0 for some j(where j# 1 or n). The vertic-
es of the jth column can only be 2-dominated by vertices of the (7 — 1)st columns and (7
+ 1)st columns. Thus we have s;,+Ss;;,=2m, then S;;=8;; =M. In general
Sj 4 +4s;+5s;,,=2m.

Notice 3.1.

1) The study of 2-dominating sequence (S,,S,, -,S,) is the same as the study of the
2-dominating sequence (S,,S,,"**,S;)-

j+1""'Sj+k) is not possible, then its reverse (Sj+k,--~, SM,SJ-)

2) If subsequence (S irS
is not possible.

3) We say that two subsequences (S S S ) are equivalent, if the

e j+q),(sj+qw..., e
sequence(sj 1 S sj+q+ll“"sj+r) is possible.

We need the useful following lemma.

Lemma 3.1. There is a minimum 2-dominating set for P, x P, with 2-dominating
sequence (Sl,sz—,---,sn) such that, forall j=1,2,---,n,is |_m/4_| <s; < |'3m/4'| .

Proof. Let D be a minimum 2-dominating set for P, x P, with 2-dominating se-
quence (S;,S,—,-,S, ). Assume that for some j ;s large. Then we modify D by mov-
ing two vertices from column j, one to column ;7 — 1 and another one to column ; + 1,
such that the resulting set is still 2-dominating set for P, xP,. For 1<i<m and
1<j<n,let W=Dn{(i,]),(i+1]).(i+2j),(i+3])}. If W|=4, then we define
D, =(D-W)U{(i,j),(i+1 j-1),(i+2 j+1),(i+3,])}, see Figure 1. We repeat this
process if necessary eventually leads to a 2-dominating set with required properties.
Also, we get D is a 2-dominating set for P, x P, with |D| = |D1|. Thus, we can assume
that every four consecutive vertices of the jth column include at most three vertices of
D. This implies that s; < |'3m/4_| ,forall1</<n

To prove the lower bound, we suppose that |K i D| is be a maximum, Ze,
s, = |'3m/4_|. Then for each (i, j)& D, we have

|{(| =1, j+1),(i, j+1),(i+1 j+1)} D| >1. When s; =[3m/4], there at must
m—[3m/4]=| m/4] vertices does notin K; "D . This implies that s,,, >| m/4|. So,
the same as for s, >|m/4]. O

By Lemma 3.1, always we have a minimum 2-dominating set D with 2-dominating
sequence (S;,S,,+,S,),such that | m/4|<s; <[3m/4],forall j=1,2,-,n.

Lemma3.2. y,(P,)= PTH—l .
-l oAl AR
1 1
i+1 it+1
—> )
i+2 i+2

i+3 e

Figure 1. Modify D.
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Prooflet D= {(ZK -1);1<k < [2—‘} .

We have D is a 2-dominating set of 7, for n=1(mod2) with |D| = {nTH—l, also

Du{(n)} is a 2-dominating set of P, for n=0(mod2) with |D u{(n)}| = PTH—l

Let D be a minimum 2-dominating set for 2, with V (P,)={X,X,,---,X,} . Since
XX, € E(P,), weneed to x,x, €D, alsoif X;#D, then X, X;, arebelongto D,

this implies that X,; ; € D, for 2< j< LEJ . Thus implies that

|D1|22+Lg“—1:(n7+1—|.Weresultthat ;/Z(Pn):[nT—i_l—‘. O

Theorem 3.1. ,(P,xP,)=n.
Proof; Letaset D= {(1,2k ~1):1<k< [%—l}u{(Z,Zk) 1<k< EJ}

It is clear that |D|=n. (1)

We can check that Dis 2-dominating set for P, x P,, see Figure 2. Let D; be a minimum
2-dominating set for P, x P, with dominating sequence (s,--,s,).If s >1 forall

n

j=1---,n,then |Dl|=zn:sj2n. )
j=1

Let s;=0 for some j then S;;=5;,=2, also we have s, >1 and s, >1. Now
we define a new sequence (Sl',u-,S;), (not necessarily a 2-dominating sequence) as
follows:

For §;=2,if j=1 ormweput 8;=8;-1, s;=5,+1/2 and s, =5 +1/2.

If j#1 ormweput $;=s;-1, s{;=5_,+1/2 and s, =5, +1/2.

Otherwise S} =S§;.

We get a sequence (S{, N Sr',) have property that each $; >1 with

n n
|D|:Z;sj:;s}2n. (3)
1= J=

By (1), (2) and (3) is y, (P, x P,) =n. This completes the proof of the theorem. [J]
Theorem 3.2. y,(P,xP,)=n +{
k

Proof Let

2

Figure 2. A 2-dominating set for 2 x Pi.
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D':{(l,Sk—Z),(&Bk—Z):lgkg{g]}u{(z,Bk—l):lﬁkg{n__ﬂ}

3
u{(2,3k):1sksEJ}
We have |D|=n+{ﬂ—‘ and |D'|=n+{ﬂ-|. 4)
3 3

By definition Dand D' we note that

D is 2-dominating set for P,xP, when n :0,2(mod 3), (see Figure 3, for P x
Py).

D' is 2-dominating set for P,xP, when n :l(mod 3) , (see Figure 4, for P; x Py).

Let D, be a minimum 2-dominating set for P,xP, with 2-dominating sequence
(sl,-n,sn) we have §,5, 21 and
if s,s,=1 then s,,s5,,2>2,
if s,,8,=2 then s,,s,,2>1.

Alsofor 1< j<n,if §;=0 then s;,=5;,=3

$; =1 then S, +5;,23,

S; =2 then S;;+S;,;22,

If no one of S; =0 for all j then |D1|:zsj > n+{%—‘. (5)
=

Let $;=0 (j=1 or n)for some j we define a sequence (s;,---
ily a 2-dominating sequence ) as follows:

! ’ ’ .
If 5;=3, then we put $;=5;-1, s\, =5,,+1/2 and s, =5, +1/2, otherwise

/S, ) » (not necessar-

s} =S;. We have |Dl| = Zn:Sj = ZHZS} . We note that the sequence (s],--,;) have the

n
j= j=1

property if S =1 then S;,+Sj,;>3. Thus implies that

|D1|:Zs}2n+{q. (6)

=l 3

From (4), (5) and (6) we get the required result. []

2n—EJ :n=3,7(mod8),

Theorem 3.3. y,(P,xP,)=
2n—HJ+1: n=0,12,4,56(mod8).

1 23 45 67 8 9 10 1112 13 14
10

000000000000
0000880000888
) = - = = - - & L)

Figure 4. A 2-dominating set for P x P.
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Proof Let a set D defined as follows:
D:{{(Z,l),(S,l)}u{(l4k 2),(4,4k - 2)1<k<{“4ﬂ}
u{(2,8k—5);1sks_nT_2_}
u{lSk 4),(3,8c—4 ),(4,8k—4);1sks[—w

{ n-4
(e

\

2,8k-3);1<k < —}u{(3,8k—1);1 kg{—l
w4 (L,8k),(2,8k),(4,8k);1<k < {%—I}u (3,8k+1);1<

0/~ {(2n)}. O ={(an).

We can check that the following sets are 2-dominating set for P, xP, (see Figure 5,
for P, xP,) as indicated:
Dis 2-dominating set for P,xP, when n=0,4(mod8).
DUD' is2-dominating set for P,xP, when n=12, 7(mod8).
DUD" is2-dominating set for P, xP, when n=356(mod8).

We have
2n— % -1:n=3,7(mod8),
ID|={2n- % :n=1,2,56(mod8),
2n — % +1:n=0,4(mod8).

Let Dy be a minimum 2-dominating set for P,xP, with 2-dominating sequence

(sl, . Sn) we shall show that

2n—FJ:n53,7(mod8),
|D1|: n
2n—hJ+1: n=0,1,2,4,56(mod8).

By Lemma 3.1, we have 1<'s; <3. Thus

If s;=1 then le+sJ+l>5

If s;=2 then S;,+S;,;22.

If s;=3 then S;,+5S;,22.

Also, we have s,s,>22. If s,s, =2 then S,,5,,22, and if 5,5, =3 then

1 2 3 4 5 6 7 8 9 10 M

Figure 5. A 2-dominating set for P X Pi.
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SZ' nl—l

We define a new set D] with sequence (s],-,S,), (not necessarily a 2-dominating
7
sequence) as follows: if §;2>2, let M; =s, -7 Now, for j=2 to j=n-1, if

S; 2 2, then we put

il

M.
1 _ _ r J
s;=5;,-M,, 31—1—51—1+_2 and s}, =5, >

7 7
Thus, for 3<j<n-2, we have SjZZ. Since if SJ-ZZ then S}ZZ and if

14 6
S; =1, then §;,+8;,, =5 this implies that M; , + M, _S_I:Z’thh implies
M. M.
that s] :sj+—"l+_“1:1+§21,
2 2 4 4

We have three cases:

1 1
Case 1: s,,S,22,then s,,S,, =2, these implies that Sl>51+§ and S 28, +§ also

|D|—ZS —ZS =S/ +5/ +Zs >2+8+2 ; y %n+%

Case 2: s,,5,=3 then s,,S,,>2.Thusimplies that §/,s, =3 and
1
S5, S, 21+§. Then
1 7 _7n

n n , 1 5
|D|_]Zsj_]Zsj_sl+sz+snl+s +]Z;s >3+1+8+3+1+8 -7

Case 3: 5,=2,5,=3 and s,>22,5,,21 or s=3,5,=2 and s,>21,5,,22.
Two cases are similar by symmetry. We consider the first case:

§=2,8,22 and S,=3, S, =1, this implies that

: 1 .7 , 1
51:2+§, SZ:Z, s, =3, sn71:1+§ and

n n 2 1 7 1 7 n
D=5, =D 8/ =S{+5)+5, +5,+ 28|22+ +—+3+1+-+—(n—4)=—+1
<71 T o = 8 4 8 4 4

But, we have the 2-domination number is positive integer number, also we have

2n_LEJ:m+§ for n53,7(m0d8))
47274

%n+1 For n=0,4(mod8),

2n_FJ+1= %n+% For n=15(mod8),

7_n+§ For n52,6(m0d8),
4 4

Thus implies that

on _Lﬂ ‘n 53,7(mod8),
|Dy|> A
2n —LZJ +1,n=0,1,2,4,56(mod8),

%
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Finally, we get

72(P4xPn)=2n—HJ:n53,7(mods),
72(P4xPn):2n—HJ+1:n50,1,2,4,5,6(mod8),

This complete the proof of the theorem. []
Theorem 3.4.

2n+(ﬂ:nzl,2,3,5(mod7),

72(P5><Pn):
2n+(7}r1 n=0,4,6(mod7).

Proof. Let a set D defined as follows:

D={{(20).(4D} V{1 0).(2.1).(5.1): = 2<mod7)}

U{(3.J): j=3(mod7)} U{(1 j).(4.§).(5.]): j =4(mod7)}
Of(2.0).(3 1) i =5(mod )} o {(2.1).(5 > o(ros?)
U{(Lj).(4,7): i=0(mod 7)}U{(3, j).(4, ] 1(mod7)} and j ;tl}

We can check that the following sets are 2-dominating set for P, xP, (see Figure 6,

for P, xP,;) as indicated:
{D—{Kn mD}}u{(Z,n),(B,n),(s,n)} :n=1(mod7).
u{(2.n)}:n=0,4(mod7).
D:n=2(mod7).
{D—{K, nD}}u{(2,n),(4,n)}:n=35(mod7).
{D—{K, nD}}u{(Ln),(3,n),(5n)}:n=6(mod7).

Wehave D <2n+ [;—l and

2n+Hw:n =1,2,3,5(mod7),

7,(RxP,)<
2n+LW+1 n=0,4,6(mod7).

This complete the proof of the theorem. []
Lemma 3.3. The following cases are not possible:
1)(1,2,3,1).

2) (1,2, 1).

3)(1,4,1,1).

Figure 6. A 2-dominating set for P x Ps.
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4)(1,3,1,3,1,3).
5) (2, 1, 3).
6)(2,2,2,2,2,2).
Proof. Tt follows directly from the drawing.
Lemma 3.4.
1) There is one case for subsequence ( ) (2.2,2,2,2).
2) There is one case for subsequence ( 118510 Sjuzs ]+3) (1L313).
( i1 Sj411 Sj421 Sjian j+4) (1 313, 1)

4) There is one case for subsequence (SJ 1S}, 5121 S}.3:S M) (12,3,21).

j? ]+l' j+2’ J+3’ ]+4

3) There is one case for subsequence

Proof. 1t follows directly from the drawing (see Figure 7).

Lemma 3.5.
j+3

1) >'s;>8.
j

j+5

2) s, =12.
j

j+6

3) Y5, 214.
]

j+6

4)If ;=3 then ZSjZIS.
j

j+6
5)If s;=4 then Zsj216.
i

j+3

Proof. 1) By Lemma 3.3, imply that »'s; >8.
i

j+3 j+3

2) By 1, we have ZSJ >8.1If Zsj =8, then we have the cases
i i
(55:511:8502:85,5) =(1.2,3,2),(1,3,1,3),(1,3,2,2),(1,4,1,2),(2,2,2,2).

j+5
From Lemma 3.3, we have S;,, +S;,5 >4, this implies that z s, 212.

If Zs >9 then S, +S;52>3. Thisimplies that ZS >12.

j+2
3) We have ZS >5 and ZS >5.1If ZS =5, then there is one case

j j+4 j+4

(SJ+4'SJ+5’ J+6) (1L31) (where the cases (1,2,1),(1,2,2) are not possible). But the

j+3
case (1,3,1) is not compatible with any of the cases when »_s ; =8, this implies that
i

2 2 2 2 2 13 1 3 1 1 2 3 2 1

Figure 7. Cases 1, 2, 3 and 4 of Lemma 3.4.
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j+6
Zsj >9 . Then Zsj >14 (where the case (1,31,313) is not possible).
J

i
j+6 j+6 j+3 j+6
S, >6 then Zs =5, +.5,28+6=14.
j+4 j j+4
j+6
4) We have S; >3, then from 2 is ZSJ- >15.
i
j+6
5) We have s; >4, then from 2 is DS ; 216. This complete the proof of the Lemma. []
i

j+6
Lemma 3.6. If ZSj:14,then $;=1 or s;,=1.

Proof. We suppose the contrary S;,S;,,>2. From Lemma 3.5, §;,S;,5 <3, else

j+6 j+5
Zsj >15. Now, we must study the case S; =S;,;=2. We have ZSJ =10, by Lem-
j j+2

ma 3.3, the case ( 2,2,2,2,2, 2) is not possible, this implies that not all elements of the

S ) are equal to the value 2. If SJ+1,SJ+2,Sj+3,Sj+4,SJ-+522

subsequence (Sj+1’ S5

where at least one of them is equal or greater than 3, then z s; 215, this is a contra-
i
j+6 j+5
diction with )'s; =14. Now, we have »'s; =10, where one of the subsequence ele-
i i

ment (5j+1,..., SHS) is at most equal the value 1 (where 1<s; <4). We consider the

cases S; =1 for j+1<j< j+5:

1) 8;,;=1 or S;5=1 (where two cases are similar), we study the case S;,; =1
then s;,=4, these implies that §;+S;,;+S;,,=7 . By Lemma 3.5, we have
j+6 j+6

Z s. >8 then Z s. >15, this is a contradiction.
j+3

2) S;,=1 or s;,=1 (where two cases are similar), we study the case S;,=1
then SJ+1 >3, (because the case (2,2,1) is not possible). If S;, =3 then SH3 >3

j+5
and we have Sis = 2 then z S; 2 4 (because two cases (1, 2, 2) , (2,1, 2) are not
j+4
j+6
possible). Thus implies that Z §; 22+3+1+3+4+2=15, this is a contradiction.

3) Sj.3 =1, then we have two subcases results from S;,, +5;,26:
Subcase 1: S;,,=5;,=3 then S;,;,5;,5>2 (because two cases
(s s ) (24,3) and ( s ) (3,1,2) are not possible). Thus implies

jroj+e J+2 j+41 Y j+50 J+6
j+6
that z S; > 15, this is a contradiction.
i
Subcase 2: If S;,, =2, S;, =4 or conversely (two cases are similar in studying), so
j+6
we will study case S;,=2,S,,=4 then S;521 if S;5>2, then Zsj >15, be-

j+3

cause Sj.4+Sj;5+ >8, we have Z S; 28.Then z S, 215, this is a contradiction).

j+6

If s;5=1, then §;,+S,5+S,,=7. We have Zsj >8 . This implies that

j+4

42
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j+6
Z S; = 15 this is a contradiction.
i

j+6

Finally, we getif »'s; =14, then S; =1 or S =1. This completely the proof. [J
i

Result 3.1. If fs j =14, then from Lemma 3.6, we have the cases for subsequence
]
(Sj'Sj+1lSj+2’Sj+3lsj+4!sj+515j+6):
a:(1232141), a,:(1232222), a:(123223]1),
a,:(1,233131), a:(1,313141), a;:(1313222),
a,:(1,31,3231), a:(1313321), a,:(1314131),
a,:(13222272), a,:(1,322231), a,:(1322321),
a;:(1323131), a,:(1412321), a,:(1413131).
It is 15 cases (where S; =1 with ]iesj =14). We have three cases with s;,, =2,
]
S;;y=3 and s;,=4.

Case 1: S;,; =2 (including the cases S; =1and s;;, =2 or s;,=1and s;;=2).
We have these cases are a,,a,,3;,8,,8;,8,,8, and comes before these cases, S;; =4
or comes after these cases S;;=4, ie, if §;=15;,,=2 then S;;=4 and if
Si6 =1 S5 =2 then s;,=4.

Case 2: S;,; =3, S;,; =4 and these are the 8 remaining cases. We will study these
cases after rejecting isomorphism cases when there is two cases or more, where
(Sj,n-,sjm) = (Sj+6,-~-,sj), then we will study only one case. We have 8 cases as fol-

lows:

a,:(1L31314,), :(13132272), 8:(1313231), &:(1L314,132),
a,:(13222,2,2), a,:(1322231), a,:(13,23131), a;:(L413131).

We note that two cases a,8,; are similar where one of them is contrary to the oth-
er one, so we study the case ag. Also, two cases a,,a,, are similar, so we study the
case &, .Then we study these cases: a,as,8,,8y,8,,,8;. [
Notice 3.2. We note that all the possible cases in Result 3.1, do not begin or end with
3 or 4 and it do not begin or end with §;+5;;25 or S;,5+S;,,29 such that
$;=2 or S;5=2,and S;; =3 or S;,5 =3. Thus implies that if s;=2, 5, =3,
j+6

then Z S; 15. Also, we note cases 8s,8,,8, are beginning with (1, 3, 1, 3), but from
i

Lemma 3.4, we get S;; =4. Now, remains our three cases for studying by the follow-

ing lemma are:
a,:(1,314131), a,:(1,3,2,2,2,2,2), a,:(1,3,2,2,2,31). O
Result 3.2. If $;,=35;=1 where k;ns={(1]j)} or k;ns={(2 )} then

Sj, =4, also for k;ns= {(4, j)} or kjns= {(5, J)} because it are similar to two
cases k;Ns= {(2, j)} or kjns= {(1, j)} , respectively. [J

j+6 j+13
Lemma 3.7.If )°s; =14, suchthat S;,5=3, S; ;s =1,then ) s;>15. Furthermore,
j J+7

K2
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j+13 j+20
if ) 's;=15 then ZS >15.
j+7 j+14

Proof. By Result 3.2, if kj s ns={(Lj+6)}, kj,ns={(2 ]+6)},
Kis"s={(4,j+6)} or k,sns={(5]j+6)} then s;,=4. From Lemma 3.5, we

j+13

get Z; s; 216. Assume kj;Ns={(3,j+6)| then we have two cases for K;sNS:
I+

Case 1. k;;ns={(1j+5),(3 j+5),(5 j+5)}. Then s;;=4, by lemma 3.5,

j+13

231216.

J+7
Case 2. k;sns={(Lj+5),(2 j+5),(5 j+5)} or
Kjs NS = {(l, j+5).(4,j+5).(5] +5)} and both cases are similar, so we will consider

j+13
the first case. We have 3<s;, <4 then by Lemma 3.5, z $;215.1f s;,;, =4 then
j+7
j+13 j+13 j+13
Z; $;216. Assume S;,; =3, if Z $; 216 the proof is finish. Assume z s; =15
j+ j+7

j+7
then we have cases S;, g =12,30r4.
Subcase 2.1.If S; 3 =4 then S;421.Thisimplies that

j+H13 j+13
D.5;23+4+1+ > 5, =8+8=16
i+7 j+10

j+3

{By Lemma 3.5, s, >8}.
i

j+13 j+13 j+13
Subcase 2.2. If S;,;=3 then ZS >9. If ZS >9 then ) s;>16. Assume

j+9 j+9 j+7
j+13
that ) s, =9 then we have only one case (SJ+9’ - j+l3) (1L3131) or
j+9
j+13
(Sj+9' - J+13) (12,3,2,1). For any case we have S;;=4. So, we get > s;>9.
j+9
j+13
Which implies that )_ s ;216.
j+7
Subcase 2.3.If S;3=1 then S;4=4 {because the case

(SJ+5’ Sii61Sj171Sjs8r S J+g> (3,1,3,1,3) is not possible, by Lemma 3.3}. Then

j+13 j+13
2.8, 23+1+4+ )5, 28+8=16.

j+7 j+10

Subcase 2.4. If S; ;=2 then S;;=3, S;4=2,we have the following cases:

j+13 j+13
2.4.1. S5 >3 then Z;sj23+2+3+§5j28+8:16.
i+ i+
2.4.2. S5 #1 {because there is only one case for ( 14715}48:S Hg) (3,2,1) such

that
{KWUKHSUKHQ} $={(2,j+7),(3J+7).(4j+7).,(Lj+8).(5 ] +8).(3 j+9)}
But according to distribution vertices K;,; NS and K; ;NS wehave
kj+5
#{(2,J+7).(3,j+7).(4j+7)}

2.4.3. S;,=2 then S;;+S,,+S;,9=7.Thisimplies that

N7

K
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j+13

(SJ”,SHB, J+9) (3.2,2). We will study the cases that leads to » s, =15, ie,

j+7

j+13 j+13
Z S; = 8, {because the cases which leads to Z S; > 16 the proof will be done}. Now,
j+10 j+7
we have the fixed case (s i+71Sji80 J+9) (3,2,2) We will consider the vertices
Kj,0 NS which imply the following:

j+13

2.43.1. If S, =4 then (3,2,2,4,5,,,5,,,5,,), this implies that > s;=4
j+H1

and ( 1110 Sj2: S ]+13) (12,1) is not possible.
j+13
2.4.3.2. If S;,,=3 then (3v2v2:3nsj+11:51+1z:51+13) and )'s; =5 which imply

jH1
that (SJ+11,SJ+12, J+13) (2,1,2),(2,2,1),(1,2,2) or (1, 3, 1), and the only possible case
is (1, 3, 1). Thus implies that (sj”,u- ng) (3,2,2,31,31). By Lemma 3.4 and

j+20
Lemma3.5is S;,;, =4, these implies that Z s, >16.
j+14
j+13
2.4.3.3. If 5,,,=2 then (3,2,2,2,5,,,,51,,13)> i€, . 5;=6. We have
j+11

S;q1 71 {because the case (2,2,1) is not possible}. Then we have the following cases
for $;.41,8}.151 83"
1).1f S;,, =4 then S;,, =1 and S;,3=1,butthecase (4,1,1) isnot possible.
2).1f $;,; =3 and Sj,;, =1 then $;,;=2,alsothecase (3,1,2) isnot possible.
3). If S5 =3, S;.,=2 and S,;;=1 then (s )=(3.2,2,2,3,2,1) which

S = 4 j+H13
gets 17 and )'s;>16.
j+7
4). If S, =2 and S;,;,=2 then S;,;=2, but the case (3,2,2,2,2,2,2) is not
possible. If S;,;; =2, S;,;, =3 and S;,;3,=1 then we gets

(Sj,-- , J+6) (3,2,2,2,2,3,1) During the proof of Lemma, we notice that if §; =3

i1 Siee

j+8
and S, =1,then ) s; >15. This complete the proof. [J

j+2
Result 3.3. Based on the Lemma 3.6, and the other Lemmas and results precede it.

We see that when we have case of f s; =14, then the only case that comes after it, is
j+13 l

>.s; =15 such that (Sj+7, - J+13) (3,2,2,2,2,3,1) which continues in the same
i+7

way or it is followed by 7 columns contain 16 vertices from S {by Lemma 3.6,

szosj >15, because Sj.;, =3, Sj,;3 =1}. When this case is repeated then Z s;>15

j+14 j=n-6
j+6 j+6+q-1+7r

and then when the case »'s; =14 it is necessary, the case D, 5, >16 exists as
i j+6+q

n
well {where j+6+q—1+7r <n} these implies that Z S; 2 {@—‘ then

=1
7o (RxP)=Ys, zzn{ﬂ. 0
=

Lemma 3.8. Let S be 2-dominating set for P, x P, then:

K2
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1) s;>2ands, +s,>4(s,, +s,>4,5,>2).
2)If s, +s,=4 then s +S,+5,=8 (s,,+S,=4 then s _,+s ,+S,=8).
3) S, +S,+5,26(s,,+5,,+5,26).

4) isj 29[ i S; 29}.
j=1

j=n-3

5 n 5 6 n
5) ZSJ- 210{ Z S; 210) and if Zsj =10 then ZSJ- >14, also if Z s; =10

j= j=n-4 j=1 j=1 j=n-4
n
then Zsj>14
j=n-5
6 n
6) 5,213 Y 5,213
j=1 j=n-5

5 6
8) If s, +5,=5 then either »'s;>11 or »'s;>14,alsoif 5, +5 =5 then ei-

=1 =1
n n
ther '2451- >11 or 'ZSSJ- >14.
j=n— j=n—

Proof. The study of dominating sequence (S,,S,,---,S,) is the same as the study of
the dominating sequence (Sn, Sngr s 51) , s0 we study one case (Sl, Sy,eee Sn) . Also, the
study of »'s; isthesame asthe studyof ) s;.

j=1 j=n-r+l

1) Wehave s, >2,if s, =2 then s,23 thus, s, +5,25 if 5, >3 then
S, > 1(1£ s; < 4) these implies that s, +s,>4.

2) If s +s, =4, then we have only one the case k Ns= {(1,1),(3,1),(5,1)} these

implies that k, ns={(3,2)} and s;=4 then s +s,+s,=8.

3
3)If s,+s,>5,then »'s;>6 {because 1<s;<4}andif s +5s,=4 then by 2,
=

4 4
4) If s, +s,=4 then )'s; =8 these implies that »'s;>9 and if §+5,>6

= j=1
then isj >9 {because S,+s,>3}. Assume that S +S,=5, then we have three
=i

cases:

4.1) s,=2,5,=3 then s;+s,>4, because the case (s,,s,;,5,)=(3,12) is not
possible. Also the case (52, S3,5,)=(3,2,1) is not possible, else when
k,Ns= {(2 2),(3,2),(4, 2)} and this is not possible.

4.2) 5,=3,5,=2 then s;+s, >4 because the cases (s,,s;,5,)=(2,21),
(52:55:8,)=(2,1,2) are not possible.

43) s, =4,s5,=1 then s;+s,>4,because the cases (s,s,,5,;,5,)=(4,121),

4
(8.,5,,5;,5,)=(4,1,2,2) are not possible. Thus implies that we have »_ s;29.
=

K2
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4
5) By Lemma 3.4, we have two cases for Zsj =9 and these two cases are
i

(12,3,2,1),(1,3,1,3,1), furthermore these cannot be shown here because s, >2. Thus
5
implies that we »s; >10.

i1

6 6
6).1f 5, +5,>5 then »'s;=s+s,+ ) s 25+8=13.
[ i3
j+3 3
(where by Lemma 3.5, we have » s, >8). Let s, +5,=4 then ) s, =8 these im-
i i1
6 6 6 j+2
plies that ZSJ- 28+Zsj . Thus implies that ZSJ- >8+5=13 {because Zsj >5}.
i=4 i

j=1 j=1

7
7) If 5,23 then from Lemma 3.5, »'s; 215. Let 5, =2 {because s, >1} then
j=1

7
s, > 3. This implies that s; 215 {by Notice 3.2}.
i

5 6
8) If s,+s,=5 then either ) s; >11 or »'s; >14. We have s +5,=5, then
i i

we have three
cases:
8.1) s,=4,s,=1,then S;+5,+S;>7 because the cases
(5115;:55:84:55) =(4,1,2,2,2),(4,1,3,2,1),(41,2,31) or (4,1,31,2) are not possible.
5
Thus implies that ZS i >11.

j=1

5 5
82) s,=2,5,=3,then »'s;>10 andif ) s;=10 then

= =
6
(Sl,sz, S5, S4,55) = (2,3,1,3,1) . By Lemma 3.4, s, =4. Thus implies that ZSj >14.
=t
8.3) 5,=3,5,=2, then (S,5,,5;,5,,S;) it has minimal numerals in the following
cases (Sl, S,,53:5,, 35) = (3, 2,2,2, 2),(3, 2,1, 4,1) or (3, 2,3,1, 3) and for the case
(5:84:55) =(1,3,1) is not compatible with the case (s,s,)=(3,2). Thus implies that

5
Ds; 211. This completes the proof. [J

j=1

Theorem 3.5.

2n+{;-‘:nzl,2,3,5(mod7),
72(P5><Pn): N
2n+(7—‘+1: n=0,4,6(mod7).

n
Proof, By Result 3.3, we have 7,(p;xp,)=2s; > {——‘ . By Theorem 3.4, we get

j=1

72 (ps pn)=2n+H—‘:nzl,2,3,5(mod7).

Now, for n=0,4,6(mod7), by Theorem 3.4, we have y,(psx p,)<2n +{;—l+1,

2
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From Result 3.3, we have y,(psx p,)>2n+ [;—‘ . We will study the cases:

1) n=0(mod7).Wehave y,(p,x pn)=i5-

j - S0, we consider the following:
j=1

a) s,+5,=4 then s +5,+5;=8 and by Lemma 3.8,
n

¥2(Psx py) = ZS,—51+52+53+ZS + Z s;>8+2(n- 2)+T+9

j=4 j=n-3

7 (ps % pn)217+2n—14+n;7 :2n+nJ;14:2n+[;—‘+2>2n+(7—‘+1

b) s, +s,25 if 5 +5,>6 then

72 (P x pn):zn:sJ +sz+is + zn: s;26+2(n- 7)+nT7+10
=1 j=3 j=n-4
:2n+w_2n+{ —l+1
7 7

Let s,+S,=5 thenbyLemma 3.8, ZS >11 or ZS >14 . If ZS >11 then

j= =

5
7/2(p5>< pn)=zn:sj =Zsj +2.8;+S4+5, 211+2(n—7)+

5
{where the case s, +S, =4 isthesameas s +s,=4}.If }'s; <11 then by Lemma
i1

6
3.8, we have Zsj >14

=1

72 (P Xpn)=znlsj—sl+sz+zs + Z s;26+2(n- 7)+T7+10

=1 j=3 j=n-4

:2n+w:2n+{ﬂ1 1.
7 7

And with Theorem 3.4, we get 7, (ps x p,)=2n +H—‘ +1:n=0(mod?7).

2) When n=4(mod7) we have two cases:
a) S, +S,=4.Thusimplies that s, +5,+S, =8 then

n 3 n-1 —
72 (Psx Py )= ZSJ Zsj+25j+sn28+M+2

=S i=4 7

=1
n+10 = 2n+[;—‘+1.

b) s +5,>5 {where s _,+s,>5}then

=2n+

n n-2 —
72 (P x pn)=25j :51+SZ+ZSJ. +8,,+S, 25+2(n—4)+nT4+5
[l =3

:2n+n+10_2n+{ ]+1
7 7

K2
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Then by Theorem 3.4, we get y,(psx p,)= 2n+{$—‘+1: n=4(mod7).

3) n=6(mod7).We have two cases:
a)If s, +s,=4 then s +s5,+S;=8.Thusimplies that

-3 —
7, (Ps % pn)zzn:sj =sl+sz+ss+nZsj+sn72+sn71+sn 28+2(n—6)+n 6+6
j=1 j=4
=2n+{ﬂ—l+l.
7

b)If s +s,>5 then s _ +S,2>5. Thus implies that

n 4 n-2 —
72 (Ps x pn):ZSj:ZSj+ sj+sn_l+sn29+2(n—6)+n76+5
j=1 j=1 j=5
n+8 n
=2n+——=2n+| = |+1L
7 7

By Theorem 3.4, we get 7, (psx p,)=2n+ [;—l +1:n=6(mod7). Finally, we get

2n+{;—|:n =1,2,3,5(mod7),

V2 (Psx Py) = )
2n+{71+1: n=0,4,6(mod?7).

This completes the proof. [
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