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For a 2 by 2 matrix it happens that the determinant is ||\/| | = |S| + |C| .

But this is not true in general. However, in block matrix form, of any size, we do have

c s 2
=[m[".
-S -C
This follows from the properties of determinants according to the sequence of equal-
ities:
C S| |S+C §| [S+C S —|M|2
-s -C| |-s-C -¢| | 0 s-c|

Since [$-C|=|(5-C)'|=[s~C"|=[s+C|=|Mm].

Next, define B =SJ . The matrix J has zero entries except for all ones on the sec-

ondary diagonal (NE to SW). The matrix Bis just Swith the order of columns reversed.

_BT TC
We have indicated the transpose across the secondary diagonal by 'C . (In general,
TA=JATD)

C B
Form the skew matrix in block form ( j .
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Then, we claim that the Pfaffian formed by the triangular array above the main di-

agonal in this matrix has the same value as the determinant of the original matrix M.

3 -3 3 2 0 -5
For example, = + and the determinant is 33.
7 4 2 4 5 0

We calculate the equivalent Pfaffian as

5 2 3
4 2(=25-4+12=33
-5
using the “cofactor” expansion of a Pfaffian. For the cofactor expansion see [1].
C B 2
First, we show that Tt =|M| .
-B C
The calculation follows.
c B| |C Sy | |t gc S o |€ S
-B" "c| |-3s -3¢y o J|-s -c|o J| |-s -C

The last equation follows by taking the determinant of the three factors. And as men-
tioned above,
‘ cC S ‘ _Im[.

-5 -C

So the construction of the Pfaffian array delivers the value of the original determi-
nant, up to sign.

It is easy enough to verify by calculation that the correct sign is given in the case of a
two by two matrix rewritten as a Pfaffian array. In general the expansion of the deter-
minant will contain a term which is a product of the diagonal elements of the matrix
regardless of the other entries. In the same way, the expansion of the Pfaffian will con-
tain this same term, independent of all other entries. So the sign of the Pfaffian is cor-

rect.
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