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Abstract

In theoretical chemistry, the researchers use graph models to express the structure of molecular,
and the Zagreb indices and multiplicative Zagreb indices defined on molecular graph G are applied
to measure the chemical characteristics of compounds and drugs. In this paper, we present the
exact expressions of multiplicative Zagreb indices for certain important chemical structures like
nanotube, nanostar and polyomino chain.
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1. Introduction

For the past 40 years, chemical graph theory, as an important branch of both computational chemistry and graph
theory, has attracted much attention and the results obtained in this field have been applied in many chemical
and pharmaceutical engineering applications. In these frameworks, the molecular is represented as a graph in
which each atom is expressed as a vertex and covalent bounds between atoms are represented as edges between
vertices. Topological indices were introduced to determine the chemical and pharmaceutical properties. Such
indices can be regarded as score functions which map each molecular graph to a non-negative real number.
There were many famous degree-based or distance-based indices such as Wiener index, Pl index, Zagreb index,
atom-bond connectivity index, Szeged index and eccentric connectivity index. Because of its wide engineering
applications, many works contributed to determining the indices of special molecular graphs (see Yan et al., [1]
and [2], Gao and Shi [3] and [4], Xi and Gao [5], Gao and Wang [6]-[8], Gao and Farahani [9], and Gao et al.,
[10] for more details).
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In our article, we only consider simple (molecular) graphs which are finite, loopless, and without multiple
edges. Let G= (V (G). E(G)) be a graph in which the vertex set and edge set are expressed as V (G) and
E(G), respectively. Here, each edge can be regarded as the subset of V (G) with exactly two elements, and
edge set E(G) consists of all such edges. Readers can refer Bondy and Mutry [11] for any notations and
terminologies used but not clearly explained in our paper.

The first Zagreb index could be regarded as one of the oldest graph invariants which was defined in 1972 by
Gutman and Trinajsti [12] as

veV

M,(6)= 3 (),

where d(v) is the degree vertex v in G. Another alternative formulation for M,(G) is denoted as
2 emer(o) (@ (u) +d (V). And, the second Zagreb index was later introduced as

M,(G)= ¥ (d(u)d(v)).
e=uveE(G)
As degree-based topological indices, the multiplicative version of these Zagreb indices of a graph G is
introduced by Gutman [13], and Ghorbani and Azimi [14] as:

PM,(G)= [T (d(u)+d(v)),

e=uveE(G)

PM,(G)= [T (d(u)d(v)).
e=uveE(G)

Here PM,(G) is the first multiplicative Zagreb index and PM,(G) is the second multiplicative Zagreb
index. Several conclusions on these two classes of multiplicative Zagreb indices can be refered to Eliasi et al.,
[15], Xu et al., [16], and Farahani [17] and [18].

There have been many advances in Wiener index, Szeged index, Pl index, and other degree-based or distance-
based indices of molecular graphs, while the study of the first and second multiplicative Zagreb index of special
chemical structures has been largely limited. Furthermore, nanotube, nanostar and polyomino chain are critical
and widespread molecular structures which have been widely applied in medical science, chemical engineering
and pharmaceutical fields. Also, these structures are the basic and primal structures of other more complicated
chemical molecular structures. Based on these grounds, we have attracted tremendous academic and industrial
interests in determining the multiplicative Zagreb indices of special family of nanotube, nanostar and polyomino
chain from a computation point of view.

The contribution of our paper is three-folded. First, we focus on four classes of nanotubes: VCSC7[p,q],
HC.C, [ P, q], polyhex zigzag TUZC, and polyhex armchair TUAC,, and the multiplicative Zagreb indices of
these four classes of nanotubes are determined. Second, we compute the multiplicative Zagreb indices of
dendrimer nanostar D, [n] . At last, we calculate the multiplicative Zagreb indices of some special families of
polyomino chains.

2. Multiplicative Zagreb Indices of Nanotubes

The purpose of this section is to yield the multiplicative Zagreb indices of certain special classes nanotubes. Our
work in this part can be divided into two parts: 1) VC,C,[p,q] and HC,C,[p,q] nanotubes; 2) zigzag
TUZC, and armchair TUAC;.

2.1. Nanotubes Covered by Cs and C7

In this subsection, we discuss VC,C,[p,q] and HC,C,[p,q] nanotubes which consisting of cycles C, and
C, (or itis a trivalent decoration constructed by C, and C, in turn, and thus called C.C, -net). It can cover
either a cylinder or a torus.

The parameter p is denoted as the number of pentagons in the 1-st row of VC,C,[p,q] and HC.C,[p.q].
The vertices and edges in first four rows are repeated alternatively. In these nanotubes, and we set g as the
number of such repetitions. For arbitrary p,qe N, there exist 16p edges and 6p vertices in each period of
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VC,C,[p,q] which are adjacent at the end of the molecular structure. By simple computation, we check that
[\/(VC5C7[p,q])| =16pgq+6p and |E(VC5C7[p,q])| =24pg+6p since there are 6p vertices with d(v)=2
and other 16pq vertices with d(v)=3.

Furthermore, there are 8p vertices and 12p edges in any periods of HC.C, [p,q]. We get
|V(HCSC7[p,q])|=8pq+5p and |E(HC5C7[p,q])|=12 pq+5p since there are 5p vertices adjacent at the
end of structure, and exists g repetition and 5p addition edges.

Let 5 and A be the minimum and maximum degree of graph G, respectively. In the whole following
context, for any graph G, its vertex set V (G) and edge set E(G) are divided into several partitions:
foranyi, 25(G)<i<2A(G),let E ={e=uveE(G)|d(u)+d(v)=i};
foranyj, (5)°<j<(A) let Ej={e=uveE(G)|d(u)d(v)=j};
foranyk, S <K <A, let V, ={veV(G)|d(v)=k}.

Therefore, by omitting the single carbon atoms and the hydrogen, we infer two partitions
V,={veV(G)|d(v)=2} and V,={veV(G)|d(v)=3} for VC,C,[p,q] and HC.C,[p,q]. Moreover,
the edge set of VC,C,[p,q] and HC,C,[p,q] can be divided into the following three edge sets.

E, (or E;): d(u)=d(v)=2;

Ee (or Eg): d(u)=d(v)=3;

E; (or Eg), d(u)=2 and d(v)=3.

Now, we state the main results in this subsection.

Theorem 1.

PMI (VC5C7 [ p, q]) — 624pq76p512p,

PM, (VC,C, [ p.q]) = 927 ¢762°,
)

PM, (HC,C, [ p.q]) = 6"P*P5°P4P,

PM, (HC,C, [ p,q]) = 92" *76°74°.

Proof. First, considering nanotubes VC,C,[p,q] for arbitrary p,qe N . By analyzing its structure, we
have V,|=6p, V,|=16pq, |E5|:|Eg|=12p and |E6|=|E;|=24pq—6p. In terms of the definitions of
multiplicative version of these Zagreb indices, we infer

PM, (VC,C,[p.a])= [T (d(u)+d(v))x [T (d(u)+d(v))=6%I5".

PM, (VCC, [p.q]) = H (d(u)d(v))x H (d(u)+d(v))=9"l6".

Second, we consider nanotube HC.C, [ p,q] for arbitrary p,qe N. According to its chemical structure, we
verify |V,|=5p, N,|=8pq, |E4|:TE4|= P, |E5|=|E6£:8p , and |E6|=|Eg|=12pq—4p . Therefore, by
means of the definitions of multiplicative version of these Zagreb indices, we get

PM, (HC.C,[p.q])

= [T (d(u)+d(v)x TT (d(u)+d(v))x TT (d(u)+d(v))

e=uvekg e=uvekg e=uveky
— 6\56\5\55\4\54\_
PM, (HC.C,[p.q])

- T1 (a@dm)x TT (aw+d()x IT [@w+d(v)

— 9‘E6‘5‘E5‘4‘E4‘l

2.2. Two Classes of Polyhex Nanotubes

We study the multiplicative version of polyhex nanotubes: zigzag TUZC, and armchair TUAC, in this sub-
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section. We use parameter me N to denote the number of hexagons in the 1-st row of the TUZC, and
TUAC, . Analogously, the positive integer n is used to express the number of hexagons in the 1-st column of the
2D-lattice of TUZC, and TUAC,. In view of structure analysis, we conclude

Vv (TuzC, )L: V (TUAC,)|=2m(n+1) and |E(TUZC,)|=|E(TUAC,)|=3mn+2m.

Clearly, the degree of vertex in polyhex nanotubes can’t exceed three. For nanotubes TUZC, [m, n] with any
mneN, we infer V,[=2m, V|=2mn, [E|=|E;|=4m and |Ej|= E;L:Smn—Zm . Moreover, for
nanotube TUAC,[m,n| with any mneN, we get V,|=2m, |V,|=2mn, [E,|= EZ|:m, |Es|=|Eq|=2m
and |Eq|= IE; [: 3mn—m. Therefore, the results stated as follows are obtained by means of above discussions
and the definitions of multiplicative Zagreb indices.

Theorem 2.

PM, (TUZC, [m,n]) = 6°™ 25",
PM, (TUZC, [m,n]) =9°™2"6*",
PM, (TUAC, [m, n]) = 6™ "5?"4™,

PM, (TUAC,[m,n]) =9°™"6°"4".

3. Multiplicative Zagreb Indices of Dendrimer Nanostars

Dendrimer is a basic structure in nanomaterials. In this section, for any ne N, D,[n] is denoted as the n-th
growth of dendrimer nanostar. We aim to determine multiplicative Zagreb indices of dendrimer nanostar
D, [n] (its structure can be referred to Figure 1 for more details).

This class of dendrimer nanostar has a core presented in Figure 1 and we call an element as a leaf. It is not
difficult to check that a leaf is actually consisted of C, or chemically benzene, and D, [n] is constituted by
adding 3-2" leafs in the n-th growth of Dg[n—l]. Therefore, there are in all 3-2"" -3 leafs (C,) in the
dendrimer D, [n]. The main contribution in this section can be stated as follows.

Theorem 3.

PM, (D [n]) = 42 %5 ez,

2”*171)612(2”“71)99_?_6'

PMZ(Dg[n])=33'2n46(

Figure 1. The structure of 2-dimensional of dendrimer
nanostar D,[n].
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Proof. Let V,[n] be the number of vertices with degree i (i<{1,2,3,4}) in D3[n]. In terms of hierarchy
structural of D,[n], we deduce V;[n+1]=2V,[n]=3-2"", V,[n+1]=V,[n]+12-2"" and
V;[n+1]=V,[n]+6-2"" +V,[n]. Hence, by means of the induction on n with V,[0]=3, V,[0]=12 and
V,[0]=7,weget V,[n+1]=12(2"* 1) and V,[n+1]=15-2""-8.

Set E, I{EZUVE E(Ds[n])|d(u):3,d(v)=1} . We infer

E,|=3-2",
E.|=[E.|=6(2""-1),
Es|=|E|=12(2"* -1),
Eq|=|Es|=9-2" -6,

|E,| =|E;5|+|Es|=15-2"-6.

Therefore, the expected results are obtained by the definition of the first and the second multiplicative Zagreb
index.

4. Multiplicative Zagreb Indices of Polyomino Chains

From the perspective of mathematical, a polyomino system can be considered as a finite 2-connected plane
graph in which each interior cell is surrounded by a C, . In other words, it can be regarded as an edge-connected
union of cells in the planar square lattice. For instance, polyomino chain is a special polyomino system in which
the joining of the centers (denoted c; as the center of the i-th square) of its adjacent regular forms a path
CC,---C,. Let P be the set of polyomino chains with n squares. We have JE(PCn )|:3n +1 for each
PC,eF,. PC, is called a linear chain expressed as LC, if the subgraph of PC, induced by V, has
exactly n—2 squares. Moreover, PC, is called a zig-zag chain denoted as ZC, if the subgraph of PC,
induced by V_, (all the vertices with degree larger than two) is a path has exactly n-1 edges.

The branched or angularly connected squares in a polyomino chain are called a kink, and a maximal linear
chain in a polyomino chain including the kinks and terminal squares at its end is called a segment represented by
S. We use I(S) to denote the length of S which is determined by the number of squares in S. Assume a
polyomino chain consists of a sequence of segments S,,S,,---,S,, with m=>1, and we denote I(S;)=1, for
ie{l,2,---,m} with property that > "I =n+m-1. For arbitrary segment S in a polyomino chain, we have
2<1(S)<n. Specially, we get m=1 and |, =n for a linear chain LC,, and m=n-1 and |, =2 for a
zig-zag chain ZC, .

The theorems presented in the below reveal clearly how the multiplicative Zagreb indices of certain families
of polyomino chain are expressed.

Theorem 4. Let LC,, ZC, be the polyomino chains presented above. Then, we get

PM (LC )_ 256, n=1
11100006070, n> 2.
PM, (L, )= 256, n=1
2ATT) 120736495, n>2.
oM, (2C,) 256, n=1
T 110000 62MV728™2 ) n> 2.
oM (ZC) 256, n=1
2T 20736-94M V124162, n> 2.

Proof. The results are obvious for n=1, and we only focus on n=>2 in the following discussion. It is not
hard to check that |E(LC,)|=|E(zC,)|=3n+1.
For the polyomino chain LC,, we obtain |E,|=

E,

=2, |E[=|E; E,

=4 and |E|=

=3n-5. By the

n?
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definitions of multiplicative Zagreb indices, we have
PM, (LC,)=4%5"6"",
PM, (LC,) =4%6"9""".
By the same fashion, we yield
PM, (ZC, ) = 456%™ 72gen2ms,
PM,(ZC,)= 42649AM1)1 927 g3n-2m-5

The expected results are got from the fact m=n-1 for ZC, .
Theorem 5. Let PC} (n>3) be a polyomino chain with n squares and two segments which 1, =2 and

I, =n-1. Then, we have
N 88200000, n=3
PM, (PC})= s
17150000-6°"", n=>4.

oM (P 1)_ 241864704, n=3
2V 711719926784 -9, n> 4.

Proof. For n=3, itis trivial. For n>4, we obtain |E,|=|E,
Eg[=3n-10 and |E|=|Eq|+|E,
results.

Theorem 6. Let PC? be a polyomino chain with n squares and m segments S,,S,,---,S
that I, =1,=2 and I,,---,1 ,>3.Then

m-1 —
PM, (PC?)=16-5°"6°" "7,

=2, |&|=|E|=5, |[E|=1, |E/|=|EL|=3,
=3n-9. Therefore, by means of simply calculation, we obtain the desired

(m=>3) such

m

PM, (Pcﬁ) — 1296 . G2 24m-6g3n-6m+3

Proof. For this chemical structure, we get |E,|=|E;|=2, |E;|=|E;|=2m, |E;|=2, |E/|=|E;|=4m-6,
£E;|:3n—6m+3 and |E6|:[!E;|+|E;|:3n—6m+5. herefore, in view of the definitions of multiplicative

agreb indices, we obtain the desired results.

The last two results obtained using similarly tricks.

Corollary 1. Let PC® (n > 4) be a polyomino chain with n squares and m segments S,,S,,---,S, (m=>3)
suchthat I, =2, I,,---,1 >3 or | =2, I,L,---,1 ,>3.Then

m = im-1 =

PM, ( PC:) =16 . 52mHigIn-6mia74m5

Corollary 2. Let PC! be a polyomino chain with n squares and m segments S,,S,,---,S
that I, >3 (i={L---,m}). Then

(m=>3) such

m

PMl ( PC:) =16- 52m+263n—6m+174m_4 ,

PM, ( PC: ) —16. g2M+2g3N-6mlg pam-4

5. Conclusions and Further Work

The purpose of this paper is to discuss the multiplicative Zagreb indices of several chemical structures, and these
molecular graphs we consider here are fundamentally and commonly used in chemical engineering. Spe-
cifically, the contributions in this report can be concluded into three aspects: first, we compute the multiplicative
Zagreb indices of four classes of nanotubes; then, the multiplicative Zagreb indices of dendrimer nanostars
D,[n] are calculated; at last, we also discuss some families of polyomino chains. As multiplicative Zagreb
indices can been used in QSPR/QSAR study and play a crucial role in analyzing both the boiling point and
melting point for medicinal drugs and chemical compounds, the results obtained in our paper illustrate the
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promising prospects of application for medical, pharmacal, biological and chemical sciences.

A closely related concept of the Zagreb index is the Estrada index (see Shang [19] and [20] for more details)
and the techniques used in our paper can be potentially applicable to the Estrada indices. The Estrada index of
special chemical graph structures can be considered in the further works.
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