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Abstract

An orthogonal double cover (ODC) of a graph H is a collection g={Gv :VEV(H)} of |V(H)|

subgraphs (pages) of H, so that they cover every edge of H twice and the intersection of any two of
them contains exactly one edge. An ODC G of H is cyclic (CODC) if the cyclic group of order

|\/ ( H )| is a subgroup of the automorphism group of G. In this paper, we introduce a general or-

thogonal labelling for CODC of circulant graphs and construct CODC by certain classes of graphs
such as complete bipartite graph, the union of the co-cycles graph with a star, the center vertex of
which, belongs to the co-cycles graph and graphs that are connected by a one vertex.
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1. Introduction
All graphs we deal with are undirected, finite and simple. Let H be any regular graph, and let
g={Go,Gp"‘:G‘V(H)‘,1} be a collection of |V(H)| subgraphs (pages) of H . The collection G is an ortho-

gonal double cover (ODC) of H if it has the following properties:
1) Double cover property:
Every edge of H is contained in exactly two of the pagesin G.
2) Orthogonality property:
For any two distinct pages G; and G; g, ‘E(Gi)ﬂ(Gj)‘ =1, ifandonlyifiand jare adjacentin H .
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If all pages G, = G, for all ie{O,l,---,|V(H)|—1}, then G isanODCof H by G.An automorphism of

an ODC g:{GO,Gl,---,G of H isapermutation z:V(H)—V(H), such that

-
{ﬂ'(GO),E(Gl)"',ﬂ'(GMH)‘_l)}, where for ie{0,1,---,|V(H)|—1},7Z(Gi) is a subgraph of H with

V(7(G))={x(v):veV(G)}, and E(z(G))={z(x)z(y):xyeE(G,)}. According to the obvious prop-
erties of ODCs by a graph G, the underlying graph H has to be |E(G)| -regular. This concept is a generaliza-
tion of the definitions of an ODC of complete graphs and complete bipartite graphs, which has been studied ex-
tensively [1]-[2]. EI-Shanawny et al. studied extensively the ODC of complete bipartite graphs; see [3]-[6]. An
effective method to construct ODCs in the above cases was based on the idea of translate a given subgraph G
by a group acting on V (H ) If the cyclic group of order |V (H )| is a subgroup of the automorphism group of
g (the set of all automorphisms of G), then an ODC G of H is cyclic (CODC). Therefore, the circulant
graph is of special interest. In [7], Scapellato et al. offers some insights on the case on ODC of Cayley graphs on
cyclic groups. In [8], Hartmann and Schumacher proved the following: 1) Let H be a 2-regular graph. There
exists an ODC of H by 2K, with three exceptions for H: C;,C, and 2C,, 2) Let H be a 3-regular
graph containing a 1-factor and without a component isomorphic to K, . There existsan ODC of H by P,, 3)
Let H be a 3-regular graph containing a 1-factor and |V(H )| > 24 . There existsan ODC of H by R, +K,.
In [9], Sampathkumar et al. introduced a special kind of orthogonal labelling called orthogonal o-labelling, and
they found it for some caterpillars of diameters 4. In [7], Scapellato et al. studied the ODC of Cayley graphs and
proved the following: 1) All 3-regular Cayley graphs, except K,, have ODCs by P,, 2) All 3-regular Cayley
graphs on Abelian groups, except K, , have ODCsby P, +K,,

3) All 3-regular Cayley graphs on Abelian groups, except K, and the 3- prism (Cartesian product of C,
and K,), have ODCs by 3K,. In [10], Sampathkumar et al. completely settled the existence problem of
CODCs of 4-regular circulant graphs.

The above results on ODCs of graphs with lower degrees motivate us to consider CODCs of graphs with
higher degrees. In [11], EI-Shanawny et al. deal with cayley graphs on abelian groups and proved the existence
of ODCs of cayley graphs by several classes of graphs. Here we are concerned with CODCs of circulant graphs
of finite degrees higher than 4. The paper is organized as follows, Section 1.1 describes the method that can be
used throughout. Section-2 constructs CODCs of circulant graphs of finite degrees higher than 4 by certain
graph classes. Section 3 offers the general CODCs of circulant graphs.

Definition 1. For a sequence {d,,d,,---,d,} of positive integers with 1<d, <d, <---<d, <[ n/2], the cir-
culant graph Circ(n;{dl,dz,n-,dk}), has vertex set Z, ={0,1---,n—1}; two vertices v, and v, are adja-
cent, ifand only if v, —v, =+d; (modn), forsome i, ie{1,2,- k}.

Foranedge {v,,v,} in Circ(n;{d,,d, - d,}), the length of {v;,v,} is min{lv, —v,|,n—|v, —v,|}. Given

two edges € ={u,,U,} and e, ={v,v,} of the same length 1 in Circ(n;{d,,d,,--,d,}), the rotation dis-
tance r(l) between e and e, is r(I)=min{r,r,:(u+6)(u,+15) =6, (v, +5,)(v,+1,)=e]}, where
addition and difference are calculated inside Z,. Note that if r(l)=1I, then the edges e, and e, are adja-

cent; if r(l)=1, thentheedges e and e, arenon adjacent.

Throughout the paper we make use of the usual notation: K for the complete graph on n vertices, K
for the complete bipartite graph with independent sets of sizes m and n, P, for the path on n vertices,
C, forthecycleon n vertices, D+F for the disjointunion DUF of D and F, mF for m disjoint
copies of F and DU'F for the union of D and F with a common vertex v belongs to F and D
Let n,n,---,n,r=>1 bepositive integers, n,n >1 and n, >0 for ie{23-,r-1}, the caterpillar
C, (n,n,,---,n,) is the tree obtained from the path P, :=x,x,---X, by joining vertex X, to n, new vertices,
i€{1,2,---,r}. Other terminology not defined here can be found in [12].

CODC of Circulant Graphs
Consider the complete graph K, =Circ(n;{1, 2,---,Ln/2J}). The authors of [13] introduced the notion of an



R. El-Shanawany, H. Shabana

orthogonal labelling. Given a graph G=(V,E) with n—-1 edges, a 1-1 mapping y:V —>Z, is an or-
thogonal labelling of G if the following conditions are satisfied:

1) For every |l e {1,2,---,[(n—1)/2j}, G contains exactly two edges of length 1, and exactly one edge of
length (n/2) if n iseven, and

2)Forevery le{12,[(n-1)/2]},r(1)={L2[(n-1)/2]}.

The following theorem of Gronau et al. [13] relates CODCs of K, and orthogonal labellings.

Theorem 2. ([13]) A CODC of K, by agraph G exists if and only if there exists an orthogonal labelling
of G.

Sampathkumar and Srinivasan [10], called an orthogonal {1, 2,-~,Ln/2J}-IabeIIing and generalized it to an
orthogonal {d,,d,,---,d, } -labelling, where {d,,d,,--,d, } isa sequence of positive integers with
1<d, <d, <---<d, <[ n/2].

1) Either nis odd or evenand d, =n/2:

Given a subgraph G of Circ(n;{dl,dz,---,dk}) with 2k edges, a labelling of G, in Z
gonal {d,,d,,---,d, }-labelling of G if:

a) Forevery le {dl,dz,---,dk}, G contains exactly two edges of length 1, and

b) r(l):1e{d,,d,,---,d,} ={d;,d,,---,d}.

2) n isevenand d, =n/2

Given a subgraph G of Circ(n;{dl,dz,---,dk_l,n/2}) with 2k -1 edges, a labelling of G,in Z,, is an
orthogonal {d,,d,,---,d,_;,n/2} -labelling of G if:

a) Forevery |l e {dl,dz,---,dH}, G contains exactly two edges of length |, and G contains exactly one
edges of length (n/2), and

b) r(l):1e{d,,d,,---,d,,},={d;,d,,---,d,_;}, The following theorem of Sampathkumar and Simaringa [10],
is a generalization of Theorem 2.

Theorem 3 ([10]). A CODC of Circ(n;{dl,dz,---,dk}) by a graph G exists, if and only if there exists an
orthogonal {d,,d,,---,d,} -labelling of G.

is an ortho-

n?

2. CODCs of Circulant Graphs by Certain Graph Classes

This section is devoted to constructing the cyclic orthogonal double covers (CODCs) of circulant graphs by dif-
ferent classes of graphs, complete bipartite graph as in Section 2.1, the union of the co-cycles graph with a star,
the center vertex of which, belongs to the co-cycles graph as in Section 2.2 and graphs that are connected by a
one vertex as in Section 2.3.

2.1. CODCs by a Complete Bipartite Graph
Theorem 4. For any positive integers m,n, p such that mp=n-1, there exists a CODC of (n—l) -regular
Circ(n;{1,2,---,[n/2]}) by K.

Proof Let us define z//:V(Km,p)—>Zn by z//(vm):—ip for 0<i<m-1 and y/(v =j+1 for

m+j+1)

0< j< p-1. Then the edges of length | where

le{l, 2,.--,Ln/2J}:{W(viﬂ),y/(vm,fip)} and {V/(mei)’l//(vm—l+l+p(1+i))}’ where y(v,,,) is defined for
ip+1<I<(i+1)p.Forevery le{L2,|n/2]}, K,
r) =y (Vo) - () -t:t et 2 [n/2] =12 [n/2}} T e L2 | (0/2) [ = {12+ [ (/2) ]},
and hence K, , has an orthogonal labelling. By Theorem 3, there exists a CODC Of (n—l) -regular

Circ(n;{L,2,--,[n/2]}) by K, .

Let us define mC to be the co-cycles graph (the union of m cycles of length | with a one vertex a in
common). In the following section we construct a CODCs of finite regular circulant graphs by mC®U® K,
(the union of co-cycles graph with a star whose center vertex is the vertex a).

O,

contains exactly two edges of length |, and
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2.2. CODCs of Circulant Graph by mC?U? K

Theorem 5 For any positive integer n > 24, there exists a CODC of (n —5) -regular
Circ(n;{l,2,--~,Ln/2j})\{11,15} by 4CyU° K, 5.

Proof Let us define ://:V(4C°U° wnot) > Z, by y(v)=i+8 for 1<i<n-17, where,
ie{n—23,n—19}, W(Vn—lﬁ) ( ) ( n 14):21 ‘//( n— 13) 3, ‘//( n— 12):5’ W(Vn—ll):6’
v(Vor)=7, w(v,)=8, 1//( g)=n-T7, ://(vn 5)=Nn-3 and (v, ,)=n—4. Then the edges of
length 1 are {y(V, 1), (Vo 15)} ={0.1} and {w(V,1s). ¥ (Vo13)} ={2.3} ; those of length 2 are

(W (Voss) W (Vors)} = {02} and {w (v, ) v (Vo) ={L3}; those of length 3 are

2}
(W (Vo) W (Vogo)f ={n=7,n=4} and {w (v, »5).% (Vo ss)} = {n—3,0}; those of length 4 are
(W (Vs )W (Vogs)} = {n—=7,n=3} and {y(V,_s5).¥ (V,16)} = {n—4,0} ; those of length 5 are
(W (Vouss ) (Vor2)} = {0.5} and {w(V,yy). % (v5)} ={6,11}; those of length 6 are
(W (Voss )W (Vors )} ={0.6} and {y(V,_,).w ()} ={5.11}; those of length 7 are
(W (Vous) W (Varo)} = {07} and {w (v, o). (v, )} ={8,15}; those of length 8 are
W (Voss) ¥ (Vo)) ={0.8} and {w (v, 4).w(v;)}={7.15} the edges of length | where

9<1<[n/2]\{1115} are {w (v, s).w (v 5)}={0,1} and {W(Vn—(HB))'l/I(Vn—lG)}={n_|70}' For every
le{12,,[n/2]},4C UK, ,, contains exactly two edges of length I, and
{r()=1+1:1e{1357}},{r(1)=1-1:1{2,4,6,8}} and then {r(I)={12[n/2[}:1e{12[n/2}}
and hence 4C; U K,,_,, has an orthogonal labelling. By Theorem 3, there exists a CODC of (n-5)-regular
Circ(n;{1,2,---,[ n/2]}\{11,15}) by 4C;U°K,, ,, for n=>24. O
Theorem 6 For any positive integer n>5, there exists a CODC of (2n—2) -regular
Circ(2n;{1,2,3,---,n-1}) by 2C;U° K, 4.
Proof Let us define 1//:V(2C0 U° KLZMO)—>Z2n by w(v,)=i+2 for 1<i<2n-5 where i=n-3,
W (Vans)=0, w(Vyy5)=1and (v, 5)=2. Then the edges of length 1 are {y(Vy 4). ¥ (Vs )} ={0.1}
and {y (v, 3) v (Vos)} ={12}; thoseof length 2 are {v(v,,).w (v, ,)}={n-2n} and
(W (Vo)W (v)} = {n.n+2}; those of length n—1 are {y (v, ;). (V,,)}={2,n+1} and
(¥ (Vo)W (Vans )} = {n+1,0} the edges of length | where3<l<n-2 are {y(v,,_,).w(v_,)}={0I}
and {W(V2n7(|+2)),(//(V2n 4)} {-1,0} . For every 1e{1,2,3-,n-1}, 2C]U°K_,,, contains exactly two
edges of length | , and since every two edges of the same length are adjacent then
{r(={1,2,3-,n-1}:1€{1,2,3,--,n-1}} and hence 2C{ ' K,,,,, has an orthogonal labelling. By Theo-
rem 3, there exists a CODC of (2n—2)-regular Circ(2n;{1,2,3,---,n-1}) by 2CJU°K,,,,, for n>5. 0
Theorem 7 For any positive integer n >10, there exists a CODC of (n—l) -regular

Circ(n;{1,2,--,[n/2]}) by 2CJU° K, ,.
Proof Let us define y:V (2G5 U° K, ;) > Z, by w(v)=i+3 for 1<i<n-7, y(v,,)=0,

v(Vos)=1, w(V,h)=2, w(v,5)=n-3and y (v, ,)=n-2. Then the edges of length1 are
W (Vos)ow (Vos)} = {01} and {y(V,5).w (V,4)} ={L2}; thoseof length 2 are

@
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W (Vos)w (Vos)} ={0,2} and {w(v,,).w(V, )} ={n—2,0}; those of length 3 are
(W (Vos) W (Vog)} = {n—3,0} and {w (V). (V,5)} ={n—6,n—3} the edges of length | where
4<i<|n/2] are {y(V,4).w(vis)}={01} and {‘/’(an(ns)):'//(Vn 6)} {n—1,0}. Forevery
le {1, 2,-~,|_n/2J},2C§’ U°K,,_; contains exactly two edges of length 1, and since every two edges of the
same length are adjacent then {r(l):{l, 2,-~~,Ln/2J}:I e{1,2,---,Ln/2J}} and hence 2C;U°K,, , has an
orthogonal labelling. By Theorem 3, there exists a CODC of (n—l) -regular Circ(n;{l,Z,---,Ln/ZJ}) b
2C;U°K,,, for n=10. 0

Theorem 8 For any positive integer n>13, there exists a CODC of (n—l) -regular
Circ(n;{1,2,-~-,L(n/2)J}) by 3Cy U’ Ky

Proof Let us define 1//:V(3C§J U° KLHO)—>Zn by w(v)=i+4 for 1<i<n-9,p(v,4)=0,
v(Vos)=1, w(Vas)=2, w(Vos)=n-3w(v,,)=n—4 and y(v,,)=n-2. Then the edges of length 1

are {y (V). ¥ (V,;)} ={0.1} and {y/(vn 2 ) (Vs )} ={1.2}; those of length 2 are

(W (Vos)w (Vos) ={0.2} and {y(V,3).w (v, )] ={n—2,0}; those of length 3 are

(¥ (Vos) ¥ (Vo g)} ={n—3,0} and {(// nl(J),t//(vng))} {n—6,n-3}; those of length 4 are

(W (Voa) ¥ (Vo)) ={n—4,0} and {w (v, 1,).w (v, 4)} ={n—8n—4} theedgesof length | where

5<l<|n/2] are {y(V,4).w(vis)}={01} and {l//(vnf(|+4))’l//(vn8)} {n—1,0}. For every

le {1, 2,~~-,Ln/2J},3C3fJ U° K., 4, contains exactly two edges of length I, and since every two edges of the
same length are adjacent then {r(l):{l,Z,---,Ln/ZJ}:I e{l, 2Ln/2J}} and hence 3C;U°K,, ,, has an
orthogonal labelling. By Theorem 3, there exists a CODC of (n—l) -regular Circ(n;{l,2,---,|_n/2j}) by
3Cs UKy, for n=13. O

Theorem 9 For any positive integer n>17, there exists a CODC of (n —1) -regular
Circ(m; {1.2,+-,[(n/2)]}) by 4C5U° Ky, ss-

Proof Let us define v :V (4CJU° K, ;,) > Z, by w(v)=i+5 for 1<i<n-11,
W (Varo) =00 (Vog) =L (Vo g) =20 (Vos) =N=2,0(V, ) =N-3 (v, 5)=n-4,and w(v,,)=n-5.
Then the edges of length 1 are {y (V, ). (Vo s)} ={0,1} and {w(V, ). (Vo s)} ={1.2}; those of length
2 are {y(Voso) ¥ (Vo) ={0.2} and {w(v,,).w (v, 1)} ={n-2,0}; thoseof length 3 are

1) )
{W(Vne) 1//(vn )} ={n=3,0} and {y (v, ).w(V, )} ={n—6,n—3}; those of length 4 are
{w (v, Vo) ={n—=4,0} and {y(v,13).w (v, s)} ={n—8,n—4}; thoseof length 5 are
{w (v, nm} {n=5,0} and {y(V,ss). ¥ (Vos)}={n—10,n-5} the edges of length | where

6<I <Ln/2j are {y (Vo). (V)] ={0.I} and {W(Vn7(|+5)),y/(vn710)} ={n-1,0}. Forevery

le {1, 2,~-,|_n/2j}, 4CU° K,, 4, contains exactly two edges of length 1, and since every two edges of the
same length are adjacent then {r(l):{l, 2,---,Ln/2j}:| e{1,2,---,Ln/2J}} and hence 4CJU°K,,,, has an
orthogonal labelling. By theorem 3, there exists a CODC of (n—l) -regular Circ(n;{l, 2,---,Ln/2J}) b

®
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4CJ U Ky, 4y for n217. O

According to these results, we can pose the following conjecture:
Conjecture 1. For any positive integers I,m,n such that m<n and |<n, there exists a CODC of
(n-1)-regular Circ(n;{l,2,3,---,Ln/2J}) by mC?U* K

—(Im+1) *

2.3. CODCs by (D U*F ) Graphs that Are Connected by a One Vertex a

Theorem 10 For any positive integer n>10, there exists a CODC of (n —1) -regular
Circ(n {12, [n/2}) by K,U'K,, ;.
ProofLetusdeflne v V(K UK, 7)—>Z by w(v,)=i+8 for 1<i<n-9,

W (Vos)=0w (Vo)=L w(Vas)=2, w(Vos)=4w(V,,)=7 and y(v,,)=8. Then the edges of length
1 are {y/(v 8 ) v (v, 7)} {0,1} and {1//(vn 1) (Vg )} = {12} ; those of length 2 are

{w(v (Vos)f ={2.4} and {w(v,).w (V. )} ={0.2}; those of length 3 are

{w (v, 7),1,z/(vn s)}={14} and {y(V,s).w(V,)} ={4,7};those of length 4 are

(¥ (Vos) W (Vas)} ={0,4} and {w(V,).w (v, )} ={48}; the edges of length | where 5<1<[n/2] are
(W (Vo) w(Yiy)} = {41+4)  and {w(vn_(l+4)),.,,,(vn,5)}={n+4_|,4}. For every lefL2-[n/2]},
K, U* K,._; contains exactly two edges of length 1, and since every two edges of the same length are adjacent

then {r(l)={1,2,---,Ln/2J}:Ie{1,2,-~~,Ln/2J}} and hence K,U'K,,, has an orthogonal labelling. By

{
{
Vos )t =1

Theorem 3, there exists a CODC of (n-1) -regular Circ(n;{l, ZLn/ZJ}) by K,U'K,,, for n>7.

Theorem 11 For any prime number n>11, there exists a CODC of (n —3) -regular
Circ(n; {1, 2,3,5, an/ZJ}) by Cs Ut C, Ut Kl,n—ll .
Proof Let us define v :V (C;U' C,U K, , ) > Z, by w(v)=i+5 fori<i<n-9,

v(Vos)=0w(v,;)=1, w(v,s)=n-1, w(v,s)=n-3 and (v, ,)=4.Thenthe edges of length 1 are
={0,1} and {y (V)W (Vos)} ={n—10}; thoseof length 2 are

={n-3,n-1} and {y (V). (Vo5)} ={n—5n-3};those of length 3 are

{14} and {y(V,,).w(v,)}={47} the edges of length | where 5<I<|n/2] are

v (Vor )ow (Vig)} ={L1+1} and {W(Vn,uﬂ)),l//(an )} ={1-1,1} . For every

€ {1, 2,--~,|_n/2J},C5 U'C,U" K,,,, contains exactly two edges of length 1, and since every two edges of the
same length are adjacent then {r(l): {1,2,3,5,---,Ln/2J} e {1,2,3,5m,---,|_n/2j}} and hence
C,U' C,U Ky, has an orthogonal labelling. By Theorem 3, there exists a CODC of (n—3)-regular
Circ(n;{1,2,3,5,-,[n/2]}) by C,U' C,U K, for n>11. 0

Theorem 12 For any positive integer n>1, there exists a CODC of (n —3) -regular
Circ(n;{1,2,35,-,[n/2]}) by R’ C,4(1,0,n-10).

Proof Let us define 1//:V(P5U8C3(1,O,n—10))—>Zn by w(v;)=i+7 for 1<i<n-9, y(v,,)=0,
w(Vos)=1, w(Vas)=2, w(Vos)=4w(V,s) =6 (v, ,)=5 and y(v,,)=3. Then the edges of length
1 are {y(Vy,)w(Vos)}={12} and {w(v,5).w (v, ;)} ={0,1}; those of length 2 are
(v (Vos)w (Vo) = {4,6} and {w(v,,).w(v,)}={6.8}; those of length 3 are {y (v, ;).w(v)}=1{58}
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and {w(V, ¢).w(V,3)} ={25} theedgesoflength | where 5<I<|n/2]| are

(W (ora)ow (vea)} = 1303} and {y(v, () (v2)] ={3-1,3). Forevery
le {1, 2,3, 5,-~,Ln/2J}, P, Vi C, (1,0, n—lO) contains exactly two edges of length I, and since every two edges
of the same length are adjacent then {r(l)={1,2,3,5,-~~,Ln/2J}:Ie{l,Z,S,Sm,---,Ln/ZJ}} and hence
R, U°C,(4,0,n-10) has an orthogonal labelling. By Theorem 3, there exists a CODC of (n-3)-regular
Circ(n;{1,2,3,5,-,[n/2]}) by RU°C,(10,n-10) for n>11. 0

Conjecture 2. For any positive integers m,n so that m<n, there exists a CODC of (n—l) -regular
Circ(n;{1,2.3,-,[ n/2]}) by K,U* K an-foim:2)
3. General CODCs of Circulant Grapzh

In constructing CODCs a natural approach is to try to use given CODCs to obtain CODCs of a larger Circulant
Graph. That is we will do in the following theorem.

Theorem 13 For any positive integers m,n, if there exists a CODC of Circ(n;{dl,dz,-'-,dk}) by G with
respectto Z,. Then there exists a CODC of Circ(mn;{el,ez,--‘,er}) where
1<e <e <---<e <[(mn)/2]| by G, withrespectto Z,,.

Proof Let the Circ(n;{dl,dz,---,dk}) has a CODC by G with respectto Z,. Then the graph G has an

orthogonal {d,,d,,---,d, } -labelling with respect to Z,. And hence, for every d; e{d,,d,,--,d,}, G con-
tain exactly two edges of the length d, as {Vdi,vdi +di} and {v_di,v_di —di} where ie{l, 2,---,k} and
VgV €Z,.And r(d;):d, e{d,,d,,--,d,} ={d,,d,,---,d,} toconstructa CODC of

Circ(mn;{el,ez,---,er}) for re{1,2,~-,Lmn/2J} by G, with respect to Z,,,, the graph G, must have an

orthogonal {el,ez,m,e,} -labelling with respect to  Z,,,. From the orthogonal labelling of G we can obtain an

orthogonal labelling of G, as follows
Case 1: Either n isodd orevenand d, =n/2

di o if1<j<k
€ =€,y = (@+LN—dyey . if K+1<j<2k
an, if j=0and =0

where 0<a<m-1. For every Ie{el,ez,'--,er}, G, contain exactly two edges of the length | as

{V, .V, +e} and {v, v, —e| where
r r

Va, if1<j<k
Ve, = Vf(dw,,-)’ if K+1<j<2k
B, if j=0andae=#0:p8€Z,,
and
Vg, if1<j<k
Ve = V(dsz,')’ if K+1<j<2k
B, if j=0and a #0.

By the definition of e ,v, and v_.,wehave r(l):le{e,e, & }={e,e, €} Thenthe graph G,
has an orthogonal {e;,e,, -, €, } -labelling with respectto Z,.

®
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Case2: n isevenand d, =n/2

Ao if1<j<k
€ =€usj = \N—dy ;+an, if K+1<j<2k-1

an, if j=0and =0

where 0<a<m-1. For every Ie{el,ez,m,er}, G, contain exactly two edges of the length | as

{V,.v, +e | and {v, v, —e} where

and

= i <i<2%k—
Ve =1V, ) T K+1<j<2k-1
B if j=0and a#0:8€Z,,
Vg, if1<j<k
Vo =1V, ,» T K+1<j<2k
B, if j=0and o #0.

By the definition of,e,,v, and v, , we have r(l):l1<{e,e,, e }={e,e, e} Then the graph G,

1 Or Ve

has an orthogonal {el,ez,m,e,}-labelling with respect to Z,,. By Theorem 3, there exists a CODC of
Circ(mn;{e,e,,--,e,}) by G, withrespectto Z,.

4. Conclusion

In this paper we are concerned with the orthogonal labelling of CODCs of finite regular circulant graphs. We
constructed CODCs by certain classes of graphs such as complete bipartite graph, the union of the co-cycles
graph with a star, the center vertex of which belongs to the co-cycles graph and graphs that are connected by a
one vertex. Finally we introduced general CODCs of the circulant graph.
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