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ABSTRACT

It is difficult to find Boolean functions achieving many good cryptographic properties. Recently, Tu and Deng obtained
two classes of Boolean functions with good properties based on a combinatorial conjecture about binary strings. In this
paper, using different approaches, we prove this conjecture is true in some cases. This conjecture has resisted different
attempts of proof sinceit is hard to find arecursive method. In this paper we give arecursive formulain a special case.
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1. Introduction

Let x be a nonnegative integer. If the binary expansion of
Xis

x=Y %2,
then the Hamming weight of x is

WZZi)g'

In[1] Tu and Deng proposed the following conjecture.
Conjecture l: Let

S={(ab):0<ab<2"-2,
a+bzt(mod2”—1),W(a)+w(b)< n},

where 1<t<2"—-2. Thenthecardinality |§|<2"*.

Based on this conjecture, Tu and Deng [1] constructed
two classes of Boolean functions with many good cryp-
tographic properties. In this paper we aways use the fol-
lowing bijection, where X, is the set of binary strings
of length n except the string consisting of n copies of
1

Z,.,—X,
2

2X2 XXXy
i<n-1
We use |t| to denote the length of a binary string
t=tot, -t ;. Let —t=(1-t,)(1-t)---(1-t,_,). And we
use the following notation 10™:=11.--100---0, where
there are k consecutive 1 and m consecutive O in the
string.
In [1] Tu and Deng construct an algorithm which they
used it to show that the conjecture above is true when
n<29. Cusick, Li and Stanica[2] show that Conjecture
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1 is true when w(t)<2orw(t)>|t|-4. In this paper,
we will consider the following conjecture, which is
equivaent to Conjecture 1.

Conjecture 2; Supposethat 1<t<2"-2,n>2.

Let

S(t)z{a:OS a<2"-2,w(x)>w(a)+1
t+a= x(modz” ~1),w(a)+w(b) < n}.

then |§|<2"*.
The following lemmais easy so we omit the proof.
Lemma 1.1 Let t=tyt -t ,. Then following state-
ments are true:

1) |S(t)|:|S(titi+1"'tn-1t0t1"'ti-1)|;

2) w(t)+w(-t)=n;

3) Themap ¢:§ — S(-t).¢((ab))=a isbijective.
Hence |5 =[S(-1).

So the authorsin [3] actually showed that Conjecture 2
istrue when

w(t)>]t|-2orw(t)<4.

According to Lemma 1.1. Deng and Yuan [4] show
that Conjecture 2 istrueif w(t)<6.

The outline of this paper is as follows. In Section 2 we
introduce some notations. In Section 3, we consider what
happen if we change some digit 1 into O in the strings.
We get a recursive formula about S(t) and prove a
new case of the conjecture.

2. A Partition of X,

The following lemma is about the relation between
w(t+a) and w(t)+w(a), whichisprovedin[4].
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Lemma 2.1 Let
t=tt -t ,eX,, a=aa--a_€eX,.
Suppose that
={j:0<j<n-1t; =a | ={i,i,i},
where 0<i; <i, <---<i, <n-1. Assumethat t+a=0".
Then

w(t+a)= W(t)+ W(a) _Zssl ,t‘szl(i5+l _iS)

whereweset i, =i, +n.

Let
S(t)={ae X, :w(t)+w(a)-w(t+a)=i}
forany te X, and s(t)=|52(|tt|)|.

Then
t-1

S()=U% s () and X, =ULS()

which are disjoin unions. We define a partition on X,
according to Lemma 2.1.

Definition 2.1 Let t=tgt,---t,, be abinary string of
length n. Suppose that

w(t)=r, and t, =t, =--=t, =1

where 0<m <---<m <n-1. Let a=ay-a,, be
abinary string. Suppose that

l={j:0<j<n-1t =a/}={i,i,i},

where 0<i, <i, <---<i; <n-1. Weset (%,%, %)

to be the subset of X, such that ae(x,%, %) if
and only if the following two conditions hold

) X =g, —ig,if m=igel,;

i) x;=0,if mel,.

And we will use that notation a':=(X,%,,...,x ) if

ae (X%, %) .

Definition 2.2 Let t=t;t,---t,, and a=a,a---a,,
be two given binary strings. For any 0<m<n-1, we
set a, =i,if b, =i foreach b=hb b ,ea,i=01L
We say that a;, is free if there are two strings b’and
b” in a'suchtha b, =0 and b =1.

From Definition 2.1 and Lemma 2.1 we see that

a.t :()ﬂ)t [ S wt) (t) and |at|:2k,
Y%
where k is the number of indicessuch that & isfree.
Example 2.1 Let
t=1110010010, a=1100101000, b=1110010110,

and
¢ =1000110100.
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Then
th=t,=t,=t; =t; =1,
and
l,={01357,9},
l,=1{0123456,89},
I, ={0,356,9} .
So

ae(1,2,0,0,0), be(11111) and ce(30,010) .

Moreover, by Definition 2.2 a'ea' if and only if
a'=1100#0%#0*, *=0 or 1. Thatis, & is free for
i=4,6,7,9. Weasohave b’ eb' if andonly if

b'=1110%10%10, ¢ ec'
if and only if
¢’ =1000%10%0*, *=0 or 1.

3. Main Results

If t=1"0%120%-.-1"0* with each r, >1, then we say
that the block of t is n. Jean-P. Flori and H. Randriam
[5] give some asymptotic results when each § >w(t)-1
In particular, they show that Conjecture 2 is true if the
block of t is smaller than 3 or each 1, is sufficient large
for a fixed length of block. We give a recursive formula
to show that we can restrict our attention to the case each
r. issmaller than the block of t in this situation. They

also conjectured that
|S(1e0% 1770

>‘s(1ﬁosl---1fno%)‘ if r>3.
Lemma3.1Let
t =10%10% -.-10%

and
T =10%10% ...10%-210%1*% 1
with
s >r-1 and |t =[T|=n.
Let
m=3""(s+1) for 1<i<r-1,
Z(T):{ae X, :a,Ilisfree}
and
2 (T)=S,(T)Nx(T).
Then

[S(T|-[s(] =2 (T2 [z, ()] -2 |1 (7))

Proof. Note that for any (xl,xz,m,x,)t,if X >m+1,
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then x; =0 for each j>i, moreover in this case we Itisclear that
have |s(t0")[=2"[s(t)
t t
‘(X.) =\(>9,-~~,>971,m,0,-~~10,>9 -m) ‘ for any n>0. So we use the following notation 0~
Let means that there are sufficient consecutive 0 in the string.
We set
|, = S Xy, t , . n—
P g ) 7, (0)={aa =(x)' x, =0forj > Y
[, = X x ), for t=1"0"120"...1"0".
2 z (6% Xr) Theorem 3.1 Let

>x <r-lonex>m+1
then |S(t)|:I1+2I2.Similarlywewrite t=110"120" ..-1" 0", T =110"120"-.-1"0",

|S(T)| — ‘]1 + ‘J2 , t' = 1n10°120" ... 170" LT = 1n197120" ... 170" ,

where t =10"120"---1" 20, T* =10"120"---1""0",
whereeach r, 21 and r,>2,r,>2. Then

h= Y %),
Brsr2sam s(t)=s(T) =s(t')—s(T")+2°(s(t") -s(T")).
J :z“rig;newm (%% % )| Proof. Suppose that those strings have the same length
~ Weobserve that if a’ =(xl,x2,---,x.rfl)T,then aey and w(T)=37s =" . By Lemma3.1
comparing thorumter o reoindcemwe e 1SOFISTI=2 (Z52 1 (02 0]
‘(Xl,...%,o,...,o)t :%‘(Xl, +,%,0,++,0)"]. |s(t)-[s(T")|=2" (zr 22'|;(J V-2t |)
Hence, 21,=J,.1feach x <m, then ‘S(t*)HS )
g )= 2 %) =2 (X2 (6) -2 (1))
Supposethat "' 'x = j<r-1.Then Let
i 1 = (X Xy o s X s s X e 40,,0)
xrz=:o G5 ) ‘ ; ‘( ’XH’O)t‘ If x, >(0X,llby c);l;pari:ngl’tlhe n)ljnn:bne; of free) indices
2(1 27”,)()(1’“_’)9_1’0;‘_ we have
. |at - 1—10,--~,y,le,---,xn_l,rn,l,o,---,o)\t,
=Y Y i s 21277 |0 xr_l,O)“ where y=3" x, —1,+1. Weset

w (t)={acz, (0):a =0y, v,4)

(Xl,...,xr_l)T )

= ij}ZZx, <r-1,% <m (1_ 27”] )

Therefore and
[S(T)=[s(t)] =3~ 1, L) =laez (0:a =(n-1y,y) |
Yo%) Then
X <r=2,%<m J -
DD (1_2—r+j)(xi,__.,xr1)-r [S()|-[s(T)]=2" (Z 2|K | 2 |Kr—1(t)|)
I= % <r-1,% <m ) —r+n-1 r-2 r-1
o + 27 (F 2 A (1) =274, (1)
=27 (227, (T) -2 |z (7)) B (Za210) )

=27 (252’ (0] -2 2 (1))

This finishes the proof.
Remark 3.1 Let t=10%10%---10% with s >r-1.
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and
1, =27 (252 4 (O] -2 A (1))

Now consider the following mapE)ing ¢ and . If

ack;(t) and a =(0,¥,,,Y,4)

then
¢,(at)=(y2,..., yr_l,o)" _
Then
[@l=le(2))
So
ey (0] =, ().
If
ae (Handa =(rn-1y, V),

then

()= (3, Ly )
It iseasy to seethat
v(a) 2z, (0) and 2=z (o).
By the discussion above we obtain

I =S(t)~[s(T)| and 1, =27(|s(v)

-[s(T)

).

This finishes the proof.

Corollary 3.1 With the same notationsin Theorem 3.1.

Suppose that
then

s(t)>s(T).
Proof. We proof the statement by induction on
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l=r,>#{i:1<i<nr >2}.
Thecase | =1 impliesthat
n=r=-=r_,=1.

This was proved in [4]. Without loss of generality we
canassumethat r, >1 and r, > . By induction

s(t*) > s(T*) ,
by Theorem 3.1
s(t)—s(T)>s(t')-s(T’).
The proof is completed by induction on Z:ll r.
Corollary 3.2 Let t =1"'0"120"1%0". Then

1

s(t)<—.

(<3

Proof. By Corollary 3.1 it suffice to show that case
when each 1, <3. Sowehave w(t)<6, whichis prov-

edin[4].
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