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ABSTRACT

The line graph for the complement of the zero divisor graph for the ring of Gaussian integers modulo n is studied. The
diameter, the radius and degree of each vertex are determined. Complete characterization of Hamiltonian, Eulerian,
planer, regular, locally H and locally connected L(F( Zn[i])) is given. The chromatic number when n is a power

of a prime is computed. Further properties for L(F(Zn[i])) and F( Zn[i]) are also discussed.
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1. Introduction

The line graph L(G) of a graph G is defined to be
the graph whose vertex set constitutes of the edges of G,
Where two vertices are adjacent if the corresponding
edges have a common vertex in G. The importance of
line graphs stems from the fact that the line graph
transforms the adjacency relations on edges to adjacency
relations on vertices. For example, the chromatic index
of a graph leads to the chromatic number of its line graph.
The zero divisor graph of a commutative ring R,
denoted by T'(R), is defined as the graph whose vertex
set is the set of all non-zero zero divisors of R and
edge set E(T(R))={xy:x yeR-{0} and xy=0}. This
type of graphs provides an example showing that algebraic
methods could be applied to problems about graphs. The
set of Gaussian integers, denoted by Z[i], is defined as
the set of complex numbers a+bi, where a,beZ .If
X is a prime Gaussian integer, then X is either

1) (1+i) or (1-i),or

2) g where ¢ is a prime integer and ¢ =3(mod4), or

3) a+bi, a-bi where a’+b*=p, p isa prime
integer and p=1(mod4).

Throughout this paper, p and p denote prime
integers which are congruent to 1 modulo 4, while g
and and ¢ denote prime integers which are congruent
to 3 modulo 4. All rings in this paper are assumed to be
commutative with unity. The zero divisor graph for the
ring of Gaussian integers modulo n is studied in [1]
and [2], the complement of this graph is discussed in [3].
While the line graph of the zero divisor graph for the ring
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of Gaussian integers modulo n is investigated in [4]. In
this paper it should be kept in mind that
V(F(ZQ[i])) ={1+i}, and hence, its line graph is K,,

Z4[i] is an integral domain, so F(Zq[i]) = K, . Further,
F(Zqz [i]) is a complete graph whose complement is

totally disconnected and thus its line graph is K. While

F(Zp[i]) = Kp—l,p—l’ so its complement is disconnected
with two components each of which is isomorphic to
K, - Finally, note that the graph T’ (Z zq[i]) is bipartite,

[1and T(Zgq[i1)=K, -
In this paper, we investigate properties of the graph
L|{T'(Z,[i])). We find the diameter, the radius of

L(T(Z,[i1)) We determine which L(I'(Z,[i])) is Fu-
lerian, Hamiltonian, regular, locally H , locally connec-
ted or planer. Furthermore, the chromatic index and the

edge domination number of I'(Z,[i]) where n is a
power of a prime are computed. While the domination

number of T'(Z[i]) is given. On the other hand, a for-

mula which gives the degree of each vertex in T'(Z,[i])
is derived, thus the degree of its complement as well as
its line graph could easily be found.

2. When Is L(F(Zn[i])) Eulerian or

Planner
If G is a connected graph. Then G is Eulerian if and
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only if every vertex of G has even degree. For a finite
ring R, the line graph L(F(R)) of a connected graph
I'(R) is Eulerian if and only if all vertices of I'(R)
have the same parity ( see the proof of Lemma 3.10, [5]).
On the other hand, if G has both even and odd vertices,
then so is its complement. So, for a connected graph
I'(Z,[i1), the graph L(F(Zn[i]) is Eulerian if and
only if all vertices in T'(Z,[i]) are either even or all
vertices in T'(Z[i]) are all odd. But I'(Z,[i]) is con-
nected if n=p,2",q",qq, [3] and T(Z[i]) is
Eulerian if n=2,p or n is a product of distinct odd
primes [1]. It is easy to show that all vertices of

['(Z,[i]) are odd if and only if n=q’. This proves the
following theorem.

Theorem 2.1 L F(Zn[i])() is Eulerian if and only if
n isaproduct of distinct odd primes.

A planar graph is a graph that can be embedded in the
plane, i.e, it can be drawn on the plane in such a way
that its edges intersect only at their endpoints.

Next we determine when the graph L(F (Zn[i])) is
planar.

In a graph G the maximum vertex degree and the
minimum vertex degree will be denoted by A(G) and
5(G), respectively.

The following theorem characterizes graphs G whose
line graph L(G) is planer.

Theorem 2.2 [6]

A nonempty graph G has a planer line graph L(G)
if and only if

1) G is planer.

2) A(T(G))<4,and

3)if degs(v)=4,then Vv isa cut vertex.

The graph I'(Z,[i]) is planer if and only if n=2,5
or ¢ [3]. For n=2, ¢, L(F(Zn[i])21= K,. While
for n=5, T(Z,[i])= K, UK,, this graph is regular of
degree 3.

Thus we obtain the following.

Theorem 2.3 The graph L(F(Zn[i])) is planer if
andonlyis n=35.

3. The Diameter of L(F(Zn[i]))

For a connected graph G, the distance, d(u,v),
between two vertices U and Vv is the minimum of the
lengths of all u—v paths of G. The eccentricity of a
vertex V in G is the maximum distance from V to
any vertex in G. The diameter of G, diam(G), is the
maximum eccentricity among the vertices of G. Since

F(Zn[i]) is connected if n= p,2™,q",q,q, and each
of F(Zp[i]) and F(quqz[i]) is the union of two

complete graphs, while F(sz[i]) and
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F(qu[i]),m23 are the union of a nullgraph and a

connected graph [3], we have the following.
Theorem 3.1 L(I'(Z,[i])) is connected if and only if

n#2,p,0°,G0, -

Theorem 3.21f n=2"m>2 or n=q",m>3, then
diam(L(F(Z,[i7)}) =2

Proof. 1) Assume that n=2",m>2 and

[X=% +%0,y =Y +Yi].[2= 7 + Zi,w=w +w,i]
are two nonadjacent vertices in V (L(F(Zn[i]))). Since

for every a+bi esz[i], a and b are both even or

odd [1], we have three cases:

Case I: for i=1,2, X,¥,z and w are odd. Then
we have the path [X, y]———[X,zZ]-——[ZW].

Case II: for i=1,2, x or Y, is odd(even) and z
or W is even (odd). Assume that X,X, are even and
7,2, are odd. Then we have the path
[X,y]———[X,Z]———[Z,W].

CaseIIl: for i=1,2, X,Y,,z and W areeven.
Then [xy]=|e2" +4270,2,2% +£,2%1 ] and
[2W]=[ 25 + f,2%1,2,2 + f,2%1 | where a4

are odd and 1<t,5<m for 1<i<4.If t,s,t,, or
m
SZ<|_EJ’ say t,then t;,s,t, or s, <m-t ,say t,.

So, we have the path [X, y]———[X, z]-——[zw]. Now
suppose that m is odd. Then
m-—1 .

a) If t,=5 :T,ai #f, for i=1 or 2, say for
i=1, then t;,s,,t, or s, <m-t, say t,. Hence, we
have the path [X, y]—-——[X, z]—-——-[z,wW].

m_

b)If t, or 5= ! and t =5, for i=1 or2, say

for i =1, then we have a path
[XY]=—=[XZ]-—=[zW] or
[X Y]===[XW]-——=[z,w].

o If t= =mT_1,ai=ﬁi, for i=1 or 2, say for

. m-1 . .
i=1,then t,=s = implies that «, # f3, . Other-

. m
wise t, or s < . Then we have a path

[X» y]___[ya Z]___[st] or

[X Y]-—=[y,W]-——[zW].
2) Assume that n=9",m>3 and

|’ + Aatienq® + A% |,
[ + i + A |V (L(T(Z,11)))
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Then t,s,t, or sz<[?—‘, say t,. Hence t,,s,,t, or
S, <m-t,,say t,. Then we have the path

[0 + Ba%, a0 + B0 |- - -

[a,q" + A%, e,q° + B,%]-—— . O

[, + pa%i e, + 5%

Theorem 3.3 Let R be a ring that is a product of
two rings R and R, with at least one of them is not
ID with more than one regular element and the other has
mor e than two regular elements. Then
diam(L(T(R)))=3.

Proof. Suppose that R=R xR, and R is not ID,
reg(R)[22 and |reg(R)[=3. Let zeV(T(R))
and u, ereg(R,)—{1}. Clearly,
d([(1,0).(2,0)].[(0.1),(0,u;)])=3 inL(T(R)). So,

diam( L(F( R))) >3. Now, let

[(aa,).(0.b) ], [(c.c.).(dh )] eV (L(T(R)))

then ab #0 or ab, =0 and Cld1 #0 or c,d,#0.
So, we have three cases:
Casel: ab #0 and cd, #0.Then

a,c ereg(R) impliesthat
[(2.0).(a-2)][(2.0).(6.¢,) ]« E(L(F(R)))-

And a or ¢ eZ(R),say a implies that

[(u0).(aa)][(4:0).(c.¢:)] < E(L(T(R)))
where u ereg(R)-{c}.
Case II: a,b, #0 and c,d, #0. Then there exists
vzereg(Rz) {a,,c,} andhence
[(a.).(0.%)][(c.c,), o,vz)]eE(L(r(R))).
Case III: ab #0 and c,d,#0 or ab, #0 and
qdlio.Let ab #0 and c,d, #0. Then
reg(R) implies that
(a2). (20 ]eV(L(F(R))) and -
(2.¢,)= <dl,d or [(dd,)-(z.¢)] eV (L(T(R))).

And if aleZ(Rl) then (a,c,)=(b.b,) or
[(a.c,).(b.b, ]eV( (r( ))) and
(3:¢.)=(d.0,) or [(a,c,).(dd,)]eV(L(T(R))):
O

For n=p", Z [i]2Z [7] and for

n=nn, with gcd(n, p) p Z,li12Z,[11xZ, [i].
Moreover |reg Z,[i] )| and |reg ])|>3 for

m=# 2 . An immediate
following.

Theorem 3.4 Let n=p™",m>2 or nisa composite
suchthat n=q,q,. Then

consequence of Theorem 3.3 is the

Copyright © 2012 SciRes.

diam(L(F(Zn[i]))):

4. The Radius and the Girth of the Graph
L(r(2,[i1))

For a connected graph G, the radius of G, rad(G), is
the minimum eccentricity among the vertices of G. So,
rad(G) < diam(G) . Since for any

[a,b] eV(L(F(Zn[i]))), [a,b] and [ai,bi] are non ad-
jacent, rad ( L(F(Zn[i]))) >1. Using Theorem 3.2 gives

for n=2""m>2 or n=q9",m=>3,

rad(L(F(Zn[i]))):
Theorem 4.11f n=p",m>2 or n=t"s where
m>1, t isprimeinteger, g.cd(t,s)=1 and n=qq,,

then rad(L(F(Zn[i]))) -
Proof. Since rad (L(F(Zn[i]))) >1 to show that

rad (L(F(Zn[i]))) =2 itis enough to find a vertex

veV (L(T(Z,[i1))) with eccentricity 2. If

n=p", p=a’+b’,m>2, then
d([a+bi,a—bi],[x,y])<2 forevery

[X, y]eV( (r(z [|]))).SO rad(L(F(me[i])D=2.
Now, assume that n=t"s,m>1 and
[(% y).(W.2)] eV(L(F(Zn[i]))) .

Then we have four cases:
CaseI: t=2.Then

d([(1+0,1),(1,0)[,[ (. y),(w2)]) < 2.

CaseII: t=p. Then

d([(a+ bi,1),(a—-bi,1)].[ (% y).(w, z)]) <2.

Case III: t=0 and m=1. Then S#(Q, and hence
there exists aeV(F(Zs[i])) . So

d([(o,l),(l,a)],[(x, y). (W, z)]) <2.

Case IV: t=9,m>2. Then
a([(@1)-0.01[(ey).(w)<2. O
Theorem 4.2 rad(L(F(Zn[i])))zz if and only if

n#2,p,0,0 or qa,.
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Vising [8], proved that for a connected simple graph
G with n-vertices and radius 2, the upper bound of the

. n(n-2)
number of edges of G is T Then Golberg [9]

proved that the lower bound of numbers of edges of a
3(n-1
simple connected graph G with radius 2 is %

So we can conclude the following.
Theorem 4.3For n=2,p,q, q2 or q0,,

‘L(r(zn[i]))‘=t implies that

A< ()<

The girth of a graph G, g(G) is the length of a
shortest cycle contained in the graph. If the graph does
not contain any cycles (i.e.. it’s an acyclic graph), its
girth is defined to be infinity. If a,b,c,a is a cycle of
length three in G. Then [a,b],[b,c],[c,a],[a,b] is a
cycle of length 3 in L(G). So, g(L(G)):3 when-
ever g(G)=3.1In[3]itis proved that the girth of

[(Z,[i]) equals 3 for n=2,0,q°. So, we have the fol-

t(t-2)

2

lowing. _
Theorem4.4For n#2,q,q°, g(L(F(Zn[i])))=3.

5. The Locally Connected Property of the
Graphs T(Z,[i]) and L(F(Zn[i]))

We say that a vertex V is locally connected if the
neighborhood of v, N(V), is connected; and G is
locally connected if every vertex of G is locally con-
nected.

Theorem5.11f R=R xR,, |reg(R)[=2 for _
i=1,2 andeither R or R, isnotID,then I'(R) is
locally connected.

Proof. Suppose that R is not ID and
(x,y)eV (F(R)) . Then we have two cases:

Case I: x=0 or y=0.If x=0, then there exists
z eV(T'(R)).So (z,1)(a,b)eE(T(R)) forall

a,b e N( ) And if y=0, then there exists
u ereg(R)- {x} such that (u,,0) e N((x,y)). There-

fore, (u;,0)( a,b e E(T( R)) for every
(ab)eN (( .So N ((X, y)) is connected.
Case II: x# 0 and y=# 0. Then there exist

viereg(R)—{x}, v, ereg(R)-1{y} and
ZleV( (R)) suchthat (v,0),(z.v,) and

(0,v,) eN((X,y) Moreover,

(v,0)(2,%),(0,% )(z,v,) € E F(R)). And for every
(L) Z(R), (v,0)(Ls) or (0.v, (t.5)<E(T(R)).
So N(( y)) is connected.

Theorem5.2If R=R xR,

reg(R)[z2 for
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i=1,2 andeither R or R, isnotID, then
L F(R) islocally connected.
roof. Suppose that R is not ID, z eV (I'(R))

and [(X, y),(z,w)] eV(L(m)), then we have three

cases:
Casel: Xx=z=0.Then

[(z.1).(xy)][(z.1).(zw)]e E(L r

(F(®)-
CaseIl: y=w=0.If x,ZGreg(R,),then_
(F(R)).

[(2:1),(x0)][(7:1).(zw) ] e E(L(T

Otherwise there exists U, € reg(R)—{x,z} . So,

[(u,0).(x% ¥)][(4,0).(zw)]e E(L(m))

Case III: X, y=#0 or zw=0. Assume that xy=0,
then z=0 implies that there exists u, ereg(R)—{x}

satisfies
(zw)]e E(L(m)) )

[(40).(x Y)J[(11.0):

While w=0 implies that that there exists
v, ereg(R,)—{w} satisfies

[(0.v). (6 V)[(0.v:).(zw) ] E(L(F(R))). O

From Theorem 5.1 and Theorem 5.2 we conclude the
following.

Theorem 53 If n=p™,m>1 or n_is a composite
integer suchthat n# qq,, thenboth T'(Z[i]) and

L(F(Zn[i])) are locally connected.

6. When Is L(F(Zn[i])) Hamiltonian?

A Hamiltonian cycle is a cycle that visits each vertex
exactly once (except the vertex which is both the start
and end, and so is visited twice). A graph that contains a
Hamiltonian cycle is called a Hamiltonian graph. The
line graph of a graph G with more than 4 vertices and

diameter 2 is Hamiltonian [10]. But F(sz[i]),mzz is

disconnected with one isolated vertex {2”"1 +2™
and the other component, call this component H , with

diameter 2 [3]. So, L(F(sz[i]))% L(H). Similarly,
F(qu[i]) has a connected subgraph H with diameter

2 and L(F(Z m[i])}; L(H) . Hence, the following
q

result is obtained.
Theorem 6.1 If n=2"m>2 or n=qg",m=>3, then
L(F(Zn[i])) is Hamiltonian.

Oberly and Sumner [11] proved that every connected,
locally connected claw free graph (i.e. it does not contain
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28 M. GHANEM ET AL

a complete bipartite graph K ;) is hamiltonian. Since
the line graph is claw free, using Theorem 5.3, we get the
following.

Theorem 6.2 1f n=p™, m>2 or n isacomposite

integer such that n=q,q,, then L(F(Zn[i])) is hamil-

tonian.

7. The Chromatic Number of the Graph
(T (Z4010))

The edge coloring of a graph G is an assignment of
colors to the edges of the graph so that no two adjacent
edges have the same color. The minimum required num-
ber of colors for the edges of a given graph is called the
chromatic index of the graph denoted by z'(G).

Lemma7.1[12]

If G hasorder 2s and A(G)=2s-1, then
7(G)=A(G).

Theorem 7.21f n=2",m> 2, then

2P (2, [i))=2""" 3.
Proof. Note that in F(sz[i]) , the induced subgraph,
H , with V(H ) :V(F(sz[i]))—{zm*I +2m71i} is con-
nected, [V (H)[=2"""-2,[1]and
7'(H)= ;('(F(sz[i])) . Since the vertex 1+i is adja-

cent to all other vertices in H , we have
A(H)=deg(1+i)=2"""-3. Using Lemma 6.1,

’ H _ n2m-1
7 (F(sz[l]))— 23
Since F(Zq[i]) is empty graph and
F(Zq2 [i])=(q2 —1) K, is edgeless with g*—1 verti-

ces, we consider the case F(qu[i]), q>3.

Theorem 7.31f n=g",m> 3, then
7 (0(Z,0i) =" -q -1
Proof. Let A= {ozq'“‘1 +pq™ i, f e Zq} -{0}.
Then A is the set of all isolated vertices in F(qu[i]) .
So the induced subgraph, H , with the vertices
V(H)=V [F(qu [i])j — A is a connected graph,

|V ( H )| =qg"™?-q’. Clearly the vertex q is adjacent to
all other vertices in H and hence,
deg(q) = C{zm_2 - q2 —1. Using Lemma 7.1,
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z’(F(qu[i])j =q"-q’-1. U

Finally we find the chromatic index of
F(me[i]),mzz.

A subset D of the vertex set V(G) is said to be
independent if no two vertices in this set are adjacent. A
clique of a graph is a maximal complete subgraph. A
graph G is said to be split if it’s vertex set can be
partitioned into two subsets A and B such that A
induces a clique and B is independentin G.

Lemma7.4[13]Let G beasplitgraph. If A(G) is
odd, then #'(G)=A(G).

Theorem 7.51f n= p*, then

7(0(Z,0i1))=2p" - p*~ p-1.

Proof. Since Z ,[i1=2Z ,xZ ,, it is enough to find
;(’(Z 2 ><Zp2 ) . First, we’ll show that F(Z 2 Xsz) is
a split graph. Let

A:({(u,ﬂp):UGU (sz) andﬂezp}}
w{(ap,v):VeU(sz) and anp}j,

B:{(ap,ﬂp):a andﬁeZp}—{(0,0)}.
Clearly, V(Z 2 pr2)= AUB, A induces a clique

and B is independent. Therefore, F(Z 2 prz) is a

split graph. Moreover,
AlT|\Z ,xZ = 1
( ( 0 pz)) deg (1. p)

-z ]l pp1 22, -0 .0

=2p’-p -p-1

is odd. From Lemma 7.4,
z'(r(zpm[i])jﬂp}—pz—p—l. O

A graph G is said to be critical if G is connected
and z'(G)=A(G)+1 and for every edge e of G,
we have 7'(G\{e})< #'(G). The well-known Vizing’s
theorem states that for a simple graph G,
7(G)=A(G) or A(G)+1.

Lemma 7.6 [14]

If G isacritical graph, then G has at least
A(G)-6(G)+2 of vertices of maximum degree.

Therefore, if G is a simple graph such that for every
vertex V of maximum degree there exists an edge wu
such that A(G)—deg(u)+2 is more than the number
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of vertices with maximum degree in G, we have
7'(G)=A(G) [13].
Theorem 7.7 1f n=p™,m>3, then

2 (0(Z,[i))=2p" - p™2 = p-1.

Proof. Let a,,b’eV(F(Zp)) and u,VeU(me).

Then the vertices of F(Z m X2 pm) with maximum de-

gree have the form (ap,v) or (u,Bp) where a#0
and ##0 and

N((@p.v) —V(F(me xZ, )j
—({(ﬂp"‘",o):ﬁ # O}u{(a p,v)})
and
N((u,8p)) =v[r(zpm <Z o, ))
—({(O,apm’l):a # O} u{(u,ﬂp)}).

So, A[F(meprm)j=2p2ml—pz"‘z—p—l. And

the vertices of F(Z o X7 with minimum degree

have the form (ap™',0 op 20 Bp™') where
N((apm",o)):{(u,api):i21
N((0.pp™))={(ap v):i
5(F(Tm[i])j—(pm—pml)(np—m— p+2).
Therefore,
A(F(me[i])]—é(F(meprm)j+2
=(p"-p™")(p™" —mp+m+ p-2)+ p*™
>2(p"=p™)(p-1)

} and
21} .So

—p+1.

But the graph T’ (Z o % Z pm) has only

2( p"—p™! )( p—1) vertices of maximum degree. So,
;(’(F(Z X7 m)j— 2p"™ - p™™ —p-1.

Since Z [i1=Z , the result holds. []
Since t%e edge colorlng of any graph leads to a vertex
coloring of its line graph, we obtain the following.
Corallary 7.8 1) If n=2",m>2, then

;g(L(l"(Zn[i]))) =23,

2)If n=g",m>3, then
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Z(L(F (@)= o -q? -1,

3)If n=p™,m=2, then
#(L(F(Z,[0]))= 2P - p™ 2~ p-1.

8. The Domination Number of T'(Z,[i])

A subset D of the vertex set V(G) of a graph G is
a dominating set in G if each vertex of G, notin D,
is adjacent to at least one vertex of D . The minimum
cardinality of all dominating sets in G, »(G), is called
the domination number of G.

In F(sz[i]), m>2, the vertex 2™' +2™'i is an

isolated vertex while the vertex 1+i dominates all
vertices in the second component. Therefore,

}/(F(sz[i])j=2. The graph F(Zqz[i])=(q2—l)Kl,

s Tz

vertices aq™' +£q™'i are isolated while the vertex q
is adjacent to all other vertices in

[l -t
S0 y(W] =@’ . Since

[(Zgq,[11) =K, UK

-1 -1

and m: Ko WKy,

(ewel) ()

Theset D= {(1,0),(0,1)} is a minimum dominating set

~1. In F(qu[i]), m>3 the

g +pq™ i, B e Zq} ,

for F(me prm) .Andif n=nn,, where
gcd(n,n,) =1, then F(Zn[i]);F(an[i]xZHQ[i]). This
graph is connected and the set D:{(I,O),(O,l)} is a

minimum dominating set for I’ (an [i1]x an [i ]) .

Theorem 81 1) If n=2,9", then
;/(F(Zn[i]))=2.

2) }/(F(Zqz [i])] ~¢*—1 and
7(F(qu[i])j —qt,m>3.
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9. The Domination Number of L(F(Zn[i]))

The independence number of G, £(G), is the maxi-
mum cardinality of all independent sets in G. A subset
D of the edge set V(G) of a graph G is an edge
dominating set in G if each edge of G, notin D, is
adjacent to at least one edge of D . The minimum
cardinality of all edge dominating sets in G, »'(G), is
called the edge domination number of G. The minimum
cardinality of all independent edge dominating sets,
7/(G), is called the independence edge domination
number of G. The study of the domination number of
the line graph of G leads to the study of edge or line
domination number of G, i.e. 7(L(G))=7/(G). On
the other hand, for any graph G, »/(G)=7'(G) [15].

If S is an independent set in G, then S induces a
complete graph in G. While if S induces a complete
graph in G, then it is independent in G. Recall that
sz[i] = ZZZm [2]. Then the sets,

A :{azj raeU (Zzszj )}, j=1,2,---,2m-1 form a

partition for the set V(F(sz)). Clearly, the set

T= U?fmflA. is the maximum independent set in
j=m" 1

F(ZZZm): while the set S:Urjr:Aj induces a maxi-

mum complete subgraph in F(Z22m)~ There are some

edges joining S to T, no other adjacency exists in

F(Zzzm ) Any edge dominating set for F(Zzzm) must

contain at least HS| /2—‘ element in order to dominate
(S) . On the other hand, this dominating set for (S) do-

minates all other edgesin I’ (Z22m ) . Since

|Aj|= 2™ then |S| and |T|, could easily be com-
puted to get the following theorem.
Theorem 9.1For n=2",m>2.

D o(T(Z,li])=2"(2""-1).
2) B(r(z,[i1)=2"-1.

L (FZ)) - ()
- y’(m) = 2™ (2™ 1),

To study the graph F(Z m[i])’m23, consider the
q

3)

partition of F(qu[i]) given by

A ={aqk +pqli:aeU (qufk) and feU (qu,j )},

1<k, j<m

Copyright © 2012 SciRes.

and not both  j,k=m. The set

T= {U?(?{Um[mﬁq J]— A, is the maximum inde-

2

BT
pendent set, while S={J2' ||J2 A, | induces a
maximum complete subgraph in F(qu[i]). There are

some edges joining S to T, and F(qu[i]) has no

other adjacency. Easy calculations give
A<j| = (q—1)2 g™ 7 when 1<k, j<m-1,
Anj | — quj _quj—l and |A<rn| _ qm—k _qm—k—l when
m

k,j #m. While [T|= -

H_qsz[qm_l]z_

Thus we obtain the following theorem.
Theorem 9.21f n=qg",m=>3, then

1) a)(F(Zn[i])) - qZEJ [qm —1]2 .

2) B(T(Z,[i1))=9q" -1 if m is even and g™ if
m is odd.
)

(L((FZ.)))=7((F (.
" ()t o).

2
Now, we move to the case n= p™. Let
A(j :{(apk’ﬁpj):an(me_k)and ﬁeU(me_j)}.

Clearly, the sets A; where 0<k,j<m and not
both Kk, j=m or 0, partition the vertices of

_ opA2mk-j-2 0 0 1)\2
F(meprm) and |Aq| P (p—1) . Let

s =(UrAo v (U A

Note that § induces a complete graph in
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F(Z X7 ) . Vertices in U:‘T&O are adjacent to all

vertices except some vertices in Uk |A<m Similarly,
vertices in Uk A are adjacent to all vertices except
some vertices in Uk ]Aﬂ(, and vertices in A, are
adjacent to all vertices except vertices in A,,,. On the
other hand A, induces a complete subgraph and
vertices in this set are adjacent to all other vertices except
those of A, . Clearly S, induces a complete subgraph.
Vertices in S, form an independent set, and are
adjacent to some vertices in SUS US,USUA,.
Each of S, and § induces a complete subgraph and
are adjacent to some vertices in SUS USUA,, .
Besides, there are some edges between S, and S. On
the other hand,

SI= 3 3 A [Aw.
kH B

The above argument shows that

y(L(F(me[i])D - ;/{(F(me[i?)j
—f{r(zpm[i])j—%(‘F(me[i])‘—lal]

_ 1(2 pam1 _ 22 _ pzm{;} _2].

2

10. The Degree of the Verticesin T'(Z [i])
and L(T'(Z,[i]))

Now, we determine the cardinality of the annihilator of
the element a+bi, ann(a+bi) in Z[i]. This helps
find the degree of each vertex in I'(Z[i]) , its
complement, as well as the degree of each vertex in their
corresponding line graphs.
Theorem 10.1If a+bi e Z,[i], then
|ann(a+ bi)|=c’+d* where gcd(a+bi,n)=c+di.
Proof. Let a+bieZ, [i] and
g.cd(a+bi,n)=c+di. Then

2k -1,
22k _2)
1) deg(a2+p2%)=
22k+1 _2’

22k+1 _1,

Copyright © 2012 SciRes.

ann(a-+bi)={xeZ[i]: x(a+bi)=0(modn)} .

So, x(a+bi)=0 (modn)<:>)(a+bI =0(mod
c+di

c+di
But 2P culz il so, XEO(mod n j
c+di v c+di
and hence there exists me Z[i] such that x= nd' m.
c+dal

Since m=t(c+di)+r where t,r eZ[i] and the norm
of r isless than the norm of c+di,

|ann(a+bi)| = |{ r~reZc+di[i] i =|z
2 of [7], |Z..q4li]=
holds. [

Theorem 10.2 Let veV(I'(Z,[i])) and
g.cd(v,n)=c+di. Then

deg(v)={

[i]. By Theorem

‘=C2+d2, so the result

c+di

if v #0
ifvi=0

¢ +d* -1,
c?+d* -2,

The order of T'(Z,[i]) can be easily computed using
formulas given in [1]. Thus we can find the degree of
each vertex in the complement of T'(Z[i]), here we
give the degree of each vertex in the line graph of
F(Zn[i]), an_analogous formula for the degree of
vertices in L(F(Zn[i]) could be obtained.
Corollary 10.3 Let Bu,v] eV (L(r(z,1i1))),

gcd(u,n)=a+bi and gcd(v,n)=c+di.Then

deg ([u,Vv])
a+b’+c*+d* -4,

=la’+b’ +c*+d* -5,
a +b’+c*+d’ -6,

ifu>20and vV’ 20
ifu*=0and Vv’ =0
ifu!=0andV* =0

Proof. Note that, for any graph G and uve E(G),
degy g, ([u,V]) = degg (u)+degg (v)-2. O

In the following we determine the degree of every
vertex in the graphs F(Zn[i]) when
n=2"m>2,n=q",m>3 and n=p",m>1.

Theorem 104 Let n=2"m=>3 and «,f areodd.
Thenin I'(Z,[i]),

1f1<k<S<mandk<{2—‘orl<k S<Lr2nJ anda =+ f
if{%—lsk<s<mor L?Jﬁk=s<manda¢iﬂ
ifEJsk=s<manda=iﬁ

iflsk=s<LgJanda=iﬂ
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2) dey(ar2")=deg(B2"i)

P T 1sk<{ﬂ

2% 2 if {%—‘sk<m

3) deg(a+pi)=1. .

Proof. 1) Note that, g.cd(n,a2+B2°%)=2"" if
k#s or a=f and g.c.d(n,ozZk +ﬂ25i)= 24(14i)
ifand only if k=5 and « ==/ .Moreover
(a2 +p24) =0 ifand onlyif k> EJ .

2) Obvious.

3) Note that if «,f are odd, then
ged(a+pgi,n)=1+i.

Theorem 105 Let n=g",m>3,
tively primewith q. Thenin I'(Z,[i]),

a, B are rela-

o -1, ifl< ksSandk{ﬂ
deg (g’ + Bqti) = .
g -2, if kkkg

Theorem 106 Let n=p",m=>1,
gcd(a,p)=1.Thenin T(Z[i]),

deg(a(a+ bi )k (a—bi)s)

p=a’+b* and

11. WhenIs L(T(Z,[i])),
Regular?

(T (Z[i]))

A graph G in which all vertices have the same degree
is called regular graph.

Regularity of I'(Z,[i]) was studied in [1]. However,
we provide our own proof, since it comes as an im-
mediate consequence of Theorem 10.2. Clearly, if
n=2,p,q’, then F(Zn[i]) is regular. If
n=2"_m>2 or n=q",m>3 , then the graph
r (Zn[i]) has a vertex which is adjacent to all other
vertices and it is not complete graph, thus T’ (Zn[i]) is
not regular.

Now, we show that T’ (Zn[i]) is regular if and only if

Copyright © 2012 SciRes.

n=2,p,q.

Theorem 111 If n= H T ™ where nis are
d|st|nctGaussanpr|mesand m >1 and
n=2"p".g",m>2, then F(Z [i]) isnotregular.

Proof. Choose two vertices m, and mg such that
n, # 7y, then gcd(nm)=mn #g.cd(nn)=mn,. So,
the result follows. []

Next, we discuss regularity of the graph
L(D(2,[i])) and L(F(Z,[i])). Clearly, if G is re-

gular, then L(G) is also regular, so if n=p,q’, then
the graph L(F(Zn[i])) is regular. On the other hand, if
G is the complete bipartite graph K, , then

r,s?

deg([u,v])=r+s-2 for all vertices in L(K, ). Thus
L(l“(quq2 [i])) is regular. While F(Zz[i]qu[i]) is a
bipartite graph with partite sets

A={(1+i,0),(1,0),(i,0)} and

B= {1+|x XEV(F ol )}

{ XeV(F q )}
Moreover, N((1+| 0)) ((1+|,1)) {(1+| 0)} and
N((0,1))=A. Thus,

deg ([ (1+,0),(1+i,1)]) = deg ([ (1+i,0),(0,1)]) ,

and hence, L(l" (qu[i ])) is not regular.
Theorem 11.2 If n=t",m>2, t is a prime and
n#q’,thenthegraph L(I'(Z,[i])) isnotregular.
Proof. If n=2",m>2, then

deg ([1+i,2m-1 +2m—1i]) » deg ([2’2m—1i])‘ If
n=q",m>3, then deg([q,q™"i])~ deg([q’,q™i]).

Andif n=p™, p=a’+b’, m>2, then

deg([ (a+bi)",(a-bi)"])
# deg| (a+bi),(a~bi)" (a+bi)™" |
Theorem 113 Let R=R xR, where R and R,
are commutative rings with unity with at least one of
themisnot ID. Then L(F(R)) isnot regular.

Proof. Suppose that R is not ID and |R| , for
i=1,2.Let x eV(T[(R)).If ' =0, then

N((XI,O)): {(O,a):ae R —{0}}
U{(y.a):yeann(x)-{0,x}

and aeR, if
{ann()ﬁ)_{oaxl}¢¢}U{(X1,a)ia€Rz—{O}},hence
deg ([(x.0).(0.1)])>2r,+1,~4 . Andif X' %0,
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deg ([(xl,o),(o,l)]) >0+, —3} . But

deg[(1,0),(0,1)]=r,+1,—4 . So L(T'(R)) is not re-
gular. []

So as a consequence of Theorem 11.2 and Theorem
11.3, we conclude the following.

Theorem 11.4 The graph L(T'(Z,[i])) is regular if
andonlyif n=p,q’,q,0, -

Observe that, for n=2,0g>, ['(Z,[i]) is the empty

graph. F(Zq3 [i]) = qu_l U Kq4_q2 , so the line graph
L[l"(Zq3 [i])j is regular. While

1—‘(Zn[l]) = Kp—l Y Kp—l

which is regular, so is L(F(Zn[i])) .
In L(F(ZQm[i])), deg ([1+i,1+3i]) = deg[1+i,2].
In (F(qu[i])} m>3,deg[q,qi] = deg[qz,q].

And in L(r(zpm[i])),mzz,

deg[a-+bi,a-bi] + deg| (a+bi)’,a~bi]. So, the graph

L(F(Zn[i])) is not regular for N=t",M>2, t is a
prime and N=q’,q’.

Theorem 115 Let R=R xR, where R and R,
are commutative rings with unity such that

V(T(R))|=t, |R|=r for i=1,2. If |reg(R)>2
and 1, =r1,,then L(T(R)) isnotregular.

Proof. Since |reg(R)>2, for i=1,2, there exist
u ereg(R)—{1} and u,ereg(R,)—{1}. Therefore

I:(l’O)’(UI’O)]J[(Oal)a(Oauz )] GV(L(W)) . Since
deg ([(1.0).(u.0)]) = 2t—2r, ~4# 2t —2r, -4

= deg([(0.1).(0.u1,)])

So, L(F(R)) is not regular. []

Theorem 11.6 The graph L(T'(Z,[i])) is regular if
andonlyif n=p or q.

Copyright © 2012 SciRes.

12. When isL(T'(Z,[i1)). L(F(Zn[i]))
Locally H?

A simple graph G is said to be locally H if the
neighborhood of each vertex in V(G) induces the same
graph H . The cartesian product GCIH of two graphs
G and H is the graph with vertex set
V(GOH)=V(G)xV(H) and two vertices in
V(GDH) are adjacent if and only if they are equal in
one coordinate and adjacent in the other. Before we
proceed, we give the following lemma.

Lemma 121 1) If G=K_,n>3, then L(G) is
locally K, ,0K, .

2)If G=K_,,,mn>2,then L(G) islocally
Km—l U Kn—l .

Proof. 1) Let [u,v]eV (L(K,)), then

N([u,v])={[u,al:aeV (K, )-{u,v}}
u{lav]:aeV(K,)-{uvi

cach of the sets {[u,a]:aeV (K,)- {u,v}} and
{[a, vl:aeV(K,)- {u,v}} induces a copy of K, , and
since we deal with an undirected graphs, then for a fixed
a, [u,a] and [v,a] are adjacent. Thus the result
holds.

3) Let [u,v]eV (L(Km,n)), with partite sets A and
B and with ue A, ve B. Then

N ([u,v]) = {[u,b]:be B—{v}}}
Uflavl:ae A-{u}}

m,n>

Each set induces a complete graph K, ,,K, ,, res-
pectively. And <N([u,v])> has no other edges. Thus
N([u,v]) induces K _, UK, . U

In order for a graph to be locally H , it should be
regular graph. Thus for the graph L(F(Zn[i])), it
suffices to check the cases n= p,q’,q,q, , and for

L(F(Zn[i])), we consider only the cases n=p,q .
Since I'(Zp[i])=K,, ., and T(Z[i])=K,_ UK _,,
L(T(Zp[i])) islocally K, , UK, , and

L(F(Zp[i])) is locally K _,0K,. In the same manner

we can show that L (F(quqz [i ])) is locally

UK, L(F(Zqz[i])) is locally K, OK, and

at -2 B -2
L(F(Zq3 [i])j is locally K, , OK,.

Theorem 12.2 The following statements are equi-
valent.

1) The graph L(F(Zn[i]))/L(F(Zn[i])) is regular,
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2) The graph L(F(Zn[i]))/L(F(Zn[i])) is locally

H.

(1]
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