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Abstract 
Shape control and free vibration analysis of piezolaminated plates subjected to electro mechanical 
loading are evaluated using finite element method. First order shear deformation theory is em-
ployed in the analysis. Both extensions as well as shear actuators are considered for piezolami-
nated plates. Rectangular four node isoparametric element is used in the finite element formula-
tion. Variation of temperature is neglected for the orthotropic layers of the laminate and for pie-
zolayer. Annular circular plates and rectangular plates with piezoelectric layers mounted and/or 
integrated are analysed for various parameters. Numerical results are presented for varying the 
actuator voltage for annular plates with different thicknesses of piezo patches. In case of rectan-
gular plate shear actuator is considered for vibration analysis.  
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1. Introduction 
In recent years the use of smart piezolaminated composite structures has been increased. Due to their significant 
stiffness and low weight many isotropic materials and structures are now replaced by piezolaminated smart 
composites. The piezoelectric ceramics are available in the form of thin sheets which can be surface mounted 
and/or integrated with the laminates to control the structural response in shape, vibration and buckling. Suffie-
forts are directed towards the analysis of such piezoelectric laminated structures. It has gained an attraction to-
ward the shape and vibration control of piezoelectric laminates which have the capability of active and passive 
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control. Ha et al. (1992) performed finite element analysis of composite structures containing distributed piezo-
ceramic sensors and actuators [1]. Hwang and Park (1993) studied finite element modeling of piezoelectric sen-
sors and actuators and provided results for piezoelectric laminates [2]. Li and Bainum carried out vibration con-
trol analysis of flexible spacecraft integrating a momentum exchange controller and a distributed piezoelectric 
actuator [3]. Tzou and Zhou (1995) performed dynamics analysis and control of non-linear circular plates with 
piezoelectric actuators [4]. Thomson and Loughlan (1995) examined the active buckling control of some com-
posite column using piezoceramic actuators [5]. Kim et al. (1996) developed finite element model for a smart 
cantilever plate and comparison also performed experimental analysis [6]. Batra and Liang (1997) investigated 
the vibrations of a rectangular laminated elastic plate with embedded piezoelectric sensors and actuators [7]. 
Agrawal et al. (1997) performed analysis of adaptive antenna for shape control using piezoelectric actuators [8]. 
Soares et al. (1999) carried out optimal design of piezolaminated structures [9]. Faria and Almeida (1999) stu-
died enhancement of pre-buckling behavior of composite beams with geometric imperfections using piezoelec-
tric actuators [10]. Sze and Yao (2000) used a hybrid stress ANS solid-shell element and its generalization for 
smart structure modeling [11]. Wang et al. (2001) performed vibration control of smart piezoelectric composite 
plates [12]. Cen et al. (2002) developed a new 4-node quadrilateral FE model with variable electrical degrees of 
freedom for the analysis of piezoelectric laminated composite plates [13].  

Moita et al. (2004) studied active control of adaptive laminated structures with bonded piezoelectric sensors 
and actuators. [14]. Artel and Becker (2005) investigated coupled and uncoupled analyses of piezoelectric 
free-edge effect in laminated plates [15]. Oh and Lee (2006) carried out analysis for supersonic flutter suppres-
sion of piezolaminated cylindrical panels based on multifield layerwise theory [16]. Ray and Balaji (2007) per-
formed active structural acoustic control of laminated cylindrical panels using smart damping treatment [17]. 
Periasamy (2008) performed shape control of composite structures with optimally placed piezoelectic patches 
[18]. Ly et al. (2011) developed modeling and studied characterization of piezoelectric cantilever bending sen-
sor for energy harvesting [19]. Kamal M. Bajoria and Rajan L. Wankhade (2012) analyzed rectangular piezola-
minated plates for free vibration using Finite Element Method [20]. Wankhade and Bajoria (2013) developed fi-
nite element modeling for free vibration and buckling analysis of piezolaminated plates using higher order shear 
deformation theory [21] [22]. Brighenti (2014) studied smart behaviour of layered plates through the use of aux-
etic materials [23]. Bajoria and Wankhade (2015) performed vibration control of cantilever piezolaminated 
beam with extension and shear mode piezo actuators [24]. Kerboua et al. (2015) further carried out vibration 
control of beam using piezoelectric-based smart material [25]. Zhang et al. (2015) studied active vibration con-
trol of piezoelectric bonded smart structures using PID algorithm [26]. Bendine and Wankhade studied vibration 
control of FGM piezoelectric plate based on LQR genetic search where analysis was performed for different sets 
of power law exponent [27]. 

Here shape control and vibration analysis of piezolaminated plates subjected to combined action of electrical 
and mechanical loading is carried out considering first order shear deformation theory. Finite element method as 
employed for the analysis purpose. An isoperimetric four noded rectangular element is used in the finite element 
formulation. Shape control of annular plate with piezo patched at optimal locations is performed for varying the 
actuator voltage. Again the thickness of piezolayer is varied and response of structure is studied. Further in case 
rectangular plate shear piezoelectric actuator is considered for the vibration analysis. Results are presented con-
sidering shape control and vibration piezolaminated plate for different parameters viz. actuator voltage, aspect 
ratio of plate and varying thickness of piezolayer. 

2. Mathematical Formulation  
2.1. Equilibrium and Incremental Equations  
Virtual displacement principle is considered in the mathematical formulation to obtain equation s of equilibrium. 
Equilibrium between internal and external forces has to be satisfied. If { }Ψ  represents the vector of the sum of 
the internal and external forces. Then equilibrium can be written as follow: 

{ } { } { }R PΨ = −                                      (1) 

In above equation, {R} is the external forces due to imposed load and {P} represents the vector of internal re-
sisting forces. For piezolaminated plates the equilibrium equation can be written as: 

http://www.scientific.net/AMR.587.52
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{ } { } { } { } { } { } { } { }
TTT

0
1 1 1d d d d
2 2 2

a s

Tp p N
a a s s

V V V V

R V E D V E D V Vε σ ε σ   Ψ = + − − +   ∫ ∫ ∫ ∫        (2) 

where V, Vs and Va represents the area of the entire structure, sensor layer and actuator layer respectively. For 
writing the work done by external forces due to the applied surface traction and applied electric charge on actu-
ator, the equation for external work done {R} can be summarized as:  

{ } { } ( ){ } ( )T , d , de
a a

A A

R u x y A q x y Aσ φ′= +∫ ∫                           (3) 

2.2. Finite Element Modeling 
Finite element modeling is considered for the analysis purpose. Here displacement field considered in finite 
element formulation is based on first order shear deformation theory. Hence considering the effect of shear de-
formation, displacement field of first order shear deformation theory is written as follow:   

0 xu u zθ= +  

0 yv v zθ= +  

0w w=                                                   (4) 

where, ,u v  and w  are the displacement of any point in the plate domain in x, y and z direction respectively. 

0 0,u v  and 0w  are the displacement of midpoint of normal. ,x yθ θ  are the rotations of normal at the middle 
plane in x and y direction about y and x axis respectively.  

The strains associated with the displacement model for linear bending are given by 

; ; ; ; ;x y z xy xz yz
u v w u v u w w v
x y z y x z x y z

ε ε ε γ γ γ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= = = = + = + = +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

            (5) 

Figure 1 shows general piezolaminated plate with actuator and sensor patches at the top and bottom surface 
of the plate. Fiber can be oriented with reference to the horizontal axes and is modelled in finite element formu-
lation. 

2.2.1. Shell Element and Shape Functions 
Four nodded isoparametric rectangular element is adopted as shown in Figure 2. 

Shape functions are given as: 

( ) ( )1 1 1 , 1, 2,3, 4
4i i iN iξξ ηη= + + =  

 

 
Figure 1. Piezolaminated plate with actuator and sensor layers at the top and bottom surface of the plate.        
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(a)                                                 (b) 

Figure 2. Four nodded isoparametric element. (a) Rectangular element; (b) Mapping of element.                           

2.2.2. Displacement Field 
The displacement field associated with the eight nodded rectangular element is given as:  
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                                       (6) 

2.2.3. Strain within the Element 
Strains associated with the displacement field can be written as follow: 

a. Middle plane membrane strains 



3 1

L N
p p pε ε ε
×

= +                                              (07) 

in which L
pε  and N

pε  are linear and non-linear components of middle plane membrane strains and combining 
linear and non-linear terms membrane strains are given as:  



2

2

3 1

1
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y y
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ε
×

 ∂  ∂     ∂  ∂      ∂ ∂ = +    ∂ ∂    
   ∂ ∂ ∂ ∂+ ⋅   
∂ ∂ ∂ ∂    

                                      (8) 

Curvature strains/Bending strains. 
Curvature strains are linearly related to bending displacement as:  

x
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Shear strains,  
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Thus   
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                                              (11) 

and shear strains can separately be written as, 



2 1

xz

yz

γ
γ

γ
×

  =  
  

                                            (12) 

In which { } { } { }, andp bε ε γ  are membrane, bending and shear components of strains respectively. 


6 1
ε
×

 is 

combined strain vector of membrane and bending strains. 


2 1

γ
×

 is a vector containing shear strains. Subscript “p” 

stands for in-plane, “b” for bending, “L” for linear and subscript “N” stands for non-linear. 
Hence strain displacement relationship can be obtained as: 





eBε δ=                                       (13) 

2.3. Electro-Mechanical Coupling 
For piezolaminated plates two constitutive relationships exist which includes the effect of mechanical and elec-
trical loading as given by Eq. 17. Variation of temperature effect is neglected in formulation. 

{ } [ ]{ } [ ]{ }
{ } [ ]{ } [ ] { }
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D e g E

C e E
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= −
                                 (14) 

In which, 
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where, {D} is electric displacement vector, [e] is dielectric permittivity matrix, ε  is the strain vector, { }g  is the 

dielectric matrix. { }E  is the electric field vector, [ ]σ  is the stress vector and [C] is the elastic matrix for con-
stant electric field.  

Electrical Potential Function 
anda sφ φ′ ′  are the electric displacement at any point in the actuator and the sensor layers, respectively, the elec-

trical potential functions in terms of the nodal potential vector are written as: 

{ }e
a pa aNφ φ′  =    
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{ }e
s ps sNφ φ′  =                                      (16) 

where, paN    and psN    are the shape function matrices for the actuator and sensor layers, respectively.  { }e
aφ  

and { }e
sφ  are the nodal electric potential vector for the actuator and sensor layers, respectively. 

2.4. Stiffness Matrix Equations  
Element stiffness matrix is written as, 

{ } { } 1
e e e e e e

acK K F Fσδ δ       + = +                                   (17) 

where, 
1 1e e e e e e e e

d aa aa ad ds ss sdK K K K K K K K
− −

               = + +                                  (18) 

{ } { }1e e e e
ac da aa aF K K Q

−
   =                                    (19) 

In which,  

[ ] [ ][ ]T de
d

V

K B C B V  =  ∫ , 

[ ] [ ][ ]T T de e
da ad a

Va

K K B e B V   = =    ∫ , 

[ ] [ ][ ]T de
aa a a

Va

K B g B V  =  ∫ , 

[ ] [ ][ ]T T de e
ds sd s

Vs

K K B e B V   = =    ∫  

and 

[ ] [ ][ ]T de
ss s s

Vs

K B g B V  =  ∫                                 (20) 

And hence element equation in the form of global stiffness matrix can be written as: 

[ ]{ } [ ]{ } [ ] [ ]1 acK K F Fσδ δ+ = +                              (21) 

2.5. Free Vibration Equation 
For free vibration problems, the equations of motion can be expressed as the following eigenvalue problem 

[ ] [ ]( ){ }2 0eK Mω δ− =                                   (22) 

where, the lowest magnitude of eigenvalue gives critical buckling load and the vector { }dδ  represents the 
buckled mode shape. And hence the eigenvalue problem is solved so as to get the buckling loads.  

3. Results and Discussions  
3.1. Shape Control of Annular Plate with Piezoelectric Patches 
A shape control of clamped annular plate having diameter 1 m is analyzed subjected to electrical load. Here no 
mechanical load is provided to the structure. Figure 3 shows geometry of the clamped annular plate with piezo-
electric patches provided on the surface of the plate. These piezoelectric patched are attached at specified location 
of plate Periasamy (2008) has analyzed the same annular plate with actuator voltage 45 only having constant 
tplate/tpiezo ratio [18]. Here the analysis of annular plate is carried out considering different actuator voltage of 
piezolaminated actuator. Plate is modelled with 4-noded rectangular element with different elements and results 
are shown in Table 1 and Table 2. It is found that 180 elements are sufficient to satisfy convergence criteria.  
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Figure 3. Geometry and modeling of clamped annular plate with piezoelectric patches.                                  

 
Table 1. Convergence results with different plate element for a plate (Tplate/Tpiezo = 1.5).                                

Sr. No. No. of Elements No. of Nodes 
Deflection at Free Edge 

AV 20 AV 40 AV 60 

1 180 216 3.09E−04 6.17E−04 9.26E−04 

2 720 792 3.00E−04 5.88E−04 9.21E−04 

3 2880 3024 2.98E−04 5.86E−04 9.20E−04 

 
Table 2. Convergence results with different plate element for a plate (Tplate/Tpiezo = 2.0).                                

Sr. No. No. of Elements No. of Nodes 
Deflection at Free Edge (Tplate/Tpiezo = 2.0) 

AV 20 AV 40 AV 60 

1 180 216 2.31E−04 4.63E−04 6.94E−04 

2 720 792 2.24E−04 4.49E−04 6.73E−04 

3 2880 3024 2.22E−04 4.46E−04 6.68E−04 

 
Hence a convergence study is included to show that these numbers of elements are sufficient to get the realistic 
results and no need to go for higher number of elements. Figures 4-8 show deflection of the plate along its radius 
with varying actuator voltage (AV 20, AV 40 and AV 60) for different Tplate/Tpiezo ratio as 1.5, 2. Material properties 
are adopted as follows: 

For graphite epoxy composite 
3

11 22 12 13 23150 Gpa, 9 Gpa, 7.1 Gpa, 2.5 Gpa, 0.3, 1600 kg mE E G G G µ ρ= = = = = = =  

For PZT G-1195 
3

11 22 12 13 23 31 3263 Gpa, 24.8 Gpa, 0.29, 7600 kg m , 166 pm V ,E E G G G d dµ ρ= = = = = = = = = −  

The maximum tip displacements observed at end are 3.09E−4 and 6.17E−4 and 9.26E−4 for AV 20, AV 40 and 
AV 60 respectively with Tplate/Tpiezo = 1.5. It is observed that increase in actuator voltage leads to considerable 
increase in end deflection. About 50% increase in deflection at the tip is found for AV40 as compared to that of 
AV 20. Also if we consider the thickness of plate to thickness of piezolayer ratio, about 57.2% increase in de-
flection is observed at free end as tplate to tpiezolayer ratio increases from 1.5 to 2.0. Thus either increase voltage 
or increase thickness of piezolayer it will have influence on shape control of structure.  
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Figure 4. Undeformed and deformed shape of plate with actuator voltage 20 (Tplate/Tpiezo = 1.5).                    

 

 
Figure 5. Undeformed and deformed shape of plate with actuator voltage 40 (Tplate/Tpiezo = 1.5).                   

 

 
Figure 6. Undeformed and deformed shape of plate with actuator voltage 60 (Tplate/Tpiezo = 1.5).                    

 

 
Figure 7. Deflection along the radius with varying actuator voltage (Tplate/Tpiezo = 1.5).                          
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3.2. Free Vibration Analysis of Piezolamonated Plate with PZT Shear Actuator 
A simply supported piezolaminated plate with the top and bottom layers made of 00 graphite-epoxy and the central 
layer made of axially poled PZT-5A thus having laminated scheme as [00 Gr-Epoxy/PZT-5A/00 Gr-Epoxy] is 
examined for free vibration. Length of the plate is taken as 0.25 m. Table 3 shows elastic and piezoelectric 
properties of the laminate. The natural frequencies for different L/H ratio is presented in table 4. Total thickness of 
laminate is taken as “H”, whereas the thickness of graphite-epoxy and that of PZT-5A are taken as 0.4H and 0.2H 
respectively. 

Table 4 shows natural frequencies in Hz for [Gr-epoxy/PZT-5A/ Gr-epoxy] simply supported shear actuated 
piezolaminated plate with closed loop and open loop electric condition. Maximum variation in frequency is 
found as 2.85% for closed loop as that of open loop. 

Vibration analysis of piezoelectric laminated plate is carried out for different aspect ratio of plate. Piezolami-
nated plates are analysed for different electric condition of the piezolayer.   

 
Table 3. Elastic and piezoelectric properties for Graphite-Epoxy and PZT-5A.                                       

Elastic Properties Piezoelectric Properties 

Properties Graphite-Epoxy PZT-4 Properties Graphite-Epoxy PZT-5A 

( )11 GpaE  183.44 86.86 ( )2
11 C me

 0 −7.21 

( )22 GpaE  11.66 99.20 ( )2
12 C me

 0 −7.21 

( )33 GpaE  11.66 99.20 ( )2
13 C me

 0 12.32 

( )12 GpaG  4.363 50.78 ( )2
26 C me

 0 12.32 

( )23 GpaG  3.920 54.02 ( )2
35 C me

 0 12.32 

( )31 GpaG  4.363 50.78 11g  (10−10 F/m) 153 150 

12υ  0.24 0.329 22g  (10−10 F/m) 153 153 

13υ  0.24 0.432 33g  (10−10 F/m) 153 153 

23υ  0.49 0.432    

 
Table 4. Natural frequencies (Hz) of [Gr-epoxy/PZT-5A/Gr-epoxy] simply supported shear actuated piezolaminated plate.    

Mode Aspect Ratio 
Frequency 

Closed Loop Open Loop 

1 

4 2450.10 2482.38 

10 1327.86 1333.19 

100 144.014 144.71 

2 

4 6083.27 6217.93 

10 4364.49 4414.26 

100 1293.75 1295.16 

3 

4 9677.48 9930.18 

10 7931.00 8059.25 

100 3542.73 3547.78 

4 

4 13236.21 13624.61 

10 11578.50 11807.73 

100 5052.28 5060.17 
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Figure 8. Deflection along the radius with varying actuator voltage (Tplate/Tpiezo = 2.0).                                  

4. Conclusion 
In the present analysis, shape control and vibration of piezolaminated plates subjected to electro mechanical 
loading are studied based on finite element method. First order shear deformation theory is used for the same 
purpose. Both extensions as well as shear actuators are considered for two problems of piezolaminated plates. 
Annular circular plate and rectangular plates with piezoelectric layers mounted and/or integrated are analysed for 
various parameters. Numerical results are presented for varying the actuator voltage for annular plates with dif-
ferent thicknesses of piezo patches. In case of rectangular plate shear actuator is considered for vibration analysis. 
The maximum tip displacements observed at end are 3.09E−4 and 6.17E−4 and 9.26E−4 for AV 20, AV 40 and 
AV 60 respectively with Tplate/Tpiezo = 1.5. Again the maximum tip displacements observed at end are 2.31E−4 and 
4.63E−4 and 6.94E−4 for AV 20, AV 40 and AV 60 respectively with Tplate/Tpiezo = 2.0. It is observed that increase 
in actuator voltage leads to considerable increase in end deflection. About 50% increase in deflection at the tip is 
found for AV40 as compared to that of AV 20 for same thickness of piezolayer. Also if we consider same voltage 
then deflection reduces for increasing thickness rations of plate to that of piezolayer. It is observed that with proper 
selection and placement of piezoelectric actuators as extension or shear, it is possible to generate enough forces on 
a structure in order to control its response in shape and vibration. 
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