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Abstract 
This article focuses on the study of the behavior of a soil mass under a plate subjected to a un-
iformly distributed load. The aim of this paper is to highlight the soil-structure interaction with a 
linear variation of the mechanical properties of the soil with the depth. The theory of plates and 
the soil-structure interaction has allowed reaching the general equation of the problem which 
depends on both the mechanical properties of the concrete and the subgrade. This study shows 
that the linearity of the elastic modulus of subgrade leads to larger displacements when this mod-
ulus is assumed to be constant in the soil mass. It also shows that the Poisson’s ratio of soil and 
mechanical properties of the concrete have an insignificant influence on the displacements. This 
analysis also shows that the points in the upper half-thickness of soil are the most sensitive to the 
parameters of the model. 
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1. Introduction 
To calculate the displacement in a foundation most of civil engineering structure computing software admits a 
constant elastic modulus. The calculation of displacements in a foundation requires to model realistically the 
behavior of the soil foundation. This requires the definition of models of behavior adapted to foundation soils. 
To approach the reality, a linear elastic constitutive law, perfectly plastic (such as Mohr Coulomb law) can be 
introduced (Coquillay, 2005) [1] for varying linearly the parameters (E, ν, c ···) with the depth. It is generally 
agreed that the Young’s modulus of homogeneous soil increases with depth. This can be explained by an in-
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crease in the mean stress and the densification it leads. In this context ,the variation of the soil elastic modulus 
(Es) can be given by the following expression: 

( )1 21s
zE E z H E
H

= − +                                 (1) 

where E1 and E2 are the elastic modulus respectively at the top and the bottom of the soil mass. 
In what follows, the profile of displacements in the soil mass is studied. To do this it is assumed at first that 

ϕ(z) and the elastic modulus (Es) of the soil foundation are linear, and the Poisson ratio of the soil (νs) is constant 
with the depth of the foundation massif. Secondly, the linearity of Poisson’s ratio and an hyperbolic sine varia-
tion of the function ϕ(z) are introduced. 

2. Modelisation 
Using the model of the elastic continuum, Vlazov (1949) [2] proposed a formulation for modeling soil, based on 
the application of the variational method. The soil layer of thickness H is considered as a linear isotropic elastic 
medium, resting on a rigid substrate (Figure 1) [3]. The horizontal displacements u(x, y, z) and v(x, y, z) are as-
sumed to be zero in the whole mass of soil. The vertical displacements are given by: 

( ) ( ) ( ), , ,w x y z w x y zφ=                                 (2) 

where ϕ(z) is a function which describes the variation of the displacements w(x, y) along the z axis, such that: 
ϕ(0) = 1 and ϕ(H) = 0. 
ϕ(z) can be expressed by the following relationships: 

( ) ( )1z z Hφ = −                                     (3) 

( )
( )sinh

sinh

H z
LZ

H
L

γ

φ
γ

 −  =
 
 
 

                                (4) 

𝛾𝛾 and L are constants parameters. 
The equilibrium equations in the z direction are obtained by applying the principle of virtual work (Turhan, 

1992) [4]. Thus the total response of the system under a load (q), taking into account the soil-structure interac-
tion, is given by: 

( )
4 4 4 2 2

4 2 2 4 2 22 2 ,w w w w wD T kw q x y
x x y y x y

   ∂ ∂ ∂ ∂ ∂
+ + − + + =   ∂ ∂ ∂ ∂ ∂ ∂   

                  (5) 

where D is the flexural rigidity of the plate and is given by: 

( )
3

212 1
b

b

E e
D

ν
=

−
                                      (6) 

 

 
Figure 1. Vlasov model, stresses in an elastic layer (Selvadurai, 79).          
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with: 
Eb: elastic modulus of the plate, 
e: the thickness of the plate, 
νb: the Poisson’s ratio of the plate. 
2T and k are the two parameters of the Vlasov model; 
k is the modulus of subgrade reaction expressed by Biot (1935) [5] according to the following relationship: 

4

12
2

0.65
1

s s

bs

E E B
k

E Iν
= ×

−
                                    (7) 

Vesic (1963) [6] improved the formula of Biot and proposed the following relationship: 

( )

0.108
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                              (8) 

where: 
Es is the modulus of subgrade; 
νs is the Poisson’s ratio of subgrade; 
B is the width of the foundation; 
Eb is the Young’s modulus of the concrete; 
I is the moment of inertia of the cross section of the concrete. 
T is the horizontal elastic modulus of subgrade reaction proposed by Vlasov (1949) as follows: 

( ) ( )( )
2

2
04 1 1 1

H
s

s s s

E
T dzφ

ν ν ν
=

− + − ∫                            (9) 

For a relatively deep layer of soil where the normal stresses may vary with depth, it is possible to use, for the 
function ϕ(z), the non-linear continuously variation defined by Equation (4). 

Indeed, the profile of hyperbolic sine requires an estimation of the arbitrary parameter γ which Vlazov (1949) 
[2] did not specify the value. This author just recommended values between 1 and 2. 

3. Analytical Solution  
For the case of an elastic homogeneous soil, it can be assumed a uniform distribution of the applied force on the 
foundation system. This amount to an admission that the stress q(x, y) is a constant Q value in every point of the 
structure. For a foundation of infinite dimension, zero displacement at the edges of the plate is imposed. Using 
the double Fourier series and accounting for the displacement of the soil under the effect of the own weight of 
the slab, the displacement at any point of the system is given by: 

( ) ( )2 22 2 2 21,3,51,3,5

π πsin sin
16, , 25000
π π π π π2

m x n y
Q eL Bw x y z z
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           + + + +                          

∑∑   (10) 

The maximum values of m and n are set to 45 as above 25 the sensibility relative to m and n is no longer per-
ceptible. 

It appears from the study of Sall et al. (2013) [7] that the elastic modulus and the Poisson’s ratio of the sub-
grade are the most influential parameters on the displacements of the plate. The modulus of subgrade reaction 
and displacements vary slightly with the mechanical properties of concrete and are more influenced by the elas-
tic modulus of the soil.  

4. Numerical Validation of Results 
In order to validate the results, a concrete slab resting on an elastic soil with constant Young’s modulus is con-
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sidered. 
With B = 20 m, L = 20 m, e = 0.4 m; Eb = 33 GPa, Es = 7 MPa, νs = 0.2 and Q = 15 t/m2. 
The values of the vertical according to Biot and horizontal elastic modulus are calculated and fed into a finite 

element software (“Flexion des plaques” under “RDM 6” module) leads to the results. After analyzing the re-
sults from “Flexion des plaques” the Castem finite element code is used to understand the influence of para-
meters on the results. k values given by Biot were used because they are lower than those given by Vesic. The 
more k is significant, the more displacements are low. However, to avoid underestimating displacements, k val-
ues given by Biot are used in this research. 

4.1. Analysis of Displacements Provided by “Flexion Des Plaques” 
The mesh is given by the Figure 2. 

For boundary conditions, it is assumed a displacement equal to the displacement of the interface under the ef-
fect of the weight of the slab. 

The results are given in Figure 3 which shows that the displacement is most important at the center of the 
plate. 

The following figure visualizes the shape of the displacement along the median of the plate. From Figure 4, it 
can be said that there is a correlation between the displacements given by the analytical model and those of the 
finite element method (“Flexion des plaques”). 

Note that the maximum displacement obtained in the numerical calculation is 5 mm higher than the maximum 
value of the analytical calculation. This difference in displacement values can be explained by the fact that dur-
ing the numerical simulation, the elastic supports match the nodes corresponding to the mesh. 

But in reality, the elastic support is extended under all the plate which contributes to reduce the displace-
ments. 

For the same given parameters, the influence of Poisson’s ratio of concrete on the displacements is evaluated. 
Table 1 gives a summary of this influence on the maximum displacement (wmax). 
 

 
Figure 2. Mesh of the plate by finite elements.                              

 

 
Figure 3. Displacements cartography.                                   
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Table 1. wmax according to νb.                                                                               

(νb) 0.2 0.25 0.3 0.4 0.45 

wmax (cm) 3.753 3.752 3.75 3.744 3.74 

 

 
Figure 4. Displacements along the median of the plate.                      

 
Table 1 shows a weak influence of Poisson’s ratio on the displacements of the soil-structure interface. These 

displacements vary in the range of one to four hundredths of a millimeter when the Poisson’s ratio ranges from 
0.25 to 0.45. Then, the displacements are quasi independent of Poisson’s ratio of the concrete. 

In the following, it is proposed to study the influence of the elastic modulus of the concrete foundation dis-
placements of the structure as shown in Table 2. To do so, a concrete slab of the same dimensions (20 m × 20 m 
× 40 cm) with a Young’s modulus ranging between 33 and 46 GPa, is subjected to an uniform loading (15 t/m2). 
The slab rests on an elastic soil of constant Young’s modulus equal to 7 MPa and Poisson’s ratio equal 0.2. The 
different values of wmax for various values of the elastic modulus of the concrete are shown in Table 2. The 
Figures 5-7 show the displacements cartography for various values of Eb. 

Table 2 gives a summary of the maximum value for different Young’s modulus of concrete. 
The above analysis shows that the Young’s modulus of the concrete has an insignificant influence on the dis-

placement of the plate resting on elastic foundation. 
To study the influence of the elastic modulus of the subgrade on the displacements of the plate, the previous 

data are considered, the Young’s modulus of concrete is set as at a constant value and the modulus of the soil is 
varying from 4 to 8 MPa.  

It appears from this study that the elastic modulus of subgrade has a considerable influence on the displace-
ments of the plate (Figures 8-10). 

4.2. Analysis of Displacements Provided by Castem 
In order to confirm the validity of the results, another finite element code (Castem) is used to study the influ-
ence of different model parameters. The results provided by Castem will be compared with results provided by 
the analytical model and reported in the Figure 11. 

The influence of other parameters provided by Castem is given in Tables 3-6: 
It is clear from this analysis that the parameters of the subgrade (Es, νs) have a greatest influence on the dis-

placements of the plate. The properties of the concrete (Eb, νb) have a weak influence on the displacements. This 
which just comfort the analysis of analytical results given by Sall et al. [7]. 

In what follows, the influence of mechanical properties of soil and concrete foundation on displacements of 
soil mass is studied. 

Figures 12-17 show the influence of model parameters on displacements of the soil foundation. These results 
show that soil parameters are more influential than those of the concrete foundation. It should be noted that the 
concrete properties, especially the Poisson’s ratio, have not substantially influenced the displacements profile 
(Figure 16). 

These results show that the elastic modulus of the substrate has an influence more or less significant on the  
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Table 2. wmax values according to νb.                                                                         

νb (GPa) 43 36 33 

wmax (10−2 m) 2.99 3.02 3.082 

 

 
Figure 5. Displacements cartography for Eb = 46 GPa.                      

 

 
Figure 6. Displacements cartography for Eb = 36 GPa.                      

 

 
Figure 7. Displacements cartography for Eb = 33 GPa.                      

 
displacements of points located above the middle of the soil mass and a less pronounced effect on the displace-
ments of points near the bedrock and the top of the soil mass (Figure 13). 
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Figure 8. Displacements cartography for Es = 4 MPa.                      

 

 
Figure 9. Displacements cartography for Es = 6 MPa.                      

 

 
Figure 10. Displacements cartography for Es = 8 MPa.                      

 
Table 3. wmax values according Castem according to Eb.                                                         

Eb (GPa) 33 36 39 43 

wmax. (cm) 4.01793 4.01792 4.01791 4.01790 

 
Table 4. wmax values according Castem according to vs.                                                         

νs 0.2 0.25 0.35 0.4 

wmax. (cm) 4.01793 3.72031 2.78166 2.0834 
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Table 5. wmax values according Castem according to vb.                                                         

νb 0.2 0.25 0.35 0.4 

wmax. (cm) 4.01793 4.01792 4.01790 4.01789 

 
Table 6. wmax values according Castem according to e.                                                         

e (cm) 20 40 60 80 

wmax. (cm) 4.01789 4.01793 4.01796 4.01799 

 

 
Figure 11. Displacements of the middle of the plate according to Es.            

 

 
Figure 12. Profile of the displacements from the interface to the rigid substra-
tum for various values of Eb.                                            

 
These results show also a discernible influence of the elastic modulus of the top of the soil. The influence of 

Young’s modulus of top of the soil is more pronounced on the half-height above the soil. The upper half-height 
is the most affected part of the soil. Figure 18 shows the influence of the ratio B/L on the profile of displace-
ments in the soil. 

In which follows in addition to the linearity of the soil elastic modulus, the linearity of Poisson’s ratio is in-
troduced. It is assumed that variation of ϕ(z) follows a hyperbolic sine. The Poisson’s ratio in this context is 
given by: 
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Figure 13. Profile of the displacements from the interface to the rigid substra-
tum for various values of E2.                                            

 

 
Figure 14. Profile of the displacements from the interface to the rigid substra-
tum for various values of E1.                                            

 

 
Figure 15. Profile of the displacements from the interface to the rigid substra-
tum for various values of vs.                                            
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Figure 16. Profile of the displacements from the interface to the rigid substra-
tum for various values of νb.                                            

 

 
Figure 17. Profile of the displacements from the interface to the rigid substra-
tum for various expression of ϕ(z).                                            

 

 
Figure 18. Profile of the displacements from the interface to the rigid substra-
tum for linear and constant Es.                                          
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( )1 21s
zz H
H

ν ν ν= − +                                 (11) 

with ν1 and ν2 respectively representing the Poisson’s ratios of the top and the bottom of the soil.  
Figures 17-24 show the influence of the parameters of a linear model with the elastic modulus and Poisson’s 

ratio. It is clear from this analysis that the settlements in the soil mass are more pronounced for ϕ(z) hyperbolic 
sine for a linear profile (Figure 17). 

Figure 17 shows the importance of controlling the stress path and strain in the soil foundation. The linearity 
of the elastic modulus of soil gives more pronounced displacements in the soil (especially on the upper half 
thick of the soil) than when a constant elastic modulus of subgrade is admitted. 

These results also show a small influence of the linearity of Poisson’s ratio on the displacements profile 
(Figure 22). 

Figure 23 shows the influence of the thickness on the profile of the settlements in the soil. The influence of 
the thickness of the plate is more observed on the upper half thickness of the soil. 

This figure confirms that the thicker is the plate the more important are settlements in the soil massif. 
 

 
Figure 19. Profile of the displacements from the interface to the rigid substra-
tum for various values of E2.                                          

 

 
Figure 20. Profile of the displacements from the interface to the rigid substra-
tum for various values of E1.                                          
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Figure 21. Profile of the displacements from the interface to the rigid substra-
tum for various values of Eb.                                          

 

 
Figure 22. Profile of the displacements from the interface to the rigid substra-
tum for linear and constant vs.                                          

 

 
Figure 23. Profile of the displacements from the interface to the rigid substra-
tum for various values of e.                                          
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Figure 24. Profile of the displacements from the interface to the rigid substra-
tum for various values of B/L.                                               

 
It is clear from these findings that the influence of model parameters on the profile of displacements is more 

pronounced on the upper half-thickness of the soil.  
Figure 18 shows the displacements for constant and linear soil modulus. It is clear from this figure that taking a 

constant modulus leads to underestimate displacements because linearity of Es gives greater displacements at 
points on the upper half-thickness of the soil. 

5. Conclusion 
It appears from this study that the linearity of the elastic modulus of subgrade leads to greater displacement than 
when this modulus is assumed to be constant in the soil. The points located in the upper half-thickness of soil are 
the most sensitive to the parameters of the model. Poisson’s ratio has an insignificant influence on the observed 
displacements. This study shows that the mastery of mechanical properties and the path of displacements in the 
soil is important for mastering the future life of the structure where the need to pay utmost importance on soil 
studies before calculation and construction of any foundation. This study shows that the concrete alone does not 
solve all problems related to disorders in a foundation and mastery of soil parameters is important to minimize 
disorders. 
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