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Abstract—A proper total-coloring of graph G is said to be
equitable if the number of elements (vertices and edges) in any
two color classes differ by at most one, which the required
minimum number of colors is called the equitable total chromatic
number. In this paper, we prove some theorems on equitable
total coloring and derive the equitable total chromatic numbers
of P,V Sn, Py, V F,, and Pp, V W,
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I. INTRODUCTION

The coloring problem is one of the most important problems
in the graph theory. As an extension of proper vertex coloring,
edge coloring and total coloring!! ~?!, the concept and some
conjectures on the equitable total coloring/®~8! is developed.
It is a very difficult problem to obtain the equitable total
chromatic number, which meaningful results are rare.

The adjacent vertex distinguishing-equitable total chromatic
numbers of some double graphs are research in references
[9]. Zhang et al.(2008) introduced the vertex distinguishing
equitable edge coloring in references [10], and the vertex
distinguishing equitable edge chromatic numbers of the join-
graphs between path and path, path and cycle, cycle and cycle
with equivalent order are obtained in references [11].

In this paper, we study the equitable total coloring of some
join graphs and get some results. Some terms and marks aren’t
described in this paper, please refer them to [1-3].

II. DEFINITION AND LEMMA

Definition 2.1 For a simple graph G(V,E), let f be a
proper k-edge coloring of G, and

VB | =B [1 <1, 4,5=1,2,--- k.

The partition {E;|1 < i < k} is called a k-equitable edge
coloring (k-PEEC of G in brief), and

X.(G) = min{k|k — PEEC of G}

is called the equitable edge chromatic number of G, where
Ve e E;y fle)=1i, i=1,2,--- k.

Definition 2.2(6-8 For a simple graph G(V,E), let f be
a proper k-total coloring of G, and

||TZ|_‘TJ||§17 i»j:1727"'ak'
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The partition {T;} = {V; U E;|]1 < i < k} is called a k-
equitable total coloring (k-ETC of G in brief), and
Xet(G) = min{k|k — ETC of G}

is called the equitable total chromatic number of G, where
VeeT,=V,UE;, f(z)=1, i=1,2,--- k.
Conjecture 2.10°-8 For any simple graph G(V, E),

Xet(G) < A(G) +2 and xet(G) = x4(G),

where x:(G) is the total chromatic number of G.

Definition 2.3/ For graph G and H(V(G) NV (H) =
o, E(G) N E(H) = ¢), a new graph, denoted by G V H, is
called the join of G and H if

V(GVH)=V(G)UV(H),
E(GVH)=EG)UEH)U{wlueV(G),veV(H)}.
Lemma 2.106-8 For any simple graph G(V, E),
Xet(G) > A(G) +1

Lemma 2.2[2

For any simple graph G(V, E),
Xe(G) = A(G).

For any simple graph G' and H, X.(G) = x'(G)%), and if
H C G, then \/(H) < x'(G)2, where x'(G) is the proper
edge chromatic number of GG. So Lemma 2.3 and Lemma 2.4
are obtained.

Lemma 2.3 For any simple graph G and H, if H is a
subgraph of G, then

Xe(H) < xc(G).
Lemma 2.4 For complete graph K, with order p,

’ o D, pEl(mOd 2);
Xe(Kp) = { p—1, p=0(mod 2).

Lemma 2.5 Let G be a simple graph, if G[VA] does
not contain cycle, then

X (G) = A(G).

Where V(G[VA]) = Va = {vldlv) = A(G),v €
V(G)}, E(G[Va]) = {uv|u,v € Va,uv € E(G)}.
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Lemma 2.6/°~8 For complete graph K,, with order p,

P, p = 1(mod 2),
Xet(Fp) = {p+1,p:mmm2)

Lemma 2.7 Suppose P,, is a Path with order m, S,,, F,,
and W,, are Star, Fan and Wheel with order n+-1, respectively.
Then

APV S0) = APy V Fy) = APy VW) = m + 1.

IIT. MAIN RESULTS

For some simple graphs, we obtain Theorem 3.1 and The-
orem 3.2 as following.

Theorem 3.1 Let G be a simple graph, if A(G) =| V(G) |
—1 and G only has a vertex with maximum degree, then

Xet(G) = A(G) +1
Proof By Lemma 2.1, we only prove that G has an f of
(A(G) + 1)-ETC. Suppose w ¢ V(G), G* = GV {w}, then
G*[Va] = Py, so xL(G*) = A(G*) = A(G) + 1 by Lemma
2.5.
Let f* be a (A(G) + 1)-PEEC of G,

Vu e V(G), f(u) = f"(wu);
Yuv € E(G), f(uv) = f*(uw).
Obviously, f is a (A(G) +1)-ETC of G, so the Theorem 3.1
is true.
Theorem 3.2 Let G be a simple graph, if A(G) =| V(G) |
—1land | V(G) |= 1(mod 2), then
Xet(G) = A(G) + 1.
Proof By Lemma 2.1, we only prove that G has an f of n-
ETC, where n = |V(G)|. Suppose w € V(G), G* = GV{w},
obviously A(G*) =n, G* C K41 and (n+ 1) = 0(mod 2),

so x.(G*) = n by Lemma 2.2, Lemma 2.3 and Lemma 2.4.
Let f* be an n-PEEC of G,

Vu e V(G), f(u)= f"(wu);
Yuv € E(G), f(uv) = f*(uwv).

Obviously, f is an n-ETC of G, so the Theorem 3.2 is true.
In the following discussion, let
Pm = ULU2 * * * Uy,

V(Sa) = {v; [ i = 0,12, ,n}, B(Sn) = {vov; | i =
1,2,--- ’n};

V(Fn) N {Ui | P = 0’1’2’ ’n}’ E(Fn) = {UOM | 1=
1,2’--. ’n}U{UZ‘UZ‘J,_l |’L:1’2’ ,TL—l},

VIW,) ={v; |i=0,1,2,
132a"' 7n}U{UiUi+1 |Z: 1723"'
Theorem 3.3 When m > 2, then

5, m=2n=1,
Xet(Pm V Sn) = { m+mn+ 1, otherwise.
Proof There are seven cases to be considered.
Case 1 When m = 2 and n = 1, obviously P,V S = K4
By Lemma 2.6, it’s clear that the result is true.

,TL}7 E(Wn) = {’Uovi | 1 =

,n—1}U{v,v1}.
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Case2 Whenm =3,n=1orm=n=2, xet:(P3VS]) =
Xet (P2 V So) =5 by Lemma 2.7 and Theorem 3.2, so clearly
the result is true.

Case 3 When m = 2 and n = 3, xt(P3 V S3) > 6
by Lemma 2.1 and Lemma 2.7. We only need to prove that
P,V S5 has an f of 6-ETC. Define f by

f(vovr) = flvaur) = f(uz) = 1;
(Uovz) = f( ) (Ul) =4
f(viug) = f(U3U1) f(vo) = 3;
fvour) = f(vauz) = f(vs) = 4;
fvouz) = f(viur) = f(va) = 5;
f(vovs) = f(uruz) = f(v1) =

Obviously, the f is a 6-ETC of P, V S3, so the result is true.

Case 4 Whenm =2 and n > 4, xt (P2 V S,) > n+3by
Lemma 2.1 and Lemma 2.7. We only need to prove that P V
Sy, has an f of (n+3)-ETC. Let matching M = {vovy, ujus}.
Suppose w ¢ V (P, V S,,), denote G* by

V(G*) =V (PyV S,) U{w},
E(G*) = E(Py V S, \M) U {wuy,wus} U{wv; | i =
0,1, ,n —2).

Hence G*[Va] = ujvgus is a Path with order 3, so x.(G*) =
A(G*) =n + 2 by Lemma 2.5.

Let f; be an (n + 2)-PEEC of G*, let f» be a mapping of
P,V S, based on fi, that is,

fQ(Ui) = fl(wui)a 1=1,2;
fQ(Ui) = fl(wvi)v i= 0717"' y = 2.
Define mapping fs by
f3(vov1) = fa(uruz) = f3(un—1) = fa(un) =n+3.

Put f = f1 U fo U f3. So, for P, V .S, we
Vie{l,2,---,n+3}, |T;|=3or4

Obviously, f is an (n + 3)-ETC of P, V S,,, hence the result
is true.

Case 5 Whenm >4 and n = 1, xet (P V.S1) > m+2by
Lemma 2.1 and Lemma 2.7. We only need to prove that P, V
Sy has an f of (m+2)-ETC. Let matching M = {vgvy, ugus}.
Suppose w ¢ V(P,, V S1), denote G* by

V(G*) =V (P, V S1) U{w},
E(G*)}: E(P,, V S1\M) U {wvg, wvy } U{wu; | i =
2.3, . m).

Hence G*[Va] = vowu; is a Path with order 3, so x.(G*) =
A(G*) =m+ 1 by Lemma 2.5.

Let f; be an (m + 1)-PEEC of G*, let f be a mapping of
P,, v S1 based on fi, that is,

fo(v;) = fi(wv;), i =0,1;
fo(wy) = fr(wu;), i=2,3,---,m
Define mapping f3 by
f3(vov1) = fa(uauz) = fa(ur) =m + 2.
Put f = f1 U fo U fs. So, for P, vV 51, we have
) 3, m— 4.
vie{l,2,--- m+2} | T |= { 3ord, m>5.

Obviously, f is an (m + 2)-ETC of P,, V S, hence the result
is true.

Case 6 When m =3 and n > 2, xt(P3V S,) > n+4by
Lemma 2.1 and Lemma 2.7. We only need to prove that Ps V
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Sy has an f of (n+4)-ETC. Let matching M = {vgvy, vaus}.
Suppose w ¢ V(P5 V S,,), denote G* by

V(G) = V(Ps v Sy) U {w),
E(G*}? = E(P; v S,\M) U {wus} U {wv; | i =

Hence G*[Va] = wgus is a Path with order 2, so xL(G*) =
A(G*) =n + 3 by Lemma 2.5.
Let f1 be an (n + 3)-PEEC of G*, let f» be a mapping of
P; Vv S, based on f1, that is,
fa(uz) = fi(wuz);
fg(’Ui) = fl(wvi)7 1= 0, 1, R
Define mapping fs by
f3(vov1) = fa(vauz) = f3(ur) = f3(uz) =n+4.
Put f = f1 U fo U f3. So, for P3 vV .S, we have

Jor4, 2<n<6,
|Tz|: 4, n:7,
4orb, n>8.

ViE{l,Q,'~~ an+4}7

Obviously, f is an (n + 4)-ETC of P53V S,,, hence the result
is true.

Case 7 When m > 4 and n > 2, P,,V.S,, only has a vertex
vo with maximum degree and d(vg) = m+n =| V(P,,,V.Sy,) |
—1, so clearly the result is true by Theorem 3.1.

From what stated above, the proof is completed.

Theorem 3.4 When m > 2 and n > 2, then

7, m=2n=3orm=3n=2,

Xet(Pm V Fy) = { m+n+ 1, otherwise.

Proof Since P, V F,, = P, V F,,, so we only prove that
the result is true when m > n > 2. There are six cases to be
considered.

Case 1 When m = n = 2, obviously P, V Fy
Lemma 2.6, it’s clear that the result is true.

Case 2 When m = 3 and n = 2, x(P5 V Fy) > 6 by
Lemma 2.1 and Lemma 2.7, obviously PsV Fy = Kg — ujus.
Suppose xet(Kg —ujuz) = 6, only the color contains at most
4 elements which colored u; and w3, each color of the left
contains 3 elements, so 6 colors colored at most 19 elements,
but | V(KG - U1U3) | + | E(K@ - U1U3) |: 20. HCHCG, 6-
ETC is impossible. Moreover, 7-ETC of P; V F5 is getatable,
denote f by

fluv;) =i+j, 1=1,2,3, j=0,1,
flurug) = f(v1) = 5; f(ua) =2 f(UO) =4;
flugus) = f(vov1) = f(v2) = 6;
flvova) = f(u) =75 f(vive) = fluz) = 1.
Obviously, f is a 7-ETC of P3 V F5, hence the result is true.

Case 3 When m >4 and n =2, xet(Pn V F2) > m+3
by Lemma 2.1 and Lemma 2.7. We only prove that P, V F»
has an f of (m + 3)-ETC. Let matching M = {voua, v1v2}.
Suppose w ¢ V (P, V F), denote G* by

V(G*) =V (P, V Fy) U{w},

E(G*) = E(P, V Fo\M) U {wvg, wvy, woe, wus } U
{wu; |i=4,5,---,m}.
Hence G*[VA] = vivgvs is a Path with order 3, so x,(G*) =
A(G*) =m+ 2 by Lemma 2.5.
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Let f; be an (m + 2)-PEEC of G*, let f be a mapping of
P,, V F; based on f, that is,

Ja(vi) = fi(wvy), i =0,1,2; fo(uz) = fi(wuz);
fQ(Uz) = fl(wui)7 1= 4a5a e, M.

Define mapping f3 by
f3(viva) = fa(vouz) = f3(u1) = f3(uz) = m +3.

Put f = f1 U fo U f3. So, for P, V F5, we have
dord, m=4,5,6,

‘ Ti |= 4, m = 7,
4ord, m>8.

Vie{1,2,---,m+3},

Obviously, f is an (m + 3)-ETC of P, V F5, hence the result
is true.

Case 4 When m = n = 3, xet(P3 V F3) = 7 by Lemma
2.7 and Theorem 3.2, so clearly the result is true.

Case 5 When m > n = 3, xet(Pn V F3) > m + 4 by
Lemma 2.1 and Lemma 2.7. We only prove that P, V F3 has
an f of (m+4)-ETC. Let matching M = {vyusa, vova, v3us}.
Suppose w ¢ V (P, V F3), denote G* by

V(G*) =V (P, V F3) U{w},

E(G*) = E(P, VvV F\M)U {wu | v € V(P, V
Fs),and u # uy, U}
Hence G*[VA] = wovs is a Path with order 2, so x,(G*) =
A(G*) =m+ 3 by Lemma 2.5.

Let f; be an (m + 3)-PEEC of G*, let f be a mapping of
P,, V F3 based on f, that is,

fa(u) = fi(wu), w € V(P, V F3),and u # uq, Uyp,.
Define mapping f5 by

fa(viuz) = fs(vova) = fa(vsus) = fs(u1) = fs(um) =
m + 4.

Put f = f1 U fo U f3. So, for P, V F3, we have

4, m =4,
. 4 <m<11
Vie{1,2,--- ,m+4}, |T; |= 50r57 i@_:n;Q_ 7
5o0r 6, m > 13.

Obviously, f is an (m + 4)-ETC of P,, V F3, hence the result
is true.

Case 6 When m >n >4, P, V F, only has a vertex v
with maximum degree and d(vg) = m+n =| V (P, V F,) |
—1, so clearly the result is true by Theorem 3.1.

From what stated above, the proof is completed.

Theorem 3.5 When m > 2 and n > 3, then

7, m=2n=23,

Xet(Pm V Wh) = { m+n+ 1, otherwise.

Proof There are six cases to be considered.

Case 1 When m = 2 and n = 3, obviously P, VW3 = K.
By Lemma 2.6, it’s clear that the result is true.

Case 2 When m = 2,n=4orm =n =3, xa(P2 V
Wy) = Xet(P3 VvV W3) = 7 by Lemma 2.7 and Theorem 3.2,
so clearly the result is true.

Case 3 When m =2 and n > 5, xet(PoVW,) >n+3
by Lemma 2.1 and Lemma 2.7. We only prove that P, V W,
has an f of (n + 3)-ETC. Define f by

f(’l)luj):’é-l-], Zzoalv , 1, ]:]—727
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f(Uovz)*Z+3 7’:1527"' ) T3 f(v()):g’
flurug) = f(v1) = f(vz) =n+3; floive) =n+1;
f(vavz) = (Ul) =n+2; f(v2) =2
flovig1) =1—2, i=3,4,--- ,n—1;
fopv) = f(uQ)zl; flw) =1, i=45--n
We have
Jord, n=>5,
Vie{l,2,---,m+3}, |Ti|=4¢ 4, n =06,
4orbd n>T.

Obviously, the f is an (n + 3)-ETC of P, V W,,, hence the
result is true.

Case 4 When m =3 and n > 4, xt(PsVW,,) > n+4 by
Lemma 2.1 and Lemma 2.7. We only prove that Ps VV W,, has
an f of (n+ 4)-ETC. Let matching M = {vouz, v1v2, 304}
Suppose w ¢ V(Ps vV W,,), denote G* by

V(G*) =V (P vW,)U{w},
E(G? = E(P3 VvV W,\M) U {wus} U {wy; | i =
0,1,---,n}.

Hence the edge set of G*[Va] is empty, so xL(G*) =
A(G*) = n + 3 by Lemma 2.5.

Let f1 be an (n + 3)-PEEC of G*, let fo be a mapping of
P3 Vv W, based on fi, that is,

fa(ug) = fi(wuz); fa(vi) = fi(wv), i=0,1,---,n
Define mapping f3 by

fs(vouz) = f3(01112) = f3('U3’U4) = f3(U1) = f3(us) =
n + 4.

Put f = f1 U fo U f3. So, for P3 vV W,,, we have

4orb, 4<n<10,
|Tz|: 57 n:ll,
5or 6, n>12.

Obviously, f is an (n+ 4)-ETC of P5V W,,, hence the result
is true.

Case 5 When m > 4 and n = 3, (P, V W3) >
m + 4 by Lemma 2.1 and Lemma 2.7. We only prove
that P,, V W3 has an f of (m + 4)-ETC. Let edge set
M = {vgvy,v2v3, ugus; VU3, V1V, U1Us }. Suppose w ¢
V(P,, V W3), denote G* by

V(G*) = V(Pm \ WB) U {w}a

B(G*) = E(Pyn V Ws\M) U {wv; | i = 0,1,2,3} U
{wuz} U{wu; |i=6,7,---,m, m > 6}.
Hence the edge set of G*[Va] is {vova,v1vs}, XL(G*) =
A(G*) =m+ 2 by Lemma 2.5.

Let f1 be an (m 4+ 2)-PEEC of G*, let f> be a mapping of
P,, vV W3 based on f1, that is,

Vie{1,2,- ,n+4},

fa(uz) = fi(wug); fa(vi) = fi(wvi), i=0,1,2,3;
foluy) = fi(wu;), i =6,7,--- ,m, (m > 6).
Define mapping f3 by
f3(vov1) = f3(vavz) = fa(uauz) = f3(u1) = fa(ua) =
m 4+ 3;
f3(vovs) = fa(viva) = f3(uruz) = fs(uz) = fa(us) =

m +4, (only if m > 5, has it vertex us).
Put f = f1 U fo U f3. So, for P, V W3, we have

4ord, 4<m<10,
| T; |= 5, m =11,
5or 6, m>12.

v1€{172, 7m+4}7
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Obviously, f is an (m+4)-ETC of P,, V W3, hence the result
is true.

Case 6 When m > 4 and n > 4, P, V W, only has
a vertex vy with maximum degree and d(vg) = m + n =|
V(P,, VW,) | —1, so clearly the result is true by Theorem
3.1.

From what stated above, the proof is completed.
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