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Abstract 
For a connected graph G, the Schultz and modified Schultz polynomials are 

defined as: ( ) ( ) ( )

( )

,

,
; d u v

u v
u v V G

Sc G x xδ δ
∈

= +∑ , and  

( ) ( ) ( )

( )

*
,

,
; d u v

u v
u v V G

Sc G x xδ δ
∈

= ∑ , respectively, where the summations are taken 

over all unordered pairs of distinct vertices in V(G), uδ  is the degree of ver-

tex u, ( ),d u v  is the distance between u and v and V(G) is the vertex set of 

G. In this paper, we find Schultz and modified Schultz polynomials of the 
Cog-special graphs such as a complete graph, a star graph, a wheel graph, a 
path graph and a cycle graph. The Schultz index, modified Schultz index and 
average distance of Schultz and modified Schultz of each such Cog-special 
graphs are also obtained in this paper. 
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1. Introduction 

We follow the terminology of [1] [2] [3] [4]. All the graphs considered in this 
paper are simple and connected finite undirected without loops or multiple 
edges. Distance is an important concept in graph theory and it has applications 
to computer science, chemistry, and a variety of other fields [5] [6].  

Suppose that ( ) ( )( ),G V G E G=  is a simple undirected connected graph of 
order ( ) ( )p p G V G= =  and size ( ) ( )q q G E G= = , the distance between 
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two vertices u and v of G is denoted by ( ),d u v  and it is defined as the length of 
a shortest ( ),u v -path in connected graph G. In particular, if u v= , then 
( ), 0d u v = . The greatest distance in G is the diameter and will be denoted by D. 

The number of pairs of vertices of G that are distance k is denoted by ( ),d G k . 
Let ( )kD G  be the set of all unordered pairs of vertices with distance k such that  

( ) ( ),kD G d G k=  and ( )
1

,
2

D

k

p
d G k

=

 
=  
 

∑ , where 
2
p 

 
 

 is representation of the 

number of unordered pairs distinct vertices in G. 
The Schultz polynomial of a graph G is defined as: 

( ) ( ) ( )

( )

,

,
; d u v

u v
u v V G

Sc G x xδ δ
∈

= +∑ , 

and modified Schultz polynomial of a graph G is defined as: 

( ) ( ) ( )

( )

*
,

,
; d u v

u v
u v V G

Sc G x xδ δ
∈

= ∑ . 

The molecular topological index (Schultz index) was introduced by Harry P. 
Schultz in 1993 [7] and the modified Schultz index was defined by S. Klavžar and 
I. Gutman in 1997 [8]. 

The Schultz index is defined as: 

( ) ( ) ( )
( ),

,u v
u v V G

Sc G d u vδ δ
∈

= +∑ , 

and modified Schultz index is defined as: 

( ) ( ) ( )
( )

*

,
,u v

u v V G
Sc G d u vδ δ

∈

= ∑ . 

where the summation for all above is taken over all unordered pairs of distinct 
vertices in V(G). 

The indices of Schultz and modified Schultz can be obtained by the derivative 
of Schultz and modified Schultz polynomials with respect to x at 1x = , i.e.: 

( ) ( )
1

d ;
d x

Sc G Sc G x
x =

= , and ( ) ( )
* *

1

d ;
d x

Sc G Sc G x
x =

=  respectively. 

The average distance of a connected graph G with respect Schultz and mod-
ified Schultz is defined as: 

( ) ( )

2

Sc G
Sc G

p
=

 
 
 

 and ( ) ( )
*

*

2

Sc G
Sc G

p
=

 
 
 

. 

Schultz and modified Schultz polynomial of two operations Gutman’s and the 
Cog-complete bipartite Graphs founded by Ahmed and Haitham [9] [10], the 
Schultz and modified Schultz polynomial of some special graphs are summa-
rized in the following theorem (See [11]). 

Theorem 1.1: 

1) ( ) ( )2 1; 1pSc K x p p x= − , ( ) ( ){ }* 3 1; 1 2pSc K x p p x= − . 
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2) ( ) ( ) ( )1 2
1; 1 1pSc S x p p x p p x+ = + + − ,  

( ) ( ){ }
*

2 1 2
1; 1 2pSc S x p x p p x+ = + − . 

3) ( ) ( ) ( )2 1 2
1; 9 6 3 3pSc W x p p x p p x+ = + + + − ,  

( ) ( ) ( ){ }
*

2 1 2
1; 3 3 3 9 3 2pSc W x p p x p p x+ = + + + − . 

4) ( ) ( )
1

1
; 4 2

p
k

p
k

Sc P x p k x
−

=

= − −  ∑ , ( ) ( )
1*

1

1
; 4 1

p
k p

p
k

Sc P x p k x x
−

−

=

= − − +∑ . 

5) ( ) ( )
2 1 2*

1

2 , is even,
; ; 4

0, is odd.

p p
k

p p
k

px p
Sc C x Sc C x p x

p

−  

=


= = + 


∑   

2. Main Results  
2.1. Definition 

A cog-complete graph c
pK  is the graph constructed from a complete graph pK , 

3p ≥ , of vertex set { }1 2, , , pu u u  with p additional vertices { }1 2, , , pv v v , and 
2p edges { }1, : 1, 2, ,i i i iv u v u i p+ =  , ( )1 1pu u+ ≡ , as shown in Figure 1. 

It is clear that ( ) 2c
pp K p= , ( ) ( )3 2c

pq K p p= + , and 3c
pdiam K = , for 

4p ≥ . 
Theorem 2.1.1: For 4p ≥ , we have:  
1) ( ) ( ) ( )( ) ( )2 1 2 3; 2 5 1 2 2 3 .c

pSc K x p p p x p p p x p p x= + + + − + + −
 

2) ( ) ( )( ){ } ( ) ( )2 1 2 2 3; 1 7 2 2 1 2 3 .c
pSc K x p p p x p p x p p x

∗
= + + + − + −

 
Proof: For every vertice ( ), c

py z V K∈ , there is ( ),d y z k= , 1,2,3k = , and 

obviously ( )
3

1
2 1i

i
D p p

=

= −∑ . 

We will have three partitions for proof: 
P1. If ( ), 1d y z = , then ( )1 3 2D p p= +  and is equal to ( )c

pq K , we have 
two subsets of it: 

P1.1. 
( ) ( ) ( ){

( )}1 1

, : , 3& 2 1 ,

, 1,1 , 2 .

i j i j

c
i j i j p u v u v

p

u v u v E K p p

i j j j p u u p

δ δ δ δ

+

∈ + = + = +

= + ≤ ≤ ≡ =
 

P1.2. 
( ) ( ) ( ){

( ) } ( )2

, : , 2 1

& 1 ,1 , , 1 2.

i j

i j

c
i j i j p u u

u u

u u u u E K p

p i j p i j p p

δ δ

δ δ

∈ + = +

= + ≤ ≤ ≠ = −
 

 

 

Figure 1. A cog-complete graph c
pK . 
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P2. If ( ), 2d y z = , then ( )2 1D p p= − , we have two subsets of it: 

P2.1. ( ) ( ){ }1 11 1 1, : 4 & 4,1 ,
i i i ii i v v v v pv v i p v v pδ δ δ δ

+ ++ ++ = = ≤ ≤ ≡ = . 

P2.2. 
( ) ( ) ( ){

( )} ( )1 1

, : , 3& 2 1 ,

1 , , , 1 2 .

i j i j

c
i j i j p v u v u

p

v u v u E K p p

i j p i j j u u p p

δ δ δ δ

+

∉ + = + = +

≤ ≤ ≠ + ≡ = −
 

P3. If ( ), 3d y z = , then ( )3 3 2D p p= − , we have:  

( ){ } ( ){ }
( )

1, : 4 & 4,1 , , 0,1 ,

3 2.
i j i ji j v v v v pv v i j p i j v v

p p

δ δ δ δ+ = = ≤ ≤ − ≠ −

= −
 

From P1 - P3, we have: 

( ) ( ) ( )( ) ( )2 1 2 3; 2 5 1 2 2 3 .c
pSc K x p p p x p p p x p p x= + + + − + + −  

( ) ( )( ){ } ( ) ( )
*

2 1 2 2 3; 1 7 2 2 1 2 3 .c
pSc K x p p p x p p x p p x= + + + − + −  

Corollary 2.1.2: For 4p ≥ , we have:  
1) ( ) ( )23 10 17c

pSc K p p p= + − . 

2) ( ) ( )3 29 11 29 2c
pSc K p p p p

∗
= + + − . 

Corollary 2.1.3: For 4p ≥ , we have:  

1) ( ) ( )110 6 23 4
7

c
pSc K p≤ < + . 

2) ( ) ( )21315 4 38 63 16
14

c
pSc K p p

∗
≤ < + + . 

Remark 2.1.4:  
1) ( ) 1 2

3 ; 60 30cSc K x x x= + . 
2) ( ) 1 2

3 ; 96 36cSc K x x x
∗

= + . 

2.2. Definition 

A cog-star graph 1
c
pS +  is the graph constructed from a star graph, 1pS + , 3p ≥ , 

of vertex set { }0 1 1, , , ,p pu u u u−  with p additional vertices { }1 2 1, , , ,p pv v v v− , 
and edges { }1, : 1, 2, ,i i i iv u v u i p+ =  , ( )1 1pu u+ ≡ , as shown in Figure 2. 
 

 

Figure 2. A cog-star graph 1
c
pS + . 
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It is clear that ( )1 2 1c
pp S p+ = + , ( )1 3c

pq S p+ = , 1 4c
pdiam S + =  for 4p ≥ . 

Theorem 2.2.1: For 4p ≥ , we have:  
1) ( ) ( ) ( ) ( ) ( )1 2 3 4

1; 13 4 3 5 2 2 3 .c
pSc S x p p x p p x p p x p p x+ = + + + + − + −

 
2) ( ) ( ) ( ){ } ( ) ( )1 2 3 4

1; 3 4 13 1 2 6 2 2 3c
pSc S x p p x p p x p p x p p x

∗

+ = + + − + − + −
 

Proof: For every vertice ( )1, c
py z V S +∈ , there is ( ),d y z k= , 1,2,3,4k = , 

and obviously ( )
4

1
2 1i

i
D p p

=

= +∑ . 

We will have four partitions for proof: 
P1. If ( ), 1d y z = , then 1 3D p=  and is equal to ( )1

c
pq S + , we have two 

subsets of it: 

P1.1. ( ) ( ){ }0 00 0 1, : , 3& 3 ,1 .
i i

c
i i p u u u uu u u u E S p p i p pδ δ δ δ+∈ + = + = ≤ ≤ =

 

P1.2. 
( ) ( ){

( )}
1

1 1

, : , 5 & 6,1 ,

, 1, 2 .

i j i j

c
i j i j p v u v u

p

v u v u E S i p

j i i u u p

δ δ δ δ+

+

∈ + = = ≤ ≤

= + ≡ =
 

P2. If ( ), 2d y z = , then ( )2 3 2D p p= + , we have three subsets: 

P2.1. ( ){ } ( ), : 6 & 9,1 , , 1 2.
i j i ji j u u u uu u i j p i j p pδ δ δ δ+ = = ≤ ≤ ≠ = −

 
P2.2. ( ){ }0 00 , : 2 & 2 ,1 .

i ii u v u vu v p p i p pδ δ δ δ+ = + = ≤ ≤ =  

P2.3. ( ) ( ){ }1 11 1 1, : 4 & 4,1 , .
i i i ii i v v v v pv v i p v v pδ δ δ δ

+ ++ ++ = = ≤ ≤ ≡ =  

P3. If ( ), 3d y z = , then ( )3 2D p p= − , we have: 

( ){ } ( ){ }
( )

1, : 5 & 6,1 , , 0,1 ,

2 .
i j i ji j u v u v pu v i j p i j u v

p p

δ δ δ δ+ = = ≤ ≤ − ≠ −

= −
 

P4. If ( ), 4d y z = , then ( )4 3 2D p p= − , we have: 

( ){ } ( ){ }
( )

1, : 4 & 4,1 2, 2 ,

3 2.
i j i ji j v v v v pv v i p i j p v v

p p

δ δ δ δ+ = = ≤ ≤ − + ≤ ≤ −

= −
 

From P1 - P4, we have: 

( ) ( ) ( ) ( ) ( )1 2 3 4
1; 13 4 3 5 2 2 3 .c

pSc S x p p x p p x p p x p p x+ = + + + + − + −
 

( ) ( ) ( ){ } ( ) ( )
*

1 2 3 4
1; 3 4 13 1 2 6 2 2 3 .c

pSc S x p p x p p x p p x p p x+ = + + − + − + −  

Corollary 2.2.2: For 4p ≥ , we have:  
1) ( ) ( )1 32 35c

pSc S p p+ = − . 

2) ( ) ( )1 7 6 7c
pSc S p p

∗

+ = − . 

Corollary 2.2.3: For 4p ≥ , we have:  

1) ( )1
110 16
3

c
pSc S +≤ < . 

2) ( )1
213 21
9

c
pSc S

∗

+≤ < . 

Remark 2.2.3:  
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1) ( ) 1 2 3
4 ; 48 45 15cSc S x x x x= + + . 

2) ( ) 1 2 3
4 ; 63 57 18cSc S x x x x

∗
= + + . 

2.3. Definition 

A cog-wheel graph 1
c
pW +  is the graph constructed from a wheel 1pW + , 3p ≥ , 

of order 1p + , with vertex set { }0 1 2, , , , pu u u u  and with p additional vertices 

1 2, , , pv v v , and edges { }1, : 1, 2, ,i i i iv u v u i p+ =  , ( )1 1pu u+ ≡ , as shown in 
Figure 3. 

It is clear that ( )1 2 1c
pp W p+ = + , ( )1 4c

pq W p+ = , 1 4c
pdiamW + =  for 6p ≥ .  

Theorem 2.3.1: For 6p ≥ , we have:  
1) ( ) ( ) ( ) ( ) ( )1 2 3 4

1; 29 6 5 7 24 2 5 .c
pSc W x p p x p p x p p x p p x+ = + + + + − + −  

2) ( ) ( ) ( ){ } ( )
( )

1 2 3
1

4

; 5 9 29 27 2 / 2 5 18

2 5 .

c
pSc W x p p x p p x p p x

p p x

∗

+ = + + − + −

+ −
 

Proof: For every vertice ( )1, c
py z V W +∈ , there is ( ),d y z k= , 1,2,3,4k = , 

and obviously ( )
4

1
2 1i

i
D p p

=

= +∑ . 

We will have four partitions for proof: 
P1. If ( ), 1d y z = , then 1 4D p=  and is equal to ( )1

c
pq W + , we have three 

subsets of it: 

P1.1. ( ) ( ){ }0 00 0 1, : , 5 & 5 ,1 .
i i

c
i i p u u u uu u u u E W p p i p pδ δ δ δ+∈ + = + = ≤ ≤ =  

P1.2. 
( ) ( ){

( )}
1

1

1 1 1

1 1

, : , 10

& 25,1 , .

i i

i i

c
i i i i p u u

u u p

u u u u E W

i p u u p

δ δ

δ δ

+

+

+ + +

+

∈ + =

= ≤ ≤ ≡ =
 

P1.3. 
( ) ( ){

( )}
1

1 1

, : , 7

& 10,1 , , 1, 2 .

i j

i j

c
i j i j p v u

v u p

v u v u E W

i p j i i u u p

δ δ

δ δ

+

+

∈ + =

= ≤ ≤ = + ≡ =
 

P2. If ( ), 2d y z = , then ( )2 5 2D p p= + , we have five subsets 

P2.1. 
( ){ }
( ){ } ( )1

, : 10 & 25,1 2, 2

, 3 2.

i j i ji j u u u u

p

u u i p i j p

u u p p

δ δ δ δ+ = = ≤ ≤ − + ≤ ≤

− = −
 

 

 

Figure 3. A cog-wheel graph 1
c
pW + . 
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P2.2. ( ){ }0 00 , : 2 & 2 ,1
i ii u v u vu v p p i p pδ δ δ δ+ = + = ≤ ≤ = . 

P2.3. ( ) ( ){ }1 11 1 1, : 7 & 10,1 , .
i i i ii i u v u v pu v i p v v pδ δ δ δ

+ ++ ++ = = ≤ ≤ ≡ =   

P2.4. 
( ){ }
( ) ( ){ }

2 22

1 1 2

, : 7 & 10,3

, , , .

i i i ii i u v u v

p p

u v i p

u v u v p

δ δ δ δ
− −−

−

+ = = ≤ ≤

=

 

P2.5. ( ) ( ){ }1 11 1 1, : 4 & 4,1 , .
i i i ii i v v v v pv v i p v v pδ δ δ δ

+ ++ ++ = = ≤ ≤ ≡ =  

P3. If ( ), 3d y z = , then ( )3 3D p p= − , we have two subsets: 

P3.1. 

( ){
( )} ( ){ }

( )
1 1

, : 7 & 10,3 ,1 , 2, 1,

, 1, , : 1, 2, 2 3

4 .

i j i ji j u v u v

p i j

u v i p j p j i i

i i v v u v i i j p i

p p

δ δ δ δ

+

+ = = ≤ ≤ ≤ ≤ ≠ − −

+ ≡ = + ≤ ≤ + −

= −

  

P3.2.  

( ) ( ) ( ){ }2 22 1 1 2 2, : 4 & 4,1 , , .
i i i ii i v v v v p pv v i p v v v v pδ δ δ δ

+ ++ + ++ = = ≤ ≤ ≡ ≡ =  

P4. If ( ), 4d y z = , then ( )4 5 2D p p= − , we have:  

( ){
( ) ( )} ( ){ }
( )

1 1 2 2

, : 4 & 4,3 ,1 , 2, 1, , 1,

2, , , : 1, 2, 3 3

5 2.

i j i ji j v v v v

p p i j

v v i p j p j i i i i

i v v v v v v i i j p i

p p

δ δ δ δ

+ +

+ = = ≤ ≤ ≤ ≤ ≠ − − +

+ ≡ ≡ = + ≤ ≤ + −

= −

  

From P1 - P4, we have: 

( ) ( ) ( ) ( ) ( )1 2 3 4
1; 29 6 5 7 24 2 5 .c

pSc W x p p x p p x p p x p p x+ = + + + + − + −  

( ) ( ) ( ){ } ( )
( )

*
1 2 3

1

4

; 5 9 29 27 2 2 5 18

2 5 .

c
pSc W x p p x p p x p p x

p p x
+ = + + − + −

+ −
 

Corollary 2.3.2: For 6p ≥ , we have:  
1) ( ) ( )1 42 73c

pSc W p p+ = − . 

2) ( ) ( )1 2 36 65c
pSc W p p

∗

+ = − . 

Corollary 2.3.3: For 6p ≥ , we have:  

1) ( )1
1013 21
13

c
pSc W +≤ < . 

2) ( )1
323 36

13
c
pSc W

∗

+≤ < . 

Remark 2.3.4:  
1) ( ) 1 2 3

6 ; 170 175 55cSc W x x x x= + + , ( ) 1 2 3
5 ; 132 116 8cSc W x x x x= + + ,  

( ) 1 2
4 ; 96 48cSc W x x x= + . 

2) ( ) 1 2 3
6 ; 350 295 70cSc W x x x x

∗
= + + , ( ) 1 2 3

5 ; 260 178 8cSc W x x x x
∗

= + + ,  

( ) 1 2
4 ; 180 60cSc W x x x

∗
= + . 
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2.4. Definition 

A saw graph c
pP  is a path of order p, say { }1 2, , , pu u u , with 1p −  addition-

al vertices { }1 2 1, , , pv v v −  and edges { }1, : 1, 2, , 1i i i iv u v u i p+ = −  as depicted 
in Figure 4.  

It is clear ( ) 2 1c
pp P p= − , ( ) ( )3 1c

pq P p= −  and 1c
pdiam P p= − , for 2p ≥ . 

Theorem 2.4.1: For 5p ≥ , we have:  

1) ( ) ( ) ( )
3

1 2 1

2
; 4 5 7 8 3 3 1 40 16 .

p
c k p p
p

k
Sc P x p x p k x x x

−
− −

=

= − + − − + +∑  

2) ( ) ( ) ( )
3*

1 2 1

2
; 8 4 7 12 3 3 2 48 16 .

p
c k p p
p

k
Sc P x p x p k x x x

−
− −

=

= − + − − + +∑  

Proof:  
For every vertice ( ), c

py z V P∈ , there is ( ),d y z k= , 1 1k p≤ ≤ − , and ob-

viously ( )( )
1

1
2 1 1

p

i
i

D p p
−

=

= − −∑ .  

We will have four partitions for proof: 
P1. if ( ), 1d y z = , then ( )1 3 1D p= −  and is equal to ( )c

pq P , we have five 
subsets of it: 

P1.1. ( ) ( ){ }1 11 1, : , 6, 8, 1, 1 2.
i i i i

c
i i i i p u u u uu u u u E P i pδ δ δ δ

+ ++ + ∈ + = = = − =   

P1.2. 
( ) ( ) ( ) ( ) ( ){
( ) ( ) }

1 1 1

1 1 1

1 1 1 1 1 1, , , : , , 4,

4 2.

p p

p p

c
p p p p p u u v v

u u v v

u v u v u v u v E P δ δ

δ δ

−

−

− − ∈ + =

= =
 

P1.3. ( ) ( ){ }1 11 1, : , 6, 8, 2 1 2.
i i i i

c
i i i i p u v u vu v u v E P i p pδ δ δ δ

− −− − ∈ + = = ≤ ≤ − = −
 

P1.4. ( ) ( ){ }, : , 6, 8, 2 1 2.
i i i i

c
i i i i p u v u vu v u v E P i p pδ δ δ δ∈ + = = ≤ ≤ − = −   

P1.5.  

( ) ( ){ }1 11 1, : , 8, 16,2 2 3.
i i i i

c
i i i i p u u u uu u u u E P i p pδ δ δ δ

+ ++ + ∈ + = = ≤ ≤ − = −   

P2. if ( ),d y z k= , 2 3k p≤ ≤ − , then ( )( )
3

2
2 4 1

p

k
k

D p p
−

=

= − +∑ , we have six 

subsets of it:  

P2.1. 
( ){ }
( ){ }

1 1 1 1

1 1

1 1

1

, : 6, 8

, : 4, 4 2.

k k

k k

k u u u u

k u v u v

u u

u v

δ δ δ δ

δ δ δ δ

+ ++ + = =

+ = = =

  

P2.2. 
( ){ }
( ){ }

, : 6, 8

, : 4, 4 2.

p p k p p k

p p k p p k

p p k u u u u

p p k u v u v

u u

u v

δ δ δ δ

δ δ δ δ

− −

− −

−

−

+ = =

+ = = =

 
 

 

Figure 4. A saw graph c
pP . 
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P2.3. ( ){ }, : 8, 16,2 1

2.
i k i i k ii k i u u u uu u i p k

p k

δ δ δ δ
+ ++ + = = ≤ ≤ − −

= − −
  

P2.4. ( ){ }1 11, : 6, 8, 2 1.
i k i i k ii k i u v u vu v i p k p kδ δ δ δ

+ − + −+ − + = = ≤ ≤ − = − −   

P2.5. ( ){ }1 1 1 11 1, : 6, 8, 2

1.
p i p k i p i p k ip i p k i u v u vu v i p k

p k

δ δ δ δ
− + − − + − + − − +− + − − + + = = ≤ ≤ −

= − −
  

P2.6. ( ){ }1 11, : 4, 4,1 .
i i k i i ki i k v v v vv v i p k p kδ δ δ δ

+ − + −+ − + = = ≤ ≤ − = −  

P3. if ( ), 2d y z p= −  then 2 8pD − = , we have six subsets of it:  

P3.1. ( ){ }2 22, : 6, 8, 1, 2 2.
i p i i p ii p i u u u uu u iδ δ δ δ

+ − + −+ − + = = = =  

P3.2. ( ){ }1 2 1 21 2, : 4, 4 1.
p pp u v u vu v δ δ δ δ
− −− + = = =  

P3.3. ( ){ }2 22, : 4, 4 1.
p pp u v u vu v δ δ δ δ+ = = =  

P3.4. ( ){ }2 1 2 12 1, : 6, 8 1.
p pp u v u vu v δ δ δ δ
− −− + = = =  

P3.5. ( ){ }1 1 1 11 1, : 6, 8 1.
p pp u v u vu v δ δ δ δ
− −− + = = =  

P3.6. ( ){ }3 33, : 4, 4, 1, 2 2.
i p i i p ii p i v v v vv v iδ δ δ δ

+ − + −+ − + = = = =  

P4. if ( ), 1d y z p= −  then 1 4pD − = , we have four subsets of it: 

P4.1. ( ){ }1 11, : 4, 4 1.
p pp u u u uu u δ δ δ δ+ = = =  

P4.2. ( ){ }1 1 1 11 1, : 4, 4 1.
p pp u v u vu v δ δ δ δ
− −− + = = =  

P4.3. ( ){ }1 11, : 4, 4 1.
p pp u v u vu v δ δ δ δ+ = = =  

P4.4. ( ){ }1 1 1 11 1, : 4, 4 1.
p pp v v v vv v δ δ δ δ
− −− + = = =  

From P1 - P4, we have: 

( ) ( ) ( )
3

2 1

2
; 4 5 7 8 3 3 1 40 16 .

p
c k p p

p
k

Sc P x p x p k x x x
−

− −

=

= − + − − + +∑  

( ) ( ) ( )
3*

2 1

2
; 8 4 7 12 3 3 2 48 16 .

p
c k p p
p

k
Sc P x p x p k x x x

−
− −

=

= − + − − + +∑  

Corollary2.4.2: For 5p ≥ , then: 
1) ( ) ( )( )24 1 1c

pSc P p p= + − . 

2) ( ) ( )
* 26 1c

pSc P p p= − . 

Corollary2.4.3: For 5p ≥ , then: 

1) ( )210 2 1
3

c
pSc P p≤ ≤ + . 

2) ( ) ( )
*113 3 2 1 2

3
c
pSc P p≤ < − . 

Remark 2.4.4:  
1) ( ) 1 2

3 ; 32 16cSc P x x x= + , ( ) 1 2 3
4 ; 52 40 16cSc P x x x x= + + . 

2) ( )
*

1 2
3 ; 40 16cSc P x x x= + , ( )

*
1 2 3

4 ; 72 48 16cSc P x x x x= + + . 
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2.5. Definition 

A Cog-Cycle is a graph , 3c
pC p ≥  obtained from a cycle graph  

{ }1 2 1, , , ,p pC u u u u=   with p additional vertices { }1 2, , , pv v v , and edges 
( ){ }1 1 1, : 1, 2, , ,i i i i pv u v u i p u u+ += ≡  as shown in Figure 5. 

It’s clear that ( ) ( )2 , 3c c
p pp C p q C p= = , and  

( )
( )

2 1, is even 4,

1 2, is odd 3.
c
p

p p p
diamC

p p p

+ ≥
= 

+ ≥
 

Theorem 2.5.1: For 6p ≥ , then: 

1) ( )
2 2 2

1 1
2 2

1 1

2

10 , is even,
; 20 24 2

12 5 , is odd.

p p p

p p

C k
p

k

x x p
Sc C x px p x p

x x p
− +

 − +  

=

 += + +
 +

∑  

2) ( )
2 2 2

1 1
2 2

1 1
*

2

14 , is even,
; 32 36 2

18 6 , is odd.

p p p

p p

c k
p

k

x x p
Sc C x px p x p

x x p
− +

 − +  

=

 += + +
 +

∑  

Proof: For every vertice ( ), c
py z V C∈ , there is ( ),d y z k= , 1 1

2
pk  ≤ ≤ +  

, 

and obviously ( )
2 1

1
2 1

p

i
i

D p p
 +  

=

= −∑ . We will four partitions for proof: 

P1. if ( ), 1d y z = , then 3iD p=  and is equal to ( )c
pq C . We have three 

subsets of it: 
P1.1.  

( ) ( ) ( )1 11 1 1 1, : , 8, 16,1 , .
i i i i

c
i i i i p u u u u pu u u u E C i p u u pδ δ δ δ

+ ++ + +∈ + = = ≤ ≤ ≡ =  

P1.2. ( ) ( ){ }, : , 6, 8,1 .
i i i i

c
i i i i p u v u vu v u v E C i p pδ δ δ δ∈ + = = ≤ ≤ =  

P1.3.  

( ) ( ) ( ){ }1 11 1 1 1, : , 6, 8,1 ,
i i i i

c
i i i i p u v u v pu v u v E C i p u u pδ δ δ δ

+ ++ + +∈ + = = ≤ ≤ ≡ =  

P2. If ( ),d y z k= , 2 1
2
pk  ≤ ≤ −  

, then 
2 1

2
4

p

k
k

D p
 −  

=

=∑ . We have four sub-

sets of it:  
 

 

Figure 5. A Cog-Cycle Graph c
pC . 
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when iu  moving to jv  clockwise. 

P2.1. ( ){ }, : 8, 16,1 , , , .
i j i ji j u u u uu u i j p i j k p k pδ δ δ δ+ = = ≤ ≤ − = − =   

P2.2. ( ){ }, : 6, 8,1 , , 1, 1 .
i j i ji j u v u vu v i j p i j k p k pδ δ δ δ+ = = ≤ ≤ − = − − + =   

when iu  moving to jv  reversed clockwise. 

P2.3. ( ){ }, : 6, 8,1 , , , .
i j i ji j u v u vu v i j p i j k p k pδ δ δ δ+ = = ≤ ≤ − = − =  

P2.4. ( ){ }, : 4, 4,1 , , 1, 1 .
i j i ji j v v v vv v i j p i j k p k pδ δ δ δ+ = = ≤ ≤ − = − − + =  

P3. If ( ), 2d y z p=    , when p is even, then 2 7 2pD p= , we have four 
subsets of it: 

P3.1. ( ){ }/2 22, : 8, 16,1 2 2.
i p i pi i p u u u uu u i p pδ δ δ δ+ + = = ≤ ≤ =   

when iu  moving to jv  clockwise. 

P3.2. 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

, : 6, 8,1 1 2 1, 2 1

, : 6, 8, 2 2 , 2 1

.

i j i j

i j i j

i j u v u v

i j u v u v

u v i p j p i

u v p i p j i p

p

δ δ δ δ

δ δ δ δ

+ = = ≤ ≤ + + = + −

+ = = + ≤ ≤ = − −

=

   

when iu  moving to jv  reversed clockwise. 

P3.3. 

( ) ( ){ }
( ) ( ) ( ){ }

, : 6, 8,1 2, 2

, : 6, 8,1 2 , 2

.

i j i j

i j i j

i j u v u v

i j u v u v

u v i p j p i

u v p i p j i p

p

δ δ δ δ

δ δ δ δ

+ = = ≤ ≤ = +

+ = = + ≤ ≤ = −

=

  

P3.4. 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

, : 4, 4,1 2 1, 2 1

, : 4, 4, 2 2 , 2 1

.

i j i j

i j i j

i j v v v v

i j v v v v

v v i p j i p

v v p i p j i p

p

δ δ δ δ

δ δ δ δ

+ = = ≤ ≤ + = + −

+ = = + ≤ ≤ = − −

=

   

when p is odd, then ( )1 2 4pD p− = , we have four subsets of it: 

P’3.1. ( ), : 8, 16,1 , , , .
2 2i j i ji j u u u u
p pu u i j p i j pδ δ δ δ    + = = ≤ ≤ − = =        

 

when iu  moving to jv  clockwise. 

P’3.2. 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

, : 6, 8,1 3 2, 3 2

, : 6, 8, 5 2 , 3 2

.

i j i j

i j i j

i j u v u v

i j u v u v

u v i p j i p

u v p i p j i p

p

δ δ δ δ

δ δ δ δ

+ = = ≤ ≤ + = + −

+ = = + ≤ ≤ = − +

=

   

when iu  moving to jv  reversed clockwise. 

P’3.3. 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

, : 6, 8,1 1 2, 1 2

, : 6, 8, 1 2 , 1 2

.

i j i j

i j i j

i j u v u v

i j u v u v

u v i p j i p

u v p i p j i p

p

δ δ δ δ

δ δ δ δ

+ = = ≤ ≤ − = + +

+ = = + ≤ ≤ = − −

=

  

P’3.4. 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

, : 4, 4,1 3 2, 3 2

, : 4, 4, 5 2 , 3 2

.

i j i j

i j i j

i j v v v v

i j v v v v

v v i p j i p

v v p i p j i p

p

δ δ δ δ

δ δ δ δ

+ = = ≤ ≤ + = + −

+ = = + ≤ ≤ = − −

=
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P4. If ( ), 2 1d y z p= +   , when p is even then 1 2 2pD p+ = , we have: 

( ){ }2 22, : 4, 4,1 2 2.
i i p i i pi i p v v v vv v i p pδ δ δ δ

+ ++ + = = ≤ ≤ =   

when p is odd then ( )1 2 2pD p+ = , we have two subsets of it: 

P4.1. 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

, : 6, 8,1 1 2, 1 2

, : 6, 8, 3 2 , 1 2

.

i j i j

i j i j

i j u v u v

i j u v u v

u v i p j i p

u v p i p j i p

p

δ δ δ δ

δ δ δ δ

+ = = ≤ ≤ + = + −

+ = = + ≤ ≤ = − +

=

  

P4.2. 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

, : 4, 4,1 1 2, 1 2

, : 4, 4, 3 2 , 1 2

.

i j i j

i j i j

i j v v v v

i j v v v v

v v i p j i p

v v p i p j i p

p

δ δ δ δ

δ δ δ δ

+ = = ≤ ≤ + = + −

+ = = + ≤ ≤ = − +

=

  

From P1 - P4, we have: 

( )
2 2

1 1
2 2

12 1

2

10 ; is even,
; 20 24 2

12 5 ; is odd.

p p

p p

p
c k
p

k

x x p
Sc C x px p x p

x x p
− +

+−  

=

 += + +
 +

∑  

( )
2 2

1 1
2 2

12 1*

2

14 ; is even,
; 32 36 2

18 6 ; is odd.

p p

p p

p
c k
p

k

x x p
Sc C x px p x p

x x p
− +

+−  

=

 += + +
 +

∑  

Corollary2.5.2: For 6p ≥ , then:  
1) ( ) ( )23 5 2c

pSc C p p p= + − . 

2) ( )
2*

2

9 12 4; is even,
2 9 12 5; is odd.

c
p

p p ppSc C
p p p

 + −
= 

+ −
 

Corollary2.5.3: For 6p ≥ , then: 

1) ( ) ( )412 3 7 2
11

c
pSc C p≤ < + . 

2) ( ) ( )
*

17.7 18 53 8c
pSc C p< < + . 

Remark 2.5.4:  
1) ( ) 1 2 3

4 ; 80 80 8cSc C x x x x= + + , ( ) 1 2 3
5 ; 100 120 50cSc C x x x x= + + . 

2) ( )
*

1 2 3
4 ; 128 112 8cSc C x x x x= + + , ( )

*
1 2 3

5 ; 160 180 60cSc C x x x x= + + . 
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