Open Access Library Journal
2018, Volume 5, e4786

ISSN Online: 2333-9721

ISSN Print: 2333-9705

Radiation Reaction Formula in
Electrodynamics from the Momentum Carried
Out by the Electromagnetic Field Due to an
Accelerating Charge

Rajat Roy

Department of Electronics and Electrical Communication Engineering, Indian Institute of Technology, Kharagpur, India

Email: rajatroy@ece.iitkgp.ernet.in

How to cite this paper: Roy, R. (2018)  Abstract

Radiation Reaction Formula in Electrody-

namics from the Momentum Carried Out  As a follow up of the author’s earlier papers the new theory of radiation reac-
by the Electromagnetic Field Due to an  tjon is placed on a sound theoretical basis. This includes the nature of the eq-
Accelerating Charge. Open Access Library
Journal, 5: e4786.
https://doi.org/10.4236/0alib.1104786 under a non-relativistic Galilean transformation. It is claimed that both mo-

uation of motion both under a relativistic Lorentz transformation as well as

mentum and energy carried out by the radiated fields need to be considered
Received: July 18, 2018

to reach the desired results. It is also shown that the radiation reaction force
Accepted: August 12,2018

Published: August 15, 2018 is non linearly dependent on the externally applied force.
Copyright © 2018 by author and Open Subiect Areas

Access Library Inc.

This work is licensed under the Creative Theoretical Physics

Commons Attribution International

License (CC BY 4.0). Keywords

http://creativecommons.org/licenses/by/4.0/

Radiation Reaction, Classical Electrodynamics

1. Introduction

The theory of radiation reaction force in classical electrodynamics as proposed
by Lorentz, Abraham and Dirac (LAD—see for example Gron [1]) has the prob-
lem of pre-acceleration (see for example [2]). Thus it is possible to change the
past history of the system however small it may be, by taking a sudden decision
to switch on or off an electromagnetic field. Observational physics has not so far
produced any evidence of such a phenomenon. Yaghjian [3] has tried to use

certain transition forces to cancel pre-acceleration quite successfully. However
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these transition forces cannot be exactly modeled as seen on page 83 of ref. [3] in
the transition interval A¢,. This in my opinion can produce some ambiguity in
the predicted dynamics of the particle.

Following a suggestion by Hammond [4] [5] [6], I tried to develop an alterna-
tive theory of radiation reaction [7] [8] which in the non relativistic limit does
not yield a force law which is unchanged under a Galilean transformation connect-
ing two inertial reference frames. This theory was however free of pre-acceleration
and/or runaway solutions. In this present paper we try to take the electromag-
netic momentum conservation into account. This is now taken along with the
energy conservation which was already considered in my previous papers to
evolve an equation of motion which is independent of the velocity and thus pre-
serves the Newtonian concept of force in different inertial frames. The theory
however may be a crude starting point and will necessitate refinements to re-

place the LAD equations.
2. The Electromagnetic Field of an Accelerating Point Charge
and the Momentum Carried Out by the Radiation Fields

The electric field of a point charge [9] with some change in notations from what

is given in this reference can be written as (see Equation (10.65) of this book)

s L L L KT

where R isa function of the time fand given at the retarded time 7, as
R(t,)=7=v(t,) =7 =iw(e)+V (¢)|F —b(t)) Jc-
Here 7 is the position vector of the field point, (s, ) is the position vector
of the particle as a function of time and V(r) is its velocity. The magnetic field
is (see Equation (10.66) of reference [9])

B=-RxE (2)

|~

In Equation (1) and Equation (2) we are interested only in the radiation fields

that is fields which depend on acceleration @ and falls off at the rate % from

the position of the source. Also specifically for the purpose of the present study
we consider terms up to first degree in velocity only, that is we consider fields
due to non-relativistic slowly moving particles. Within these set of assumptions
we can write the electric and magnetic fields of a particle accelerated along the z
direction and in a reference frame in which it is at the origin at time # It is also
possible to select the reference frame in a way such that at some initial time the
velocity is zero and hence by kinematical laws the velocity will be z directed for

all times. The electric and magnetic field expressions are then

E:qacosé’smﬂcosqﬁ[lJr v }

x

drg,c’r ccosd
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expressed in terms of spherical coordinates. We have been asked by the referee
to explain why the magnetic field does not have a z component for a particle
whose motion is along the zaxis at all times. The reason is that the B given by
Equation (2) for the slow motion approximation and for the far zone field for

this particular case is calculated by us to be

4re cr c

where 7 and 4, are the unit vectors in the direction of the field point from

the origin and along the z axis respectively. If the referee points out the mistake
in our calculation we will be happy to revise our entire manuscript as the fol-
lowing results are all dependent on this formula. We also state that the angles 4
and ¢ which were not clearly explained in our first manuscript are the spheri-
cal coordinates that are used in standard textbooks the co-latitude and the azi-
muth respectively.
The electromagnetic momentum conservation equation is again obtained
from ref. [9] (see chapter 8)
I(pf+jxl§)d3xzjd 3-?—%ifﬁxﬁd3x (4)
” S ¢ dty,

-

where —_[ d5-T is to be considered as the rate of momentum radiated out
s

through the enclosing surface S of volume V in which all charges are supposed
to be confined. The Maxwell stress tensor 7' is given by Equation (8.19) of ref.
[9]. In our calculation of momentum radiated out we make the following as-
sumption that the system is approximately in steady state that is any change in

I ExHdx can be neglected. This assumption is nothing unusual and is made
Vv

while calculating the total energy loss rate or radiated power given by Larmor
formula. Thus we obtain an expression for the loss rate of the momentum which

we denote by B, to be

2 2
=g ~ a'v
P =i, 1

5

5
“5rce,

for a charged particle with z-directed velocity and acceleration and can be con-

sidered as the momentum counterpart of Larmor formula.
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3. The Radiation Reaction Force and the Equation of Motion
Obtained from Momentum Balance

Let us first see the consequences of defining the radiation reaction force F,
for motion in one dimension to be equal to the (negative of) momentum loss

rate, that is

2 2
qgav .

i, (6)

F_:'a = —}_5 =
'd Losacts,
We find from Equation (1) of ref. [7] which is the present author’s own pub-
lished work that F_, for one dimensional motion for similarly directed veloci-
ty and acceleration (for this case along the zaxis) can be expressed as
o mgd ga .

Fraa = i, =~ , ()
¢ 6mcy 671c g,V

where the right hand side is nothing but the energy radiation rate given by Lar-
mor formula divided by the velocity. For a point particle like the electron which
can accumulate no internal energy this formula will be valid for any kind of
force acting on it that is the force multiplied by the velocity must be a contribu-
tion to the rate of change of its kinetic energy. And specifically for the radiation
reaction force this contribution to the rate of change of kinetic energy is nothing
but equal to the (negative of) radiated power. Also we should keep in mind as
discussed in ref. [8] that Equation (7) above which is valid for the similarly di-
rected velocity and acceleration case will hold in a physical situation where it is
loosing potential energy in an externally applied force field. The referee has
asked us to explain why the right hand sides of Equation (6) and Equation (7)
are different even if they are supposed to represent the same quantity I:“:_u g If
from the above discussion it is not clear why it is so we again emphasize that
these two expressions are derived from different conservation principles mo-
mentum and energy respectively. The laws of physics requires an unified de-
scription of both which we give in the next paragraph.

Now we are in a position to compare Equation (6) and Equation (7) to find
that they are unequal except for a certain value of v or in other words in a par-
ticular reference frame. The problem of choosing a correct reference frame was

discussed at length in references [7] and [8] for this present theory of radiation
reaction to hold. We find this particular value of v to be \/gc. Since we are

using a non-relativistic description of motion this extremely high speed of a Ga-
lilean reference frame nearly approaching c¢ should not come as a surprise. In
fact it is the only possible starting point to obtain a non-relativistic equation of
motion which is independent of the velocity of the inertial reference frame in
which it is formulated. Once a non-relativistic description of particle motion
respecting Newton’s laws is obtained it will be possible as we show in Section 4.
to make a relativistic generalization of the formulation. The equation of motion

given by Equation (2) of ref. [8] will need to be modified by substituting this
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value of vthat is \/gc into it to yield

2
—m-i—m\/l—i—zx/5 Fod

v _ 15 ze*m* 1 ®)
dt £ ﬂoq2

V15 zc?

At last we have reached an equation of motion which approximately takes into

-

account the radiation reaction of a charged particle and all physical require-

ments for non-relativistic mechanics. Its form is unchanged under Galilean
dv
transformation between different inertial frames ensuring the same value of %
t

in these frames. It is free of problems like causality violation of LAD theory in

—
Fe.’(l

d
the sense that d_: =0 when =0. For the other physical case of a particle

gaining potential energy in an externally applied field one can substitute

y= —\/gc into Equation (3.b) of ref. [8].

4. Three Dimensional and Relativistic Generalization of the
Equation of Motion

The three dimensional generalization of Equation (8) is simple as it shows that

av S
ad and F,, are perfectly aligned (here in Equation (8) along the z-axis).

dt ext
Thus,
2
. —m-i—m\/l—i—f/\/_E ,uo2q 7| Feu|
_V: 15 ﬂz.c m _'ext (9)
dt V2 g E,

V15 7e?

For a relativistic generalization of Equation (9) a simple method cannot be
devised because of the presence of the square root. If we are able to write all the
components of the four vectors on both sides in Equation (9) then a transforma-
tion to a reference frame using four vector transformation law will yield the ne-
cessary equation of motion. First we note that Equation (9) holds in the rest
frame of the particle. In the four vector notation for the spatial components of

the velocity four vector the left hand side of this equation can be written as

a

7 where @ =1,2,3 and where 7 is the proper time which is an invariant.
T

Given that the zeroth or time component of the four velocity vector in the rest
frame is 1 and its spatial components are equal to the components of its ordinary
velocity (momentarily zero) we make a transformation to a frame which is
moving with ordinary velocity U with respect to the rest frame according to

the Lorentz transformation law [10]
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LHS =V'

IR E
U’ c
1—-=2—
cZ
= (1,23 yd
023 _ 1 1 U- A4 )(7+Z("2'3)— 1 EAO

J U? U? /1 U* ¢
C2 Cz

where A"*¥ is a short hand notation for the three spatial components of the
four vector 4’ (i=0,1,2,3) and just like any ordinary three dimensional vec-

(12,3
tor can be expressed as A"

== Al + Ay, + 4. . Using these relationships,
in terms of the primed frame quantities the L.H.S. of Equation (9) appears as (we
are making a transformation to a frame from the rest frame of the particle where
its velocity v=0 such that in the new frame its velocity is V' and as per the
request of the referee we again state LHS below stands for the left hand side of

Equation (9) expressed in terms of V' and the transformed time ¢")

1 vV d vV 1 d Vv V' d 1

1

V2 B V2 V2 V2 * v2 dt' 2 * V"2 dr V2
I_T \/1_2 \/1_ 2 \/1_ ? \/1_2 [l_z]c I_T
c c c c c c c

where V' is the ordinary velocity in the new frame. The R.H.S. can be similarly
written noting that the four force (having three non zero spatial components

only) in the rest frame is expressed in terms of the primed frame quantities as

_ 1 %.ﬁ(],2,3)!+ﬁ(1,2,3)'+

1 v
ext ext -
C

F°' (11)

ext ext

Its subsequent substitution into the R.H.S. of Equation (9) gives an expression
in terms of the primed quantities. This new R.H.S. expression in terms of primed
quantities can be equated with the L.H.S. expression of Equation (10) to yield the
relativistic equation of motion which includes radiation reaction. One can verify
that in the limit F, — 0 this equation of motion reduces to the relativistic eq-

uation of motion without radiation reaction.
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