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Abstract 
The present paper is devoted to the investigation of lossless transmission lines 
terminated by a nonlinear load with an interval of negative differential resis-
tance and in series connected conductance. In contrast of almost all paper 
when ( )i f u= , here the case ( )u f i=  is considered. A general method of 
reducing the mixed problem to an initial value problem for neutral system on 
the boundary is presented. Sufficient conditions for the existence-uniqueness 
of an oscillatory solution are formulated. This is achieved by introducing an 
appropriate operator acting on suitable function space whose fixed point is an 
oscillatory solution of the initial value problem. 
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1. Introduction 

It is well known that all electronic circuits are nonlinear and the linear assump-
tion is only approximation (cf. [1]-[9]). Here a lossless transmission line termi-
nated by a nonlinear resistive element is considered. In view of [1], every resistive 
element with an interval of negative differential resistance falls into one of the 
following three groups: 1) The current is а single-valued function of the voltage. 
Such an element is called a nonlinear conductance. For more complete descrip-
tion of the conductance it is assumed to be shunted by parasitic parallel con-
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nected capacitance; 2) The voltage is a single-valued function of the current. 
Such an element is called a nonlinear resistance. In this case to obtain complete 
description of the resistance one should include in series parasitic inductance; 3) 
The characteristic V-I is a multi-valued function of both current and voltage. In 
almost all papers only the first case is investigated [2]-[17]. The primary goal of 
the present paper is to investigate the second case. 

Let us note that the above classification corresponds to Ohm’s law u Ri= . 
This means that the relation ( )u f i=  should be called nonlinear resistance, 
while ( ) ( ),i f u i Gu= = —nonlinear conductance [1]. If we try to study the second 
case in a usual way we have to solve the equation ( )u f i=  with respect to i, 
that is, ( )1i f u−= . But, in general, the inverse function is multi-valued one which 
leads to multi-valued boundary conditions and hence to multi-valued differen-
tial equations with retarded arguments or differential inclusions. Many examples 
are given in [1]-[18]. For instance (cf. [19]), in lightly doped varactors, electrons 
may approach saturated drift velocity in the resistive epilayer. This phenomenon 
increases the incremental resistance in a nonlinear manner. One approach to mod-
eling saturation is by the function ( )7

0su R i iα= + .  
Figure 1 shows a lossless transmission line terminated by nonlinear load and 

in series connected linear inductance where ( )0J t  is a current source function, 

0G —the conductance of the source and 1L —linear inductance. The nonlinear 
load has an I-V characteristic of the type ( )u f i= .  

It is known that a lossless transmission line is described by the following li-
near hyperbolic system 

( ) ( ) ( ) ( ), , , , ,i x t x C u x t t u x t x L i x t t∂ ∂ = − ∂ ∂ ∂ ∂ = − ∂ ∂         (1) 

where L  and C  are the specific constant parameters of the line and Λ  is its 
length. 

 

 
Figure 1. Lossless transmission line terminated by nonlinear load and in series connected 
linear inductance. 
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Here we assume a polynomial nonlinearity of the resistive element  

( )
1

m
n

n
n

u f i r i
=

= =∑ . In this manner we include the example from [19].  

We formulate a mixed problem for System (1): to find a solution  
( ) ( ), , ,u x t i x t  of System (1) for ( ) ( ) ( ) [ ] [ ){ }2, , : , 0, 0,x t x t R x t∈Π = ∈ ∈ Λ × ∞   

with boundary conditions  

( ) ( ) ( )0 0 0, 0, , 0J t G u t i t t+ = ≥ ; ( ) ( ) ( )1
1

d , d , , , 0
m

n
n

n
L i t t r i t u t t

=

Λ + Λ = − Λ ≥∑  (2) 

and initial conditions  

( ) ( ) ( ) ( ) [ ]0 0,0 , ,0 , 0,u x u x i x i x x= = ∈ Λ , 

where ( ) ( )0 0,u x i x  are prescribed initial functions. 

2. Transformation of the Hyperbolic System in Diagonal  
Form 

The System (1) can be rewritten in matrix form  
0 1 0

1 0 0
u t C u x
i t L i x

∂ ∂ ∂ ∂       
+ =       ∂ ∂ ∂ ∂       

. 

Introducing denotations 
u

U
i
 

=  
 

, 
0 1

1 0
C

A
L

 
=  
 

, 
0

0
0
 

=  
 

 we obtain the 

equation 

0U UA
t x

∂ ∂
+ =

∂ ∂
.                        (3) 

To transform the matrix 
0 1

1 0
C

A
L

 
=  
 

 in diagonal form we solve the cha-

racteristic equation 
1

0
1

C
L
λ

λ
−

=
−

. Its roots are 1 1 LCλ = , 2 1 LCλ = − . 

The corresponding eigenvectors are ( ) ( )( ) ( )1 1
1 2, ,C Lξ ξ = ,  

( ) ( )( ) ( )2 2
1 2, ,C Lξ ξ = −  and we form the matrix 

C L
H

C L

 
=  

−  
. Its inverse 

is 
( ) ( )
( ) ( )

1
1 2 1 2

1 2 1 2

C C
H

L L
−

 −
 =  
  

. Then 1 1 0

0 1

LC
HAH

LC
−

 
=  

−  
. 

Introduce new variables 
( )
( )

,
,

V x t
Z

I x t
 

=  
 

, where Z HU=  and 1U H Z−= , 

that is, 

( ) ( ) ( )
( ) ( ) ( )

, , ,

, , ,

V x t C x t Li x t

I x t C x t Li x t

= +

= − +
 and 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

, , , 2

, , , 2

u x t V x t I x t C

i x t V x t I x t L

= −  

= +  
. 

Substituting 1U H Z−=  in Equation (3) we obtain  
( )1 1 0H Z t A H Z x− −∂ ∂ + ∂ ∂ =  and after multiplication from the left by H we 

obtain ( )1 0Z t HAH Z x−∂ ∂ + ∂ ∂ =  or  
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( ) ( ) ( ) ( ), , 0, , , 0.V x t t V x t x LC I x t t I x t x LC∂ ∂ + ∂ ∂ = ∂ ∂ − ∂ ∂ =        

Recall denotations 0Z L C= —characteristic impedance and  
1v LC= —speed of propagation.  

3. Reducing the Mixed Problem to an Initial Value Problem 
on the Boundary  

Prior to formulate an operator corresponding to the mixed problem we consider 
the Cauchy problems for the characteristics of the hyperbolic system (1) (cf. 
[17]): 

( ) ( )d d 1 , and d d 1 ,LC t x LC t xξ τ ξ ξ τ ξ= = = − =  

for each ( ),x t ∈Π . Here the characteristics are constants 1 0V LCλ = >  and 
1 0I LCλ = − < , and therefore continuous ones.  

Denote by T v LC= Λ = Λ . To obtain boundary conditions with respect to 
the new variables we substitute  

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )0, 0, 0, 2 , 0, 0, 0, 2u t V t I t C i t V t I t L= − = + , 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( ), , , 2 , , , , 2u t V t I t C i t V t I t LΛ = Λ − Λ Λ = Λ + Λ  

into boundary conditions (2) and get 

( ) ( ) ( )( )( ) ( ) ( )( ) ( )
( )( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( )( ) ( )

0 0

1
1

0, 0, 2 0, 0, 2 , 0

2 d , , d , , 2

, , 2 , 0.

m n

n
n

J t V t I t G C V t I t L t

L L V t I t t r V t I t L

V t I t C t
=

+ − = + ≥

 Λ + Λ + Λ + Λ   

= − Λ − Λ ≥

∑  (4) 

To obtain new initial conditions we proceed from 

( ) ( ) ( )
( ) ( ) ( )

, , , ,

, , ,

V x t C u x t Li x t

I x t C u x t Li x t

= +

= − +
. 

Then 

( ) ( ) ( ) ( ) ( ) ( )0 0 0,0 ,0 ,0V x C u x Li x C u x Li x V x= + = + ≡  

( ) ( ) ( ) ( ) ( )
( ) [ ]

0 0

0

,0 ,0 ,0

, 0, .

I x C u x L i x C u x Li x

I x x

= − + ≡ − +

≡ ∈ Λ
 

Now we able to formulate a mixed problem with respect to the new variables: 
to find a solution of the system 

( ) ( ) ( )

( ) ( ) ( )

, 1 , 0

, 1 , 0

V x t t LC V x t x

I x t t LC I x t x

∂ ∂ + ∂ ∂ =

∂ ∂ − ∂ ∂ =
 [ ] [ )0, ; ,x t T∈ Λ ∈ ∞       (5) 

satisfying initial conditions 

( ) ( ) ( ) ( ) [ ]0 0,0 , ,0 , 0,V x V x I x I x x= = ∈ Λ  

and boundary conditions 
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( ) ( ) ( )( )( ) ( ) ( )( ) ( )
( )( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( )( ) ( )

0 0

1
1

0, 0, 2 0, 0, 2 ,

2 d , , d , , 2

, , 2 , .

m n

n
n

J t V t I t G C V t I t L t T

L L V t I t t r V t I t L

V t I t C t T
=

+ − = + ≥

 Λ + Λ + Λ + Λ   

= − Λ − Λ ≥

∑  

Repeating reasoning from [17] we integrate System (5) along the characteris-
tics and obtain  

( ) ( ) ( ) ( )0, , , 0, ,V t T V t I t I t T− = Λ = Λ − . 

Assuming that ( ) ( )0,V t V t= , ( ) ( ),I t I tΛ =  are unknown functions we ob-
tain the following initial value problem equivalent to the mixed problem (5) (cf. 
[17]), (using denotation ( ) ( )d dV t T t V t T− = − ): 

( ) ( ) ( ) ( )( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )
( )( )

( ) ( ) ( ) ( ) [ ]

0 0 0 0 0

1

0 1
1

0 0

2 1 1 , ,

2

, ,

, , 0, .

V

m nn
n

n

I

V t LJ t G Z V t T G Z F V I t t T

I t V t T Z V t I t T r V t I t T L L

F V I t t T

V t V t I t I t t T

−

=

= − + + − − ≡ ≥

 = − − − − − + + −  
≡ ≥

= = ∈

∑ 

 

(6) 

The initial functions ( ) ( )0 0,V t I t  are obtained from the initial functions 

( ) ( ) ( ) ( ) [ ]0 0,0 , ,0 , 0,u x u x i x i x x= = ∈ Λ  

after transition along the characteristics of the hyperbolic system (cf. [17]). 

4. Existence-Uniqueness of an Oscillatory Continuous Solution 

Now we are able to formulate the main problem: to find an oscillatory solution 
of System (6) with advanced prescribed zeroes on an interval [ ),T ∞ , where 

( ) ( )0 0,V t I t  are continuously differentiable prescribed oscillating functions on 
the initial interval [ ]0,T . 

Let { } 1
,n

T k k
S n Nτ

=
= ∈  be the prescribed set of zeroes of the initial function, 

that is, ( )0 0kV τ = , ( )0 0kI τ =  such that 0 0τ = , n Tτ = . Besides  
{ }1 0max : 0,1, ,k k k n Tτ τ+ − = ≤ < ∞

.  
Let { } 0k k

S t ∞

=
=  be a strictly increasing sequence of real numbers satisfying 

the following conditions (C): 
(C1) 0 ; lim kk

t T t
→∞

= = ∞ ; (C2) for every k there is s k<  such that k st T t− = , 
where s Tt S S∈ ∪ .  

It follows  

{ } { }1 1 00 inf : 0,1, 2, sup : 0,1,2,k k k kt t k t t k T+ +≤ ∆ = − = ≤ − = = < ∞ 
. 

Consider the sets 

( ) [ ) ( ) ( ) ( ) [ ]{ }0 1. , : 0 and e , ,kt t
V k k kM V C T V t V t V t t tµ −

== ∈ ∞ = ≤ ∈ , 

( ) [ ) ( ) ( ) ( ) [ ]{ }0 1. , : 0 and e , ,kt t
I k k kM I C T I t I t I t t tµ −

== ∈ ∞ = ≤ ∈  

( )0,1,2,k = 
, where 0 0, ,V I µ  are positive constants. 
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Introduce the following family of pseudo-metrics 
( ) ( ) ( ) ( ) ( ) [ ]{ }1, max e : ,kt tk

k kV V V t V t t t tµρ − −
+= − ∈ , 

( ) ( ) ( ) ( ) ( ) [ ]{ }1, max e : ,kt tk
k kI I I t I t t t tµρ − −

+= − ∈ . 

The set V IM M×  turns out into a complete uniform space with respect to the 
saturated family of pseudo-metrics  

( ) ( ) ( )( ) ( ) ( ) ( ) ( ){ } ( ), , , max , , , , 0,1, 2,k k kV I V I V V I I kρ ρ ρ= = 
.  

Using System (6) we define an operator  

( ) ( )( ), , , :V I V I V IB B V I B V I M M M M= × → ×  

by the formulas 

( )( ) ( ) ( ) ( )( ) ( )
( )( ) [ ] ( )

0 0 0 0 0

1

, : 2 1 1

, , , , 0,1, 2,

V

V k k

B V I t LJ t G Z V t T G Z

F V I t t t t k+

= − + + − −

≡ ∈ = 

; 

( )( ) ( )( ) ( ) ( )( ) ( )( )

[ ] ( )

1

1

1

, : , d , d ,

, , 0,1, 2,

k

k k

tt

I I k k k I
t t

k k

B V I t F V I s s t t t t F V I s s

t t t k

+

+

+

= − − −

∈ =

∫ ∫



. 

Remark 1.  
1) In the above definitions of the operator B the functions ( )V t T−  and 
( )I t T−  in the right-hand side are substituted by the initial functions in the in-

terval [ ], 2T T . 
2) The conformity condition (CC)  

( ) ( ) ( ) ( ) ( ) ( ) ( ) 1

0 1
1

0 0 0 2 /
m nn

n
n

I T V Z V T I r V T I L L
−

=

 = − − − + +        
∑   

becomes ( ) ( )0I T V= −  . It is necessary when we look for a smooth solution. 
We call a solution of System (6) the solution of the operator equation  

( ) ( ) ( )( ), , , ,V IV I B V I B V I= . 
The following lemma is valid: 
Lemma 1. Let be the source function satisfies  
( ) ( ) ( ) ( ) [ ]0 0 0 0 10, 0, e , ,kt t

k k k kJ J t J t I t t tµτ −
+= = ≤ ∈ . Problem (6) has a solution 

( ) ( )( ). , . V IV I M M∈ ×  iff the operator B  has a fixed point in V IM M× , that is, 

( ) ( ) ( )( ), , , ,V IV I B V I B V I= . 

Proof: Let ( ) ( )( ). , . V IV I M M∈ ×  be a solution of System (6). We show that 
( ) ( )( , ; ,V IV B V I I B V I= = .  

For the first equation an existence of solution is obviously equivalent to  
( ),VV B V I= . 

To prove the same for the second equation we integrate the second equation 
on the interval 

[ ] [ ] ( )1, , 0,1, 2,k k kt t t t k+⊂ = 
 and get  

( ) ( )( ) ( ) ( )( ) ( )( )
1 1

1, d 0 , d , d 0
k k

k k k

t tt

I k I I
t t t

I t F V I s s I t F V I s s F V I s s
+ +

+= ⇒ = = ⇒ =∫ ∫ ∫  
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Therefore ( )I t  satisfies 

( ) ( )( ) ( ) ( )( ) ( )( ) [ ]

( )

1

1 1, d , d , ,

, .

k

k k

tt

I k k k I k k
t t

I

I t F V I s s t t t t F V I s s t t t

I B V I

+

+ += − − − ∈

⇔ =

∫ ∫ . 

Therefore ( ) ( )( ). , .V I  is a fixed point of the operator B. 
Conversely, let ( ) ( )( ). , . V IV I M M∈ ×  be a fixed point of the operator B, that 

is ( ) ( ), ; ,V IV B V I I B V I= = . We prove the implication for the second equation. 
Indeed, we have  

( ) ( )( ) ( ) ( )( ) ( )( ) [ ] ( )
1

1 1, d , d , , , 0,1, 2, .
k

k k

tt

I k k k I k k
t t

I t F V I s s t t t t F V I s s t t t k
+

+ += − − − ∈ =∫ ∫   

Since ( ) ( ) [ ]1 11, ,k k k k kt t t t t t t+ +− − ≤ ∈  we estimate the second term: 

( )( )

( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1

1 1 1 1

1 1

1

0 1
1

1 0 0 1 0 0 1

1

1 0 0
1

, d

d d d 2 d

e d e d

2 e e

k

k

k k k k

k k k k

k k
k k

k k

k

t

I
t

t t t tm n n

n
nt t t t

t t
s t s T t

k k
t t

m n s t
n

n

F V I s s

V s T s Z V s s I s T s r L V s I s T s L

V t T V t T Z V L s Z V L s

r L L V I

µ µ

µ µ

+

+ + + +

+ +

−

=

− − −
+

− −

=

  
≤ − + + − + + −      

≤ − − − + +

 + + 
 

∫

∑∫ ∫ ∫ ∫

∫ ∫

∑



( )( )

( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )

( )( )( ) ( ) ( ) ( ) ( ) ( )

( )( ) ( )

1

1
1 1

0 0

0

1

0 1 0 0 1 0 0
1

1

0 1 0 0 1 0 0
1

0 0 1 0 0 0

d

e 1 e e 1 1 2 e e d

e 1 e 1 2 e e 1

e 1 e

k
k

k

k
k k k k k

k

t ns T t

t

tm n nt t t t n s tT T
n

n t

m n nT n TT T
n

n

T T
n

s

Z L V I L r L V I s

Z L V I L r L V I n

V I L Z r V I

µ µ µµ µ

µ µµ µ

µ µ

µ

µ µ

µ

+

+
+ +

− −

−− − −− −

=

−
− −

=

−

  ≤ − + − + +    

   ≤ − + + + −    

≤ − + + +

∫

∑ ∫

∑

( ) ( )( ) ( )( ) ( )0
1

1

1
e 2 e 1

m n n TT

n
L n Mµµ µ

−
−−

=

 + + ≡ 
 

∑ 

 

Let us assume that ( )( )
1

, d 0
k

k

t

I
t

F V I s s γ
+

= >∫ . But we have obtained that  

( )Mγ µ≤ . For sufficiently large 0µ >  (and sufficiently small 0 0T > )  

0 constTµ =  we have ( )M µ γ< . The obtained contradiction implies  

( )( )
1

, d 0
k

k

t

I
t

F V I s s
+

=∫ . It follows ( ) ( )( ), d
k

t

I
t

I t F V I s s= ∫  and after a differentia-

tion we obtain (6). 
Lemma 1 is thus proved. 
Theorem 1. Let the following conditions be fulfilled: 
1) The initial functions ( ) ( ) [ ]0 0. , . 0,V I C T∈  satisfy conditions 

( )0 0kV τ =  and ( ) ( ) ( ) ( ) [ ]0 0 0 0 1e , e , ,k kt t
k kV t V I t I tµ τ µ τ τ τ− −

+≤ ≤ ∈ ; 

2) ( ) ( ) ( ) ( ) [ ]0 0 0 0 10, 0, e , ,kt t
k k k kJ J t J t I t t tµτ −

+= = ≤ ∈ ; 

3) ( ) ( )0 0 0 0 0 0 02 1 e 1TI L G Z V G Z Vµ−+ − + ≤ ; 
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4) ( ) ( )( ) ( ) ( ) ( )( )00
1 1 1

0 0 0 1 0 0 0 0
1

e e e 2 e e 1
m n n n TTT T T

n
n

V V I L Z r n L V I Iµµµ µ µµ
− − −− − −

=

  + + + + + + ≤    
∑ 

; 

5) ( )0 0 0 01 e 1 1T
VK G Z G Zµ−= − + < ; 

6) ( ) ( )( ) ( )( ) ( ) ( )( )00
1

1
1 0 0 0

1
e e 1 e e 1 e 2 1

m nn TTT T T
I n

n
K L Z r V I Lµµµ µ µµ

−
−− − −

=

 = + + + + + + < 
 

∑ 
. 

Then there exists a unique oscillatory solution of System (6), belonging to  

V IM M× . 
Proof: We show that the operator ( ),V IB B B=  maps V IM M×  into itself.  
Indeed, ( ) ( )( ),V IB t B t  is continuous on [ )0,∞ . It is easy to check that (re-

call that n Tτ = ) 

( )( ) ( ) ( ) ( )( ) ( )0 0 0 0 0, 2 1 1 0V n n nB V I LJ G Z V T G Zτ τ τ= + − − + = ; 

( )( ) ( ) ( ) ( )( ) ( )0 0 0 0 0, 2 1 1 0V k k kB V I t LJ t G Z V t T G Z= + − − + = ; 

( )( ) ( )( ) ( ) ( )( ) ( )( )
1

1, , d , d 0
n

n n

t

I n I n n n IB V I F V I s s t F V I s s
τ

τ τ

τ τ τ τ= − − − =∫ ∫ ; 

( )( ) ( )( ) ( ) ( )( ) ( )( )
1

1, : , d , d 0
k k

k k

t t

I k I k k k k I
t t

B V I t F V I s s t t t t F V I s s
+

+= − − − =∫ ∫ , 

We show that ( )( ) ( )
0, e kt t

VB V I t V µ −≤  and ( )( ) ( )
0, e kt t

IB V I t I µ −≤  for  
[ ]1,k kt t t +∈ .  

First we notice that ( ) ( ) [ ]1 11, ,k k k k kt t t t t t t+ +− − ≤ ∈ . 
For sufficiently large µ  and [ ]1,k kt t t +∈  for the first component we obtain 

( )( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( )

0 0 0 0 0

0 0 0 0 0 0 0

, 2 1 1

e 2 1 e 1 e .k k

V

t t t tT

B V I t L J t G Z V t T G Z

I L G Z V G Z Vµ µµ− −−

≤ + − − +

≤ + − + ≤
 

For the second one we have 

( )( )( ) ( )( )( ) ( ) ( ) ( )( )( )
1

1 1 2, , d , d
k

k k

tt

I I k k k I
t t

B V I s t F V I s s s t t t t F V I s s s B B
+

+≤ + − − = +∫ ∫ ; 

( )( )

( ) ( ) ( )
( )

( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )( )

( )

1

0
1

11 1

1

0 0 1 0 0 1 0 0
1

0 0 1

, d

d d d d
2

e e d e d 2 e e d

e e

k

k k k k

k k k k

k k k

t

I
t

t t t tm nn
n

nt t t t

t t tm nns t s T t s t s T tT
n

nt t t

T

B F V I s s

rZV s T s V s s I s T s V s I s T s
L L L

V Z L V s I s r L L V I s

V Z L

µ µ µ µµ

µ µ

−
=

−− − − − − −−

=

−

=

 
≤ − + + − + + −  

 

   ≤ + + + +       

≤ +

∫

∑∫ ∫ ∫ ∫

∑∫ ∫ ∫



( )( )( ) ( ) ( ) ( )

( )( )( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( ) ( )( )0

1

0 0 1 0 0
1

1

0 0 0 0 1 1 0 0
1

1 1 1
0 0 0 1 0 0 0

1 e 2 e e d

e e 1 e 2 e e 1

e e e 2 e e 1

k k

k

k k

k

tm n nt t n s tT T
n

n t

m n nt t n t tT T T
n

n

n nt t n TT T T
n

n

V I r L L V I s

V Z V I L r L n L V I

V V I L Z r n L V I

µ µµ µ

µ µµ µ µ

µ µµ µ µ

µ µ

µ

−− −− −

=

−− −− − −

=

− −− −− − −

=

 − + + + 
 

 ≤ + − + + + − 
 

 ≤ + + + + + + 
 

∑ ∫

∑



1
.

m 
 
 

∑
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From Lemma 1 we have 

( ) ( ) ( )( ) ( )( )

( )( ) ( )( ) ( ) ( ) ( )( )

1 1

00

2 1

1 1 1
0 0 1 0 0 0

1

, d , d

e 1 e 2 e e 1

k k

k k

t t

k k k I I
t t

m n n n TT T T
n

n

B t t t t F V I s s F V I s s

V I L Z r n L V I µµ µ µµ

+ +

+

− − −− −

=

≤ − − ≤

  ≤ − + + + + +    

∫ ∫

∑ 

 

Therefore 

( )( )( )
( ) ( ) ( )( ) ( ) ( ) ( )( )

( )( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( )

0

00

0

1 1 1
0 0 0 1 0 0 0

1

1 1 1
0 0 1 0 0 0

1

1

0 0 0 1 0

,

e e e 2 e e 1

e 1 e 2 e e 1

e e e e 2

k

k

I

m n nt t n TT T T
n

n

m n n n TT T T
n

n

nt t TT T
n

B V I s t

V V I L Z r n L V I

V I L Z r n L V I

V V I L Z r n L

µ µµ µ µ

µµ µ µ

µ µµ µ

µ

µ

µ

− −− −− − −

=

− − −− −

=

−− − −

  ≤ + + + + + +    
  + − + + + + +    

 ≤ + + + 
 

∑

∑





( ) ( )( )
( )

0
1 1

0 0
1

0

e e 1

e .k

m n n TT

n

t t

V I

I

µµ

µ

− −−

=

−

  + + +  
  

≤

∑ 

 

It remains to show that the operator B is contractive one. 
For the first component we obtain 

( )( ) ( )( )( )
( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( )

0 0 0 0

0 0 0 0

0 0 0 0

, ,

1 1

e 1 , e 1

e 1 e , , , 1

k

k

V V

t t k T

t t kT

B V I t B V I t t

G Z V t T V t T G Z

G Z V V G Z

G Z V I V I G Z

µ µ

µ µ

ρ

ρ

− −

− −

−

≤ − − − − +

≤ − +

≤ − +

 

It follows  
( ) ( ) ( )( )

( ) ( ) ( )( ) ( )
( ) ( ) ( )( )

0 0 0 0

, , ,

1 e , , , 1

, , ,

k
V V

kT

k
I

B V I B V I

G Z V I V I G Z

K V I V I

µ

ρ

ρ

ρ

−≤ − +

≡

 

For the second one in view of the estimate from Lemma 1 we have 

( )( ) ( )( )

( )( ) ( )( )

( ) ( ) ( )( ) ( )( )
1 1

1

1 2

, ,

, d , d

, d , d

k k

k k

k k

I I

t t

I I
t t

t t

k k k I I
t t

B V I t B V I t

F V I s s F V I s s

t t t t F V I s s F V I s s

B B

+ +

+

−

≤ −

+ − − −

≡ +

∫ ∫

∫ ∫

 

( )( ) ( )( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( )

1

0 1

, d , d

d d d

k k

k k k

t t

I I
t t

t t t

t t t

B F V I s s F V I s s

V s T V s T s Z L V s V s s I s T I s T s
≤

= −

 
≤ − − − + − + − − −  

 

∫ ∫

∫ ∫ ∫


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( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )

11

1 0 0
1

0 1

1 1 1
1 0 0

1

0

2 e e d

, e d , e d

2 e e , e , e d

e ,

k k

k

k k

k k

k k k

k

tm nn s t s T t
n

n t

t t
s t s T tk k

t t

tm n n n s t s t s T tk kT
n

n t

kT

r L L n V I V s V s I s T I s T s

V s T V s T Z L V V s I I s

r L L n V I V V I I s

V V Z

µ µ

µ µ

µ µ µµ

µ

ρ ρ

ρ ρ

ρ

−− − − −

=

− − −

− − − − − − −−

=

−

+ + − + − − −

 
≤ − − − + +  

 

+ + +

≤ +

∑ ∫

∫ ∫

∑ ∫
( )( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )( )
( ) ( ) ( ) ( )( ) ( )

1

11

0 0 1
1

1

1 0 0 0
1

e 1 , , e

e , , e 2 e d

, , , e e e 1 e e 2 e 1

e , , , e 1 e

k

k

k

k k k

k

t t k k T

tm nn n s tk kT T
n

n t

m nt t t t n t tk T T T
n

n

t t k T T

L V V I I

r n V I V V I I L L s

V I V I L Z r n V I L n

V I V I L

µ µ

µµ µ

µ µ µµ µ µ

µ µ µ

µ ρ ρ

ρ ρ

ρ µ

ρ µ

− −

−− −− −

=

−
− − −− − −

=

− − −

− +

 + + +  
 

  ≤ + + + + −  
  

≤ + +

∑ ∫

∑

( )( ) ( )( )( ) ( )( )0
1

1
1 0 0 0

1
e 2 e 1

m n n TT
n

n
Z r V I L µµ

−
−−

=

  + + + +  
  

∑ 

 

( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

1 1

1 1 1

1

1

2 1

0 1
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1 0 0
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0 1
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d d d

2 e e d

, e d
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k k

k k k
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k

k

t t

k k k I I
t t

t t t

t t t

tm nn s t s T t
n

n t
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s tk

t

B t t t t F V I s s F V I s s

V s T V s T s Z L V s V s s I s T I s T s

r L L n V I V s V s I s T I s T s

Z L V V s

µ µ

µρ

+ +

+ + +

+

+

+

−− − − −

=

−

≤ − − −

 
≤ − − − + − + − − −  

 

+ + − + − − −

≤ +

∫ ∫

∫ ∫ ∫

∑ ∫

∫





( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )( ) ( ) ( )( ) ( )

( ) ( ) ( )( )

1

1

1

1

1 1 1
1 0 0

1

0 1

1

1 0 0
1

, e d

2 e e , e , e d

e 1 , , e

, , e e 2 e d

, , , 1

k
k

k

k
k k k

k

k k

k
k

k
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s T tk

t

tm n n n s t s t s T tk kT
n

n t

t t k k T

tm n n s tk k T T
n

n t

k

I I s

r L L n V I V V I I s

Z L V V I I

V V I I L r n V I L s

V I V I

µ

µ µ µµ

µ µ

µµ µ

ρ

ρ ρ

µ ρ ρ

ρ ρ

ρ

+

+

+

+

− −

− − − − − − −−

=

− −

−
−− −

=

 
  
 

+ + +

≤ − +

+ + +

≤

∫

∑ ∫

∑ ∫

( ) ( ) ( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )

0 0

00

1

1 0 0 0
1

1
1

1 0 0 0
1

e e 1 e 2 e 1

, , , e 1 1 e e 2 e 1
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T n TT T

n
n

m nk n TT T T
n

n

L Z r n V I L n

V I V I L Z r V I L

µ µµ µ

µµ µ µ

µ

ρ µ

−
− −

=

−
−− −

=

  + − + + −  
  

 ≤ − + + + + +  

∑

∑ 

 
Therefore 

( )( ) ( )( )
( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( )( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( ) ( )

0

0 0

00

1
1

1 0 0 0
1

1 ( 1)
1 0 0 0

1

1
1 0

, ,

e , , , e 1 e e 2 e 1

, , , e 1 1 e ( ) / (2 ) 1

e e e 1 e e

k

k

I I

m nt t k n TT T T
n

n

m nk T n TT T
n

n

t t n TTT T
n

B V I t B V I t

V I V I L Z r V I L

V I V I L Z r V I e L e

L Z r

µ µµ µ µ

µ µµ µ

µ µµµ µ

ρ µ

ρ µ

µ

−
− −− − −

=

− −− −

=

− −− −

−

  ≤ + + + + + +  
  

 + − + + + + +  

≤ + + +

∑

∑





( ) ( ) ( )( ) ( ) ( ) ( )( )1

0 0
1

1 e 2 , , ,
m n kT

n
V I L V I V Iµ ρ

−
−

=

  + + +  
  
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It follows 
( ) ( ) ( )( ) ( ) ( ) ( )( ), , , , , ,k k

I I IB V I B V I K V I V Iρ ρ≤  

where 

( ) ( )( ) ( )( ) ( ) ( )( )00
1

1
1 0 0 0

1
e e 1 e e 1 e 2 .

m nn TTT T T
I n

n
K L Z r V I Lµµµ µ µµ

−
−− − −

=

 = + + + + + + 
 

∑ 
 

Consequently  
( ) ( ) ( )( ) ( ) ( )( )( ) ( ) ( ) ( )( ), , , , , , , , , ,k k

V I V IB V I B V I B V I B V I K V I V Iρ ρ≤ , 

where { }max , 1V IK K K= < . 

Therefore the operator B is contractive one (cf. [17]) and its unique fixed point 
is an oscillatory solution of (6). 

Theorem 1 is thus proved. 

5. Numerical Example 

Our goal here is to check the inequalities of the main Theorem 1 for the 7-th or-
der polynomial. It is natural to assume 0 0V I= .  

Consider a transmission line with specific parameters 0.2 H mL = µ ; 
9pF mC = ; 10 mΛ = ; 1 0.2 HL = µ ; 0 1 35G = . Then  

6 12 3
0 0.2 10 9 10 10 0.149 149Z L C − −= = × × = × = Ω ;  

( ) ( )6 12 9 810 0.2 10 9 10 10 1.34 10 1.34 10T LC − − − −= Λ = × × × = × × = × . The V-I  
characteristic of the nonlinear element is  

( )7 7 7
0 0 0 1 7s s su R i i R i R i r i r iα α= + = + ⋅ = + .  

Let us take 10
0 0.2 10T −= × ; 12

0 0 10V I −= ≈ ; 105 10µ = × ; 
10 10

0 5 10 0.2 10 1Tµ −= × × × = ; 10 85 10 1.34 10 670e e e 0Tµ −− − × × × −= = ≈ ; 12
0 10 .V −=  Then 

( ) ( ) ( )670 6
0 0 0 0 0 02 1 e 1 1 2 0.2 10 149 35 1L G Z G Z G Z− −+ + − + ⇒ × ≤ + ; 

( ) ( ) ( )( )7
4 670 8 12 6

1 7

10 6 4

10 e e 149 e 1 e 1 10 7 2 0.2 10

5 10 0.2 10 10

r r− − −

−

 
× + + + − − × 

 
≤ × × × =

; 

( ) ( )( )670e 149 35 1 149 35 1 0 1VK −= − + ≈ < ; 

( )( )69
1 74

2.72 149 637 10 1
10IK r r −≈ + + < . 

The periodic solution is a particular case when ( )0 1 0,1, 2,k kT t t k+= − = 
. We 

can choose an initial approximation ( ) ( ) ( )0
0 0sinV t V tω= ,  

( ) ( ) ( )0
0 0cosI t I tω= , where 0 02π Tω = . Then the first approximation is 

( ) ( ) ( ) ( )( )( ) ( )( ) ( ) ( )( )( )
( )

( ) ( )

0

0 0

1
1 0 0 0 0

0 0

0 0

, d , d ,

, 1 , 0,1, 2,

k Tt

V V
kT kT

I t F I I s s t kT T F I I s s

t kT k T k

+

= − −

∈ + =  

∫ ∫


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( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

1 0
0 0 0 0 0

0 0

2 1 1 ,

, 1 , 0,1, 2,

V t LJ t G Z V t T G Z

t kT k T k

 = + − − + 
∈ + =   

 

and so on. 

6. Conclusions 

1) It is proved that ( ) ( ), 0k kV t V t= Λ =  and ( ) ( )0, 0k kI t I t= = . But it must 
give a qualitative estimate of the solution of System (1), that is,  

( ) ( ) ( ) ( ) ( ), , 2 , 2u x t V x t C I x t C= − ,  

( ) ( ) ( ) ( ) ( ), , 2 , 2i x t V x t L I x t L= + . 
We note that every characteristic of the hyperbolic system with negative slope 

passing through the point ( )0, kt  has the equation kx vt vt= − + . Therefore 
( ) ( ) ( )0 0, ,k k kI t I t I t T= = = Λ −  and ( ), 0I x t =  along the straight line 

kx vt vt= − +  between 0 and Λ . In a similar way every characteristic with posi-
tive slope passing through the point ( ), ktΛ  has the equation kx vt vt= − + Λ  
and then ( ) ( ) ( )0 , 0,k k kV t V t V t T= = Λ = −  and ( ), 0V x t =  along the straight 
line kx vt vt= − + Λ  between 0 and Λ . In order to find common zeroes of 
( ),u x t  and ( ),i x t  we have to intersect the straight lines kx vt vt= − +  and 

kx vt vt= − + Λ . 
2) A general method for analysis of transmission lines terminated by poly-

nomial nonlinearities is proposed and it is demonstrated on the 7-th order po-
lynomial. 

3) An explicit solution by successive approximations can be obtained. 
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