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Abstract

This paper is different from the existing macroeconomic theory. It derives the rela-
tionship between the various macroeconomic variables from the Cobb-Douglas func-
tion, and uses statistical data in United States to verify these equations. We find that
the Cobb-Douglas function is obtained in the case that the marginal output is not 0,
therefore it is a function with dynamic properties. On this basis, we use the differ-
ence between the compound output and simple output to determine the incremental
output of a period, and its relationship with capital, interest rate, investment and
other variables. These relations not only deny the premise of Keynesian theory, but
also because the proof of the investment is not equal to the incremental capital, leav-
ing the investment, output growth, business cycle and other neoclassical theory cri-
sis.
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1. Introduction

If the Cobb-Douglas function Y = AK“L” well be as a production model in the Unit-
ed States, there are two important ratios in the macroeconomic statistics: one is the in-
come of capital/labor is about 0.3/0.7 in GDP, the other is the investment/consumption
is about 0.17/0.83 in GDP. The former ratio indicates the allocation of output on the
income of capital and labor, and the later one indicates the allocation of output on the

expenditure of investment and consumption. These two ratios are both charming and
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agonizing. The charming part is these two ratios might indicate a certain rule in the
macroeconomic world, which is not transferrable by people’s will. The agonizing part is
that current macroeconomic theories cannot explain their relations.

The fundamental principle of economics tells us that all decisions in market compe-
tition are related to their marginal state. Based on this principle, people spend more
income to invest will affect the marginal state of production and the corresponding ra-

tio of capital-labor income (c/f), as well as the ratio of investment and consumption
expense (Ig/C) .

2. The Verification of Neoclassic Investment Model

The theory introduced by Jorgenson [1], Eisner and Strotz [2] explain the decision of
investment by the opportunity cost of capital, the depreciation cost of investm8ent and
the price change of investment.

Assume the marginal output of capital K that the firms used is MPK, then the profit
from the unitcapital can expressed as: 7 = MPK —C =MPK — P, (1, +&). In which, C
is the unit cost, B, is the price capital, r, is the real interest rates and & is the de-
preciation rate. In that case, the decision of investment depends on the marginal reve-
nue produced by K. If the total revenue is determined by Cobb-Douglas function
Y = AK“L”, then the marginal revenue of capital Kis:

MPK = N _ax (1)
oK K

In which, the capital K will reach the equilibrium status when: MPK =C =P, (r, +6),
take Kin the optimum state as K*, then aY/K™ =P, (r.+5):

K= or pK =2 )
P (1. +96) r+o

The equilibrium condition reflects that the capital K' is negatively related to the
real interest rate r.. When K’ move from one equilibrium status to another, and .
decreased, the net investment | would increase (I =K, -K, > 0).

In Equation (2), P is the price of unit capital and P K refers to the total value
of capital. The current (¢) net investment (It) should equal to the difference between
the current total value of capital and the earlier (¢ — 1) total value of capital A ( P K*) ,
the gross investment (I ) of period tequals to the sum of this difference and depre-

ciation (Dy):

gt

. \/ Y,
ly =A(PK )+ D, =1, +D, =2t el 4 p
rh+0 fr,,+96
then
IiI:I_I_F&:L_L.h_{_g (3)
YOO, Y, 40 rL+o Y, Y,

Since there are statistical data of I, aY, I, and D in Equation (3), as long as

there is the depreciation coefficient &, we can verify whether the relation between
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these variables are corresponding to the reality in the capital market. Baro [3] estimated
in his study that the measurable depreciation rate of construction and equipment stock
in the US was about 5% per year. According to this number, we could calculate 1 /Y,

(model value or estimated value) in Equation (3), and compare the result to g /Yt

based on statistical data (statistical value). Figure 1 shows that if we calculated based on
data during 1971-2015 in the United Sates, the difference between model value and sta-
tistical value would be too substantial.

In Figure 1, we notice that the changing range of 1, from the model is wide, there-
fore most of the time | is greater than the output level ¥; and the maximum of |
is 3.353 times of GDP (year 1974). | , sometimes is less than 0, and the minimum
value is —3.643 (Year 1976). Moreover, the average value of model values of | o /Yt is
0.4715 during 1971-2015, but the average value of statistical values is 0.1725. The dif-
ference reminds us that that might be the problem of depreciation coefficient & . Only
when & =0.33, the average value of model values of 1, /Y, is close to that of statis-
tical value.

Figure 2 shows the changing trend of model and statistical value of I, /Y, when
6 =0.33. The average value of model values during 1971-2015 is 0.1780, which is close
to the average value of statistical values 0.1725, and the changing range of model values

narrows down. However, since & =0.33, we should deduct the 33% of capital stock

4.00 g s _L.b_r&,g:o_%
3.00

Yo 148 Tresto Y, Y,
Igt -
2.00 v from statistics
t
1.00

0.00
-1.001970  197% 1980 1985 1990

P 4

1995 2000 2005 2010

-2.00
-3.00
-4.00

Figure 1. Model value and statistical value of I /Yt(é‘ =0.05). Calculation and Sources: 1)
Y, =GDP,. Data of GDP, D and « are from http://www.bea.gov. r, =r—AP/P . Data of the

r

inflation rate AP/P are the GDP deflator. Data of nominal interest rate rare from the same as
Figure 2. 2) Statistical data 1, /Y, are calculation according to data of gross investment I

and GDP on http://www.bea.gov. 3) In statistical data, Y not only comprises of gross invest-

ment, individual consumption, but also government expenses and net export, namely

Y= |g +C+G +(X -M ) In our calculation, we combine the government expenses G in the va-
riable C and ignore the net export on the basis of: firstly, assume our analyzing object is a closed
system; secondly, the value of ratio of net export and output (X -M ) /Y is so small that the ef-
fect of (X -M ) on Y can be ignored. (In 1971-2015, average value of (X -M )/Y =-0.0213,
I, /Y =0.1761, C/Y =0.8451). In order to keep the equation equal, we reallocate the net export

(X=M) to Z,and Cbased on the proportion of l,/C.Then I /Y =0.1674, C/Y =0.8326.
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Figure 2. Model value and statistical value of | / Y, (6 =0.33). Calculation and Sources: 1) In
the mode 1 /Yt 1, 6 =0.33.Other data are the same as Figure 1. 2) Statistical data of interest

rate r are arithmetic mean of annual rates of different types of treasury constant maturities. Data
of annual rates of loans are from http://www.federalreserve.gov. We use as many kinds of trea-

sury constant maturities to calculate the average value of rin order to get a value that has ma-
croeconomic significance. Data used in this paper start in 1970 since there were enough kinds
government loans since then. And value of 1, /Y is later than that of r,, one year, therefore

the model value of | /Y‘ starts at 1971. Correspondingly, we use data from 1971-2015. 3) Sta-

tistical values of | /Yt in Figure 1 and Figure 2 are the same.

from the corresponding output. As a result, the depreciation might be greater than the
output. Assume the capital stock is a times of the output: K =aY , then

D =6K =0.33K =0.33aY , since the output has to be greater than the depreciation:
Y > D =0.33aY , therefore a<3.03. Namely, the capital stock cannot be greater than
3.03 times of the output, otherwise the output would not be enough to compensate the
capital depreciation. Therefore, though the average value of model values and statistical
values of 1, /Y, are generally consistent, the depreciation rate almost wears out all the
output when & =0.33 and the consumption is close to 0.

Figure 2 also shows the changing trend of model value and statistical value of 1 /Y,
are generally consistent in long-term, while they change reversely in short-term fluctu-
ation. In order to explain the short-term change in investment, Jorgenson introduced
“flexible accelerator” in the above fundamental model. Eisner and Strotz [2] added up
adjusted cost in the change of investment. Lucas and Prescot [4] introduced the uncer-
tainty of changing market. Bernanke [5], McDonald and Siegel [6], Pindyck [7] [8]
discussed the irreversibility of investment with its uncertainty. It might be true that the
investment would be affected by all these factors, and there might be more that affect
the decision of macroeconomic investment. However, the change of interest rate has
already reflected their effects. It is not that there are not enough microeconomic factors
in the neoclassic investment model, but the fundamental assumption I, = A(PK K*) is

problematic: the net investment is not equal to the incremental capital AK in reality.

3. Mysterious Fundamental Equation

Look back on the emerging progress of Cobb-Douglas function [9]. Douglas made an

OALib Journal

4/16


http://www.federalreserve.gov/

M. A. Zhan, Z. Zhan

assumption based on statistical data of United Stated during 1899-1922: in the relation
between the national income ¥; labor income (Y, ) and capital income (Y, ), there
might be a production function. Otherwise Y, /Y and Y, /Y would not be stable at
30% and 70% about. The mathematician Charles Cobb had suggested that the capital
income and labor income are determined by their marginal contribution to output
(0Y/oK oY /oL) multiply by their usage (K, L), namely:

oY oY

Y=YK +YL=8_KK+6_|_L (4)

Macroeconomic phenomenon that Paul Douglas observed from statistical data can

be expressed as:

N oYy
Yo LK _ 503 Yeodl _pio7
Y Y % Y '

then

o _af N B inwhich a+p=1 (5)
L L

K K’

The primitive function of above partial differential equations is first-degree homo-
geneous function Y = AK“L”. According to the principle of general equilibrium [10],
Cobb-Douglas function has possessed the character of general equilibrium: the output
Y'that is generated by factors of production Kand L are reallocated to these two factors
based on their marginal contribution. In terms of macroeconomics, the economic profit
under this condition is equal to 0.

Cobb-Douglas function is mathematically elegant and correspondent with economic
principles (diminishing marginal output). Since it is generated from the deduction of
macroeconomic phenomenon, we need not to study its rationality by building a typical
firm. The assumption of a “typical firm” is might be wrongful cause by “fallacy of
composition”. Since the increase of income of one firm might be related to the decrease
of others, therefore the income of the system would not be increased as the “typical
firm”. Cobb-Douglas function is deduced under the assumption that 0Y/0K and
dY/dL are not equal to 0, therefore it is a dynamic function with macroeconomic fac-
tors. In other words, the output in Cobb-Douglas function is always changing. Now the
question is, how can we get the growth of output AY or the grow rate of output
AY/Y implied by Cobb-Douglas function?

If Y=AK“L” was a production function at some point of time, then the variable
should has ¢as the subscript: Y, = AK® L% . In which, K'and Z in Cobb-Douglas func-
tion might change with the changing Y, especially K. Since,

MPK :ﬂ:a‘_Yt’ and ﬁzﬂl
K K, oK~ AK
then
AK = Kt AY (6)
‘A\q
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Equation (8) indicates that the capital stock K will increase with the increasing out-
put at some point of time. More specifically, the relation between the output Y during a

period and the output at a point of time Y, should be:
Y= [ vdt= [T AR Lt ?)

If Kand L stayed unchanged, then Y would be equal to (le -Yy ) However, if the
output at a point of time took part in the output of next period with K, and L, then
Y would be greater than the one calculated with unchanged stock K'and L. The differ-
ence is similar to that of simple and compound interest accrual in savings. Therefore we
call the output that is not affected by the change of K'and Y as the “simple output” and
which is affected by the change of K'and Yas the “compound output”.

Based on the feature of Cobb-Douglas function, the marginal output of K(AMPK) has
nothing to do with L. Therefore we could assume the market interest rate is equal to
MPK and the output Y can be expresses as aY =rK . This equation indicates that we
can get Y with knowing K at any point of time and marginal revenue . When the
current K takes part in the output of next period and « keeps unchanged, then the
compound output Y. of difference times can be calculated as below.

Single compound output in a year: aY. =rK. Divide the output of a year into two
part, and calculate the compound output of half a year based on rK/2, then multiply
by 2 to get the compound output in this year: aY, =[rK/2+r(rK/2)|x2=rK +r’K.

In a similar way, the compound output of 1 times a year should be:
aYe ={%+ r(%)+--~+ r“l(%ﬂxn =rK+r’K+---+r"K
When n— o, then:
aY, = iKr” = rKir”‘l, in which |r| <1,
n-1 n-1

then

rk

:a(l—r) ®

Ye

In the above equation, the condition that the interest rate r should not be more or
equal to 1 would not affect the theoretical meaning. Since if r was more or equal to 1 in
a certain period, as long as we shorten the period of time, then we could meet the re-
quirement of |r| <1. Certainly the measuring period of Y should be correspondingly
shortened as well. For example, when the annual interest rate is 2, Equation (8) is still
effective when we applies seasonal interest rate and seasonal output.

When the interest rate r is 0, then there is no difference between the simple and
compound output, the higher of the interest rate, the greater of compound output.
When r=0.1, the compound output is 1.11 times of simple output (=1/0.9). The con-
cept of “compound output” is everywhere in output activities, though people do not see
them that way. According to Equation (8), the relation between the compound and

simple outputis Y, =Y/(1-r).
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We take Y as the compound output, and Yg =(1-r)Y as the simple output. In that

case, we could use the signs in Cobb-Doulas function. Y and Y; can be expressed as:

rk rk

Y—;, Y, —(1—r)Y—(1—r); 9

Equation (9) shows that when r =0, that Y =Y. Therefore there is no increase of

the output, or in other words, the output at the end of period Y, is the same as the

output at the beginning of period Y, . From the aspect of time, the simple output Y

is the output at the beginning of period Y, , and the compound output is the output at

the end of period Y, . Aslong as r>0, then Y, >Y, . Cobb-Douglas in which the

marginal output is not 0 has imply the change state of output, and the change rate of
output is:

le _Ytle_Ys i Y 1= r (10)
Y, Yo Y. (A-n)Y  1-r

4

The above equation shows that the theoretical change rate of output is a function of
the interest rate 7. We need to remember that ¥'in the denominator is Y, or the sim-
ple output Yy, rather than Y, or the compound output Y . Since Equation (10) is
deduced under the assumption of r=0Y /0K , it has to be verified by statistical data.

During 1971-2015, the average value of the growth rate of nominal GDP is 0.0651,
the average value of nominal interest rates is 0.0604 during the same period,

r/(l— r)= 0.0604/(1— 0.0604) = 0.0643, which is close to 0.0651. Since Equation (10) is

an approximate expression without considering the periodic relation between growth
rate and interest rate (after some time, we will see the difference of AY/Y and rin
short-term fluctuation), it is can only be verified by relatively long-term statistical av-
erage values.

When r =0, we cannot take the simple and compound output are also equal to 0
based on Equation (9) Y =rK/a, since the original meaning of r=0 is that the
marginal output of Kis 0 and the growth rate of output is 0. Therefore, the meaning of
r =0 here is that the compound output is equal to the simple output, or the output at
the end of period is equal to that at the beginning of period. In terms of economic
meaning, the marginal output is 0 has two different meanings. One is that the total
output has reached the maximum and the economy only need to simply reproduce year
by year; or the economic systems has lost dynamism and can only reproduce on a low
level. The simple reproduction is a state that the output is completely consumed,
namely the sum of the consumption Cand the depreciation D is equal to the total out-
put. Therefore the net investment I can only exist when Y >Ys or Y, >Y, . Accord-
ing to Equation (9), the difference between the end-of-period and beginning-of-period

output is:

r(l-r)K
AY =Y —Y, =Y, -V, _TK_r(A-n)K K
o (24 a

ry (11)

The above shows AY implied in Cobb-Douglas function. Although the net invest-

ment [ is generated from the newly increased output AY, AY also comprises of the
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newly increased consumption and depreciation, therefore | <AY . | <AY is estab-
lished when r=0. Since AY =rY and Y, <Y, , when assumed |=rY,, then the
value of /is not only in a critical state that | =AY =0 when r =0, and accords with
the logical requirement of | < AY . Under the assumption =rY,, the relation between

the net investment /and Yis:
| =AY (1-r)=rY(1-r), or YI—: r(l-r) (12)

The above equation shows the internal relation between the net investment, output
and the interest rate. We call Equation (12) the investment equation. Equation (12) is
deduced by assuming | =rY, , the rationality of the equation need to be testified by
statistical data. During 1971-2015 in the United States, the average value of statistical
dataof 1 /Y and D/Y are0.1725 and 0.1169, respectively. Therefore
I/Y =1,/Y —~D/Y =0.1725—-0.1169 = 0.0556 . During the same period, the average
value of ris 0.0604, and the value of 1/Y which is estimated according to ris
I/Y =r(1—-r)=0.0604(1-0.0604) = 0.0567 . The statistical value 0.0556 is close to the
estimated value 0.0567.

From the aspect of microeconomics, on one hand the lower of interest rate, the
greater of firm investment under certain output. But when all firms increase their in-
vestments, then the interest rate will increase; on the other hand, the cut of consump-
tion will increase savings in households. But when the economy is under a low level of
interest rate, some people would found to consume others’ savings on mortgage will
increase their benefit level. Therefore it will lead to the increase of interest rate. As a
result, if the interest rate was determined by the market competition, the investment or
savings is not necessarily negatively-related to the interest rate. The macroeconomic
investment equation reflects this relation and is not contradictory to the microeco-

nomic formation of investment.

4. Verification and Deduction of the Fundamental Equation

Equation (12) is the net investment equation. In order to compare with the short-term

changing tendency of the gross investment | in statistical data, we need to expand

9
Equation (12) to the gross investment equation:

| I D D
S —=r(1-r)+— 13
Y Y Y ( ) Y (13)

As Figure 3 shows, the fluctuation of D/Y is narrower than that of the interest rate
1, and the fluctuation of 1, /Y is determined by that of 1/Y . In that case, we consider
the theoretical estimation of I /Y equal to the estimation value of | /Y =r(1-r)
plus the statistical value of D/Y .

Figure 3 shows that I /Y based on Equation (13) is much better than that in
neoclassic investment model. However, compared to the statistical value, the short-
term fluctuation range are slightly different. The main reason is that Equation (13) is

deduced on the assumption o and r are constants, or in other words, Equation (13)
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Figure 3. Model value and statistical value of 1, /Y . Calculation and Sources: Statistical values

of D/Y and I /Y are the same as Figure 1. In the model |g/Y =r(1-r)+D/Y , nominal in-

terest rates rare from the same as Figure 2.

neglects the effect of Aa and Ar on 1/Y.

In our later study of business cycle, we will learn that although in long term that
AY/Y =r is established, there is always phase difference of AY/Y and rin short term.
Therefore, if we use AY/Y to replace r in the investment equation, then the model
value of 1/Y or I, /Y would also change correspondingly. According to Equation
(11), substitute r=AY/Y to Equations (12) or (13):

LAY, A0 o b sy YD »
Y Y Y Y Y Y Y

The average value of 1, /Y of the United States during 1971-2015 is 0.1768 (calcu-
lated values based on Equation (13)is r(1-r)+D/Y =0.0567 +0.1169 = 0.1736). And
the short-term fluctuation is as Figure 4 shows. Compared to Figure 3, the fluctuation
of I,/Y is more consistent with statistical values in short term, while different when
the inflation rate is comparatively high or low. The reason is that the inflation rate
AP/P is greater or smaller than the real interest rate I, or the growth rate of real
output AY,/Y, . We will elaborate on this in the analysis of inflation.

In the deduction of the difference of AY =rY which is the difference of Y, and
Y, > weassume o and r are exogenous variables. And if we use the same assumption
in Equation (9) Y =rK/a,then AK =(a/r)AY.Since AY =rY , therefore:

AK =a¥Y (15)

AK in Equation (15) not only shows the relation between the growth of K and the
output ¥; but also reflects the share of capital revenue in the output. For better under-
standing of this relation under the state of simple reproduction and that of extended
reproduction, we create Figure 5 to show the relation of allocation of output in terms
two incomes and two expenses. In reality, the output move from a state of extended re-
production to another state of extended reproduction, therefore the change of « is
quite small and would not be as great as the following figure shows.

Figure 5 shows that if D/Y isa constant, then 1/Y (or C/Y ) is closely related to
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-0.05
Figure 4. Model and statistical values of I /Y . Calculation and Sources: Statistical values of

I,/Y and DJY are the same as Figure 3. In the model |g/Y =AY/Y (1-AY/Y)+D/Y , no-
minal interest rate are the same as Figure 2, AY /Y is the growth rate of nominal GDP, data are

from http://www.bea.gov/.

r =008, AY/Y, =r/(1—7)=0.087

r \
1/Y = 0.074
AY <
a=aY/Y =03
[ 7=0, AY/Y, =0 W = W
( )
a¥/y =0.1
D/Y =0.1

Yt1< >Yt2
BY/Y =09 B =pBY/Y =07 C/Y = 0.826
C/Y =09
\ ) y
Structure of incomeand Structure of income  Structure of expense
expense in the state of - ~ /)
simple reproduction in the state of extended reproduction

Figure 5. Difference of structure of expense and income in the simple reproduction and the ex-
tended reproduction. Notice: 1). In simple reproduction, r=0, therefore 1/Y =r(1-r)=0;in
the growing output, assume r =0.08, therefore 1/Y =0.08(1-0.08)=0.074 . Assuming

D/Y =0.1, then C/Y =1-1/Y -D/Y =0.826. 2). Assume D/Y are the same in the state of

simple reproduction and growing output. Other data are examples with different assuming data.

the marginal output of capital - When r =0, the capital return «Y would be used
up by depreciation. And only when r >0, there would be net investment / Though
the greater value of r; the less value of C/Y , the total consumption Calways increases

when r > 0. It indicates that r determines the distribution of the net investment and
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assumption while determines the growth rate of output.
Based on AY =rY , not only we can deduce AK =aY , but also other important in-

ference. According to Equation (9), K =aY/r, we can get
&:i:r, or AK =rK (16)
K aY/r
Assume the current gross capital equals to the sum of the beginning-of-period capital
and the growth of capital K=K +AK or K=K +AK. Since K=aY/r and
AK =aY , then:
Y 1
KtlzK—AK:aT—aY:(F—l)aY (17)
Accordingto I=r(1-r)Y and AK =aY ,then:
a

AK :—r(l—r)l (18)

Since « > r, therefore when r >0,

a a
| >—1>1

AK =
r(l-r) r

Based on the average value of «/r =0.3251/0.0604 =5.382 during 1971-2015,

AK >5.3821 . The neoclassic investment model which is deduced as assuming | = AK
cannot be verified by statistical data. According to the hypothesis of
r=0Y/oK=aY/K, if rand a don’t change with ¥ and K, then AK =(a/r)AY.
Even if incremental output be used all to investment, namely AY =1, we will also get a
conclusion: AK >> |, because r < «.

Since AK > I, if we assume | = AK , the estimates value of | /Y based on Equa-
tion (2) when &§=0.05 would be much greater than the statistical value. In Figure 2,
in order to reduce the substantial difference of the estimates value according to neoc-
lassic model and the statistical data, we have to set the depreciation coefficient § in
the model as 0.33.

In our model, the net investment 7 and the incremental capital AK are both de-
duced by the difference between the compound and simple output AY . Since 7is part
of AY (because | =(1-r)rY <r¥ =AY), and AK is much greater than AY (be-
cause AK =aAY/r > AY ), the capital growth much be greater than the net investment.
However, this conclusion is very confusing in reality, since “capital origins from in-
vestment” has been accepted as a “truth” for economist and the public. If AK > 1,
there where the difference comes from?

By taking differential of both sides of K =K  +AK, we can get AK =AK + AAK,
in which Kj is the capital stock of the current period. It indicates that the value and
stock of AK are related to the growth of the capital stock K. In a state where the
compound output Yis greater than the simple output Y, there mustbe 9Y/oK =r >0,
in which 0K refers to AK. When AY >0, all capitals including the capital stock

would increase. We also need to remember that the increase of capital stock is not nec-
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essarily caused by the increase of quantity of equipments, it can also be caused by im-
proving the operating efficient of old equipments.

Though we cannot directly get AKg from statistical data, if r >0 in the current
period, we can get AK and corresponding AK; basedon r=aY/K and
AK =aAY/r. Since, K=K;+AK, AK =AK; +AAK, AK =aY,If a was a con-
stant, then, AKg =AK —AAK =aY —A(aY)=aY —aAY =a(Y —AY ) =aYy, in which
Yo =(1-r)Y ,then AKg=a(1-r)Y >1=r(1-r)Y (inwhich a>r).

The above equation indicates that the capital grow is not restricted to the visible
growth of investment. In the study of economic growth, some people emphasized the
impact of human resources, others emphasize that of economic system, etc.. In fact, all
these impact are working at the same time. The incremental capital AKj is the con-
sequence of all impacts. Also in reality, the improvement of employees’ qualities could
maximize the capability of old equipments. This can be categorized as the impact of
human resources. A typical example of the economic system put impact on the output
is those countries transfer from planned economies to market economies. Although
these countries have very high ratio of investment-output before their economic refor-
mation, they could not get corresponding growth rate of output. And after their eco-
nomic reformation, the same capital stock can produce more products.

The investment 7 is a special variable. In the identical equation Y =1+C+D, [isa
total value. However, in the dynamic compound output, [ is part of the incremental
output AY,and 1/Y <AY/Y,or I, /Y, <AY,/Y, (1, and Y,

. is the real investment

and output). We cannot assume Y =PY, and | =PI, atthe same time (Pis the price
index), otherwise there would the contradiction that 1/Y =(PI.)/(PY,)=1,/Y, . Asa
result, when we assume Y = PY,, I/Y should be considered as an integral whole. Based
on (1/Y)=AY/Y(1-AY/Y), we define the (1/Y) as:

(L] _AY () AY,
Y)Y, Y, )
('_j_(Lj :ﬂ(l_ﬂj_ﬂr 1 AV AP [AY LAY sy
Y) \Y) Y Y ) Y, Y, P Y Y,

In which, Y =PY,, AP>0, and assume (AY/Y +AY,/Y,)<1. Since AP/P>0
during 1971-2015, therefore (1/Y)>(1/Y) as Figure 6 shows. Though (1/Y)=(1/Y) ,
the fluctuation of (1/Y) and (1/Y) is generally consistent in short term, which in-
dicates that the shape of fluctuation of (1/Y) and (Ig /Y) is determined by the
change of AY,/Y, .

Since 7 is part of the growth of output, the growth rate of investment Al/l is a

then

higher order variable compared to the growth rate of output, therefore the changing
pattern of Al/l might not be the same as that of 1/Y . According to the identical eq-
uation A(1/Y)/(1/Y)=Al/1 —AY/Y , then:

Al_AY AQN) L _AY( AYY
| Y 1Y Y Y Y
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Figure 6. Compare between (1/Y ), and (1/Y). Calculation and Sources: In equation
(1Y), =AY, JY,(1=AY, )Y,), AY,/Y,=AY/Y —~AP/P ,dataof AP/P see Figure 1.Data of
I,/Y andD/Y are the same as Figure 1.

then
Al _AY 1-2(AY/Y) A(AY)Y) AY A(AY)Y)

LY LAY (AYY) Y avy)

(19)

Since the change of output is the reason of the change of investment, then the ratio of
consumption and output is determined by the economical system at the same time
when it determined the ratio of investment and output. According to the statistical
identical equation Y =C +1, =C + 1+ D, then:

I
E:l__gzl_ ﬂ 1_£ +2 (20)
Y Y Y Y Y

Because of the fluctuation range of D/Y is quite small compared to AY/Y , we as-
sume D/Y is a constant. Therefore, we can deduce C/Y would decrease when AY/Y
increased according to Equation (20). Since C/Y and AC/C are two different va-
riables, therefore when AY/Y increases, AC/C would not necessarily decrease. Ac-
cordingto A(C/Y)/(C/Y)=AC/C—AY/Y, then:

ac_av Al-ly/Y)
c Y -1, Y

In which

A(l-14/Y) Y A(Y) oy (ATI_AY_Y)' According to E. (19)

-1 Y (1-1,Y) (1Y) (1-1,)Y)

AL_AY A(AY)Y)

Y  (AY)Y)
then
AC _AY I/Y (Al _AY) AY 1 A(AY)Y)
c Y (1—Ig/Y)(I Y)NY C (AY)Y) 2D
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Figure 7. Fluctuates in short term and trends in long term of AC/AY and C/Y . Calculation

and Sources: Data of Cand Yare from the same as Figure.

In Equation (21), AC/C is mainly affected by AY/Y . However, since the second-
order growth rate A(AY /Y )/(AY/Y) has opposite effects on  AC/C, therefore the shape
of fluctuation of AC/C and AY/Y might be different.

We can also deduce the theoretical expression of the marginal propensity of assump-
tion AC/AY based on Equation (21), and deny the assumption of diminishing mar-
ginal propensity of Keynes [11]. According to (AC/C)/(AY/Y)=(AC/AY)/(C/Y),
then:

A(AY)Y)

&_E'AC/CZE'AY/Y_(I/C) (AY/Y) —C(1 | .A(AY/Y)J o)

YT c(av)Y) (AY)Y)

AY Y AY)N Y AY)Y Y

In Equation (22), AY/Y fluctuates in short term, and the second-order growth rate
A(AY/Y)/(AY/Y) is either more than 0 or less than 0, therefore the marginal propen-
sity of assumption AC/AY is possibly greater or less than the average propensity of
assumption C/Y (AC/AY ZC/Y).

In long term, if the average value of the second-order growth rate A(AY/Y)/(AY/Y)
is equal to 0, then AC/AY =C/Y ; if the output growth rate is decreasing, namely
A(AY/Y)/(AY/Y)<0,then AC/AY >C/Y . AsFigure 7, AC/AY is fluctuation around
C/Y in the short term, and is not decreasing trend obviously. Both of the average val-
ue are 0.8171 and 0.8275 during 1971-2015. Therefore, Keynes’s assumption of con-

sumption is not certificated in our theory and statistical data.

5. Conclusions

5.1. Hypothesis

<% Production function in the market system: Y = AK“L”.
<> A marginal condition: r=0Y/oK =aY/K.

< According to the compound interest method, calculate the output at the end of pe-
riod Y, : Y, =Y =Yt1/(1— r.
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< Netinvestment: | =rY,.

5.2. Results

<> Fundamental equation: AY =rY, AK =rK.
< Investment equation: 1/Y =r(1-r) or 1/Y =(AY/Y)(1-AY/Y).
< The incremental capital is not equal to the investment: AK = [a/ r (1— r)} l.

5.3. Discussion

<~ In the analysis method, this paper seems to eliminate the gap between the traditional

macroeconomics and the microeconomics. Cobb-Douglas function used in this pa-
per not only have the property of diminishing marginal returns, but also be con-
strained by marginal conditions r=0Y/oK .

For statistical identity Y =C+ 1, +(X —M), many people believe that the right
side (demand) of what factors determines the left side (supply). The reasoning
process of this paper shows that the marginal state of capital determines the growth
of output, which determines the investment and also determines the distribution of
investment and consumption in the total output, because the left side of the identity
is determined by Y = AK“L” in this paper, and is not determined by investment
and consumption.

The result of this paper shows AK # |, but from the savings model of Ramsey [12],
the output growth model of Solow [13], the investment model of Jorgenson [1] to
the real business cycle model of Kydland and Prescott [14] [15], all of these apply the
equation of AK =1 to analyze macroeconomic problems. If AK = [a/ r (1— r)} I is
substituted for equation AK =1, the target functional in DSGE (Dynamic Stochas-
tic General Equilibrium) will not converge. This means that we need to re-examine
those neoclassic theory that use dynamic optimization as a reasoning tool.

We derive the relationship between output, interest rate, investment and other va-
riables from Cobb-Douglas function and the corresponding marginal conditions,
but some of the variables in the equation can only be verified with the long-term
average of the statistics (such as AY =rY ). This may be related to the periodicity of
variations in the short-term. In addition, we assume that r is constant when calcu-
lating the incremental output AY , since if r was variable that the rate of output
change would depend not only on rbut also on the rate of change of r. The equa-
tions in this paper are only the basis for our future analysis of more problems. To
relax some of these assumptions, we can further analyze the macroeconomic issues
such as the economic cycle, inflation and economic growth, and finally form a logi-
cal and complete theoretical system.

At present, these equations of the paper are not suitable for the analysis of non-
market system (for example, the market interest rate is limited by the government in
China). In addition, another shortcoming of these models is that they are not used
to validate more market system countries, since many countries are not as open and

complete as the United States.
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