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Abstract

Using only the Poisson integral and elementary convergence theorems, we prove the well-known
Density theorem and Fatou’s radial limit theorem.
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1. Introduction

In most texts, [1] (p. 261), [2] (p. 187), [3] (p. 129), to name a few, the Density Theorem is proven using the fact
that if f is Lebesgue integrable and if o = [f, then ¢’ = f a.e. This result in turn is proven using the Vitali Covering
Theorem. The same procedure is also used in the proof of Fatou’s radial limit theorem (see [4], p. 129, and [5],
Vol. 11, p. 362-364). We circumvent this reasoning in an attempt to make the Density and Fatou theorems more
accessible to the reader. Our major reference will be Royden’s book Real Analysis, and we will restrict ourselves
to its first four chapters. These include a general introduction to set theory, the real number system, Lebesgue
measurable functions, and the Lebesgue integral. Our major analytical tool will be the Poisson integral and we
will use some of its well-known fundamental properties.

We first introduce the background material that will be used in the course of this note. Our setting is the unit
disk D and its boundary C. We shall say that a sequence {I,} of arcs in C converges to e e C and write I, —
e’, e”eC,if ¢’ el, foreachkand lim, diam(l,)=0. LetA be any subset of C and let m" and m denote
respectively the outer Lebesgue measure and the Lebesgue measure on C. For any measurable set E in C we de-
fine o, (E)= m’ (ANE). We shall say that the derivative of o, at e exists if there exists a number o, (e'g)
such that for any sequence {I,} of arcs converging to e”,
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If o) (e“g) =1, e”is called a point of density of A and if o (e"’) =0, e’ is called a point of dispersion of A.

The Density Theorem states that if A is any set (measurable or not) in C, then " is a point of density for A for
almost all e” in A. We shall prove that this result in the case A is measurable.
Let u(z), z e D, be defined by the Poisson integral,

u(z):2—1n_[02"P(z,¢));(A(ei‘”)dgo (1)

where y, (e“”) is the characteristic function on the measurable set Ac C , and

(@-r)

T 1412 —2rcos(p-0)’

P(z,9) z=re”,

is the Poisson kernel. When A is a finite union of open arcs, then y, is a bounded piecewise continuous function
on C. So, if £is a point of continuity of ya, then a straight-forward examination of the integral in (1) shows that
the limit of u(z), as z approaches ¢& exists and equals ya(¢) (see [6], Vol. Il, p. 156; [7], p. 206; and [4], p. 130).
The kernel has two nice properties:

i) P(z,p)=0forallze D, p<[0,2n), and

i) (1/2m) joz P(z,¢)dp=1 (see 8], p. 165-167 and [9], p. 305-307).

It follows that u(z)<1 forall zeD.We will use these elementary results in Sections 2 and 3.

2. The Density Theorem

Theorem: Let A be measurable. Then almost every point of A is a point of density of A.
Proof: Let B be those points of A that are not points of density of A; that is,

_ AN
B = {e"’ e A:liminf, , MAN L) <1}

m(1,)

where 15, 6 > 0, denotes an arc containing e” having length . For each k =1,2,---, let & =1/k . We will first
show that B can be rewritten as

m(AN1, (€))

k—o0 <1
28

e’ e A: liminf
where |, (e”) is an arc centered at e” with length 2& such that & — 0 as k — . This reformulation of B is

crucial to our proof. Clearly, any point in this set is in B. Now suppose e e B. Then there exists a positive
number € and a sequence {d,} such that d, — 0 as n — oo and

m(Aﬂ Ién)

m(1;,)

For each n let s, denote the length of the largest component of I, —{e‘” } and choose k, such that
S <8, <& - Then

<l-e¢.

m(An1, (&) m(An1,)+m(an(1;, (e)-1,))

28, 28,
< (1_8)5” +(1— o ] =1—g£ <1—£(%J.
28, 25, 26, 2{ &
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Since the last expression approaches 1 — ¢/2 as k, — oo, it follows that

m(Aﬂ I, (e‘g))

liminf <1l
k—o Zé’:k
Using this reformulation of B, the facts that for each k, m(Aﬂ l. '9 /25k is a continuous function of ¢

and consequently measurable, theorem 20 in [10] (p. 56), and that A is a measurable set, it readily follows that B
is a measurable set. Hence, it is the union of an F-¢ set and a set N of measure zero; that is, B :(U Fn)U N

where each F, is a closed subset of B. If we show each F, has measure zero, then the theorem is proved. We pick
a F, and denote it by F in order to avoid layered subscript notation. Now F°© = Uleok , Where Oy are pairwise

disjoint open arcs. For each n=1,2,---, let D,=C —UE:lOk , xn be the characteristic function of D,, and set

:_J' (2,¢) z,(€¥)de for |z]<1.Note that foralln, D, >D,,>F,and (] D, =F.We know

n+l
from our introductory remarks that except for a finite number of & on C, lim,_,u, (re‘g) =7 (e‘g). Let S, de-

note this exceptional set. If we set S=|J” S, thenforall ¢’ eC-S andforalln,

lim,_,u n( e“")z;(n(e"’). )
Also, for all e e C,
Iimn%w Zn (eig):lF (eig)' (3)

We now show that m(F) = 0 using an indirect argument. Before we formally proceed we indicate the direction
our proof will take: We define the Poisson integral of the characteristic function on F and using Equations (2)
and (3), along with the assumption that F has positive measure, find a subset of F where the radial limit of this
function is 1. We then use the reformulation of B to show that this cannot happen.

So, suppose that m(F) > 0. Momentarily fix 6. For each k =1,2,---, define r =1-¢& . Thenr,— lask — .
Since for each k, P(rk ,(p) is a nonnegative and integrable function of ¢, we have ([10], p. 73) that for each
& there exists d, > 0 such that if E is any set with m(E) < d, then

—I P(re’,p)dp<&,. @)

Foreach k=1,2,---,let 7 = min(m( /2"*1,5k). Using Egorov’s Theorem ([10], p. 59), we have for each
k an open set My such that

m(Mk°)<77k and z, (e“”)—mgF (e“”) uniformly on M. ()

Note that m([J,M{ )<Y, m(M7)<Y, mz(ki) = m(ZF) , and since S is at most countable,

F —((Uk MkC)US) has positive measure. Set u/(z) :zij‘oz" P(2.0) 2 (eip)dq).
T

We now claim that if e is in F —((Uka)US), then lim, u(rk ) 1. Let ¢ be an arbitrary positive
number and choose K such that for k > K, & < ¢/4. Now for k > K,

1-u(re”) =i.[0h(1—;(F (eiW)) P(re’.p)dp

:i " (1—;(F (ew))P(rke”,go)dgo

e el e () Plse” o)

Since y, converges uniformly to yr on My we choose N = N(¢) such that ‘;{N (ei‘/’)—;(F (ei‘/’)

<g/4 on My
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Thus,
i Mi (1_ZF (ei(p)) P(re” p)dp< iIMk (1—ZN (ei"’)) P(re”,0)do
e U (#) -2 ()P (5 0)00

< (1—uN (rke“’))+(g/4)[2—1n.[02n P(I‘keig,(p)d(p}
< (1—uN (rke"’))+(g/4).
Using (4) with the fact that m(MkC NF° ) <7, <6, onealso has

1
2n

Joe (1= 2¢ (7)) P(rkeig,go)dq):% Jugore P(5e7.0)dp < & < /4.

Hence, 0<1-u(re"”)<1-uy(re”)+s/2 forall k > K. Because €” e F —((Uk MS U S), Equation (2)
holds. In addition, we have for all n that y, = y¢ on F. Consequently, for k sufficiently large,
0<i-u(re’)<e,

and since € was arbitrary, our claim is established. _
However, using the reformulation of B we know that since e’ eF and F < B, there exists a positive
number # and a subsequence {'@ (e'e)} of arcs with the property that

m(F Nl (ei")) <(1—77)m(|5kn (e“’)).

Since 1, =1-¢& , wehave

o 1 (L ze(€7))(2-12) 1 (1- 2 (7)) (- 72)
1—u(rkne9)_zj0 1+12 - 21, COS((p—@)dqﬂZELé’kn(ew) 1+12 - 21, cos(p-0)
. 1 (l—rkn)

=7

do

3 j‘['e‘kn (eig)(l— Xe (eiw ))dq)

1-r )2 +4r, sinz[ 5

S e‘knm(Fc N Ifkn) N &, (m&,)
2n|:§k2n +4(1_5kn)5in2[§£”ﬂ Zn{gﬁfﬂ +4(1_§kn)5in2(§;ﬂﬂ

n&t

T )]

Since the last expression approaches 7/2m as & —0 oras r,—1, we have that the

limsup,__,,u (rkne”) <1,

and this contradicts our previous claim. Thus, the measure of F cannot be positive and so m(F) = 0.

3. Density and the Radial

In this section we establish relationships between the density of A at a point of C and the radial limit of the
Poisson integral of the characteristic function on A at this point. The proofs of the first two theorems employ
well-known procedures and inequalities. Theorem 3 highlights the last result in the proof of the Density Theo-
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rem. We then use these relationships and prove in Corollary 5 Fatou’s radial limit theorem.

Theorem 1. If € is a point of density of A and u(z) represents the Poisson integral of y,, then the radial
limit of u(z) at e” is 1.

Proof: Without loss of generality we can assume e = e = 1 and we express the Poisson integral of y, over
the interval [—n, n] instead of [0, 2]. We must show that lim _,u(r)=1.

Since 1 is a point of density of the measurable set A, it follows that 1 is a point of dispersion of A%, the com-
plement of A with respect to C. Letting &(5)= m(AC Nl (1)) 25, where 15(1) denotes the arc on C centered
at 1with length 20, we know that ¢(6) - 0asd — 0. Letz=r. Then

1 e (1= 2a(e))(2-1%)
1—U(r)=—J( 2 I do (6)
2n°  1+r°—=2rcos(p)

There are two possibilities that can happen with the function ¢(5), 6 > 0. Either there exists a dy such that &(d)

=0; or for all 6, ¢(6) £ 0.
In the first case it follows that m(AC Nl (1)) =0 forall 6 <J,. We now rewrite (6) as

1

e LT O LR OSSN A LT

In the first integral we know that m(A° (11, (1))=0; and for € e AN1, (1), 1- z,(e*)=0. Hence, the

integral is zero. For the second integral we have that &, <@ <n andso &,/2<¢/2<m/2.Now

1+r?—2rcos(p)=(1- r)z + 4rsin? (%j > 4r sin? (%)

2
On [0, /2] we have that sin(X) > (2/m)x. So if r > 1/2 we get 4rsin? (%) > 2(p2 , and hence

T
1 1= (1-r)n? (1-r)x[1 1
ol (1 ;(A( ))P(r,go)d(pS; S dop = 5 5—0—; —>0 asr—>1.

The third integral is handled like the second, and so our theorem follows.
In the second case it follows that if J is sufficiently small, m(AC Nl (l)) is a continuous increasing func-

tion of J. So there exists a  such that the expression (5/2) m(AC N Ig) =6%¢(5) is continuous and increasing
on (0, dp). Consequently, the expression &,/¢(5) is a continuous increasing function of ¢ on (0, do) with the
property that &§,/¢(5) — 0 as 0—0. Using this result we know that as r — 1, 1 —r — 0 and so it can be

represented by 5,,/¢(3,)

r

for some ;. Furthermore, 1 — r — 0 iff J, — 0. On the interval [-4;, J,] we use the

inequality 1+r?—2rcos(p)=(1- r)2 +4rsin? (%) >(1- r)2 to get

N . _r? m( A° ﬂ'
i L (1—;5A(e ))P(r’(p)dwgiIACﬂl@ (1—I’)2 do < n(ll_ r)fACﬂl, <% 5(\/_)
15(6,)(25,) _

ng\/i

We now rewrite (6) as was done in the first case but using ¢, instead of ;. The first integral is handled above.
The second integral is handled exactly as before. We get

1 ;(1_ZA(ei¢))P(r,¢)d¢:w{i_z}:MF_%

2n 2 6, W 2 6, W

r

(5)(2]40 as 5, — 0.

= 26| 222 | 50 ass, >0,
2
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The third integral is handled like above. Hence, our theorem follows. Using a similar argument we can obtain
the second result of this section.

Theorem 2. If e is a point of dispersion of A, then the radial limit of u(z) at e” is 0.

Theorem 3. If e’ is neither a point of density of A nor a point of dispersion of A, then the radial limit, if it ex-
ists, cannot be 1 or 0.

Proof: From the hypothesis we know there exists an ¢ > 0 and two sequences {I 5 }{I pn} of arcs, where J,

and p, denote the length of 1, and 1, respectively, suchthat e“ 1, foralln, e”el, foralln,
m(AﬂI(,n)<(1—g)m(I5n) forall n,
m(AﬂIpﬂ)>gm(lpn) for all n,

and 6, — 0 and p, — 0 as n — co. Since the arcs are not centered at e we define &, to be the maximum of the
lengths of the components of |, —{e"’} and define I, (e'g) to be the arc centered at e with length 2¢,. Us-
ing 1, we define ¢, similarly. Let r, =1-¢&, and s, =1-7,. Then,

(1— Zn (ei‘”))(l— r?)

oy 1 ¢on (l_ZA(eiw))(l_rf) 1
1—u(rne9)—2nj0 1+r2-2r, cos(go—e)d _2_7'E‘|.|¢n(ei9) 1+r12 -2r, cos(&,)

! (1-r)
_E(

Pn

do

&) AL
2

1-1,)" +4r sin
N .fnm(AC mlb.n) . & (6,)

21{;12 +4(1-¢&,)sin? (i“ﬂ 21{@2 +4(1-&,)sin? (i“ﬂ
£

)

Since the last expression approaches /4w as &, — 0 or as r, — 1, we have that the

. io &
Ilmsupn%u(rne )<1—§. @)

A similar argument using s, =1-17, shows that the liminf u(sneig) > ¢/8n . It follows that if the radial

n—o0

limit of u(z) at e” exists, then it cannot be 1 or 0.
2n

P(z,9) x4 (e‘“’)dga. Then for almost every

Corollary 1: Let A be any measurable set in C. Let u(z)= zij'o
T
¢’ eC, lim_u(re”)=yz,(e").
Proof: Using the Density Theorem on A and Theorem 1, we have for almost every e’ in A,
Iim,ﬁlu(reig) =1=z,(€"). Since A® is also measurable we have that almost every point of A® is a point of

density of A®. Hence, almost every point of A is a point of dispersion of A. By Theorem 2 we have that for al-
most every e’ in AS, lim_, u (re”) =0=y, (e”).

Corollary 2: Let f be a simple function defined on C. Let u(z)= ZLJ'OZ“ P(z.¢) f (e)de. Then for almost
T
everye” e C, lim_u(re”)=f (e”).

Proof: If f is simple, then f = Zi”:lai;@\ where the A; are pair-wise disjoint and measurable and the a; are
distinct and nonzero. Using Corollary 1, our result follows.
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Corollary 3: Let f be a bounded measurable function defined on C. Let u(z)=2i.foznP(z,¢) f (ei(/’)d(p.
T

Then for almost every e” e C, lim,  u(re')= f (¢”).

Proof: Since f is bounded and measurable, there exists simple functions wn, w, < f, such that
lim, v, (e")=f(e”) uniformly on C. By adding and subtracting the appropriate terms and using the trian-

gle inequality one can show that
Ju(re)~ 7 (&) sz—ttf;"P(re”,go)‘f ()~ (¢°)
1

2n i0 i i0 i0 i0
+ 2—7:]0 P(re ,(o)(//n (e“’)d¢—y/n(e ) +‘ f (e )—l//n (e )‘

We analyze each term on the right hand side of this inequality. Since the kernel P(z, ¢) is non-negative and its
definite integral is 27 (see Section 1), and since v, converges uniformly to f on C, the first term can be made ar-
bitrarily small when n is sufficiently large. From Corollary 2 we get that the second term can be made arbitrarily
small as r approaches 1. The last term approaches 0 for n sufficiently large since w, converges uniformly to f on
C. Consequently, our result follows.

de

Corollary 4: Let f be a nonnegative integrable function defined on C. Let u(z):zijj"P(z,<p) f (e“”)d(p.
T
Then for almost every e eC, lim,_;u(re”)=f(e").
Proof: Let S = {e‘g  f (e‘g) < +oo} . Since f is integrable we know that m(S) = 2x. For each n=1,2,---, define

f, (e“") =min (f (e“") ,n). Each f, is bounded, nonnegative, and measurable on S. The functions also satisfy the

following on S: f, (e“")s fM(e"”)g f (e“") and lim__f (e“”) = f(e“”). Since P(z, ¢) is non-negative we

have that P(z,¢) f, (e“”) <P(z,9) fnﬂ(e“”) <P(z,9)f (e”’) and hence
lim,,. P(z,9)f, (ei“’) =P(z,9)f (ei“’) on S. By the Monotone Convergence Theorem ([10], p. 72) we know
that
[.P(z.0)f,(e”)dp - [_P(z.9) f(e”)dp asn—c.
Once again, by adding and subtracting the appropriate terms and using the triangle inequality one can show

that
Ju(re?)— 1 ()| <

SZ_nUOZ“ P(rei",(p) f (e“”)d(p—jjnP(re“’,go) f (e"")dgo‘

A GRS RICORACY

T
From our above remarks, the first term can be made arbitrarily small for n sufficiently large. Using Corollary
3, the second term can be made arbitrarily small as r approaches 1. The last term approaches 0 on S as n gets
large. Consequently, our result follows.

Corollary 5: (Fatou) Let f be integrable on C. Let u(z) =2i.[02"P(z,¢) f (ei‘/’)d(p. Then for almost every
T
e’eC, lim,_ u(re)=f(e”).
Proof: We know that f =f*—f~ where f*(e‘“’)zmax(f(e“"),o) and f’(e“")=max(—f(e“"),0).

Since f is integrable, both f* and f~ must be integrable. We can now use Corollary 4on f* and f~ to
get our result.
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